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Vectors

[ =
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Introduction: Vectors will show up almost all places in our study of
physics and obey certain rules for vector operations. The principal
objective of this chapter is to learn the rules for the arithmetic,
algebra and calculus of vectors. It is important to deal with them.

1.1 Scalar and Vector ,

o s s b . i

There are two kinds of physical quantities—scalar and vector. A ¥ A7 Al bR Al
scalar is a quantity which has magnitude but no associated direction, [11] i,

such as mass, time and energy. They are specified completely by ﬁg@ SRy AN OE 7B N
giving a number and units. A vector is a quantity which has direction  [11] & BE A7 K /N X A7 5 )
as well as magnitude, such as displacement, velocity, force... etc. FJ"J%@EO

Scalars can be equated with scalars, and vectors can be equated with 5 5 Fll [11] 15 S P 28 AN [A] 1)
vectors, but scalars can never be equated with vectors. YF g, K ASHE.

Drawing a diagram of a particular physical situation is always helpful |1 & A7 s ) e BE B s
in physics, and this is especially true when dealing with vectors. Ona  {E E[1kill {4t FH JE A 45 &
diagram, a vector is generally represented by an arrow whose Ji[i]fiE, Fo TSI NAEAH
direction is in the direction of the vector and whose length is W[4 &5 7 b

proportional to the vector’s magnitude. N —
ik, F o

When we write the symbol for a vector, we always use boldface type.

Thus for velocity we write v. In handwritten work, the symbol for a P

vector can be indicated by putting an arrow over it, a F for force.
Vector notation: Vector A

Its magnitude and direction may be represented by a line OP 5
directed from the initial point O to the terminal point P and denoted ) )
Figure 1-1 Vector notation

by 07).



The two vectors A and B are added in following way: Triangle method
and Parallelogram method.

To add A and B, the tip of A is placed at the tail of B. The arrow
drawn from the tail of the first vector to the tip of the second
represents the sum, or resultant, of the two vectors. This method is
known as the tail-to-tip method of adding vectors.

Note that vectors can be translated parallel to themselves to
accomplish these manipulations.

A second way to add two vectors is the parallelogram method. It is
fully equivalent to the tail-to-tip method.

Subtraction of vectors, and Multiplication of a Vector by a Scalar:

Given a vector V, we define the negative of this vector (-V) to be a
vector with the same magnitude as V but opposite in direction.

V+(-V)=0
The difference between two vectors, A — B is defined as
A-B=A+(-B)

Thus our rules for addition of vectors can be applied as shown in
Figure 1-3.

(a) (b)

Figure 1-3 Subtracting two vectors: A—B

The subtraction between two vectors is the vector that extends from
the head of the 2nd vector to the head of the 1st vector.
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Figure 1-2 Addition of two

vectors

WA fi B 2 S A i)
T 5 A g A AR )
B HH U i) SR A 1)

B k.

A [ A ke A ) o
TR 1) Bl 9 )

It

ANERY

Yifiy

i



A vector A can be multiplied by a scalar c. We define cA to be a

Ie) e HC (T 3fe vy ) AN AR ER
S 1 o

vector whose magnitude islc‘ A and whose direction is same as A if

¢ >0, but is opposite to Aif c < 0.

An advantage of using vector components is that complicated vector fi# R &5 % ) 5 & % vl /L .
problems can be replaced by algebraic manipulation.

There are generally two ways to write vectors: using polar [ B P ARk =
coordinates and using Cartesian coordinates.

B2 AR b FI B A AR B

Unit vectorg is a vector with magnitude 1 and in same direction B[] e AE R ) K
N1, TR RS
A - _# R A ) 11 /N AHER -
with 4, denoted 4, =Z or A=AA4,. /IR ER

LA AR R Z = A A AR

= s J7 1) FRA ) B e By s ko
For a fixed Cartesian system, unit vectorsi, jandk which have = o

¥
unit magnitude and only indicate directions, are unit vectors along

0X, OY, OZ and are mutually perpendicular to one another.

A component of a vector is the projection of the vector on an axis.
Components may be in two or three dimensional coordinate system.

The components of a vector A in three dimension area_,a,,a. .

A=ai+a,j+ak

magnltude: ‘2| — A_—_ ,az'r + azy _|_a22 Figure 1-4 F{ﬁﬁé&*ﬁ%fg’ﬁi

. ) a, a, a, [
direction: cosa = ; cos ff = - cosy = ]
—YE s a . K/ i)
a, [,y are angles formed by the vector and three axes. TR,

A vector in two dimensions can be represented as
A6 0 NG
A=A i+A4, ] or  A=<A, Ap> Foro

Components are A, =Acosf and A, = Asinf



Y
Magnitude of Ais: A=,/ A’ + A_f

A,

Direction of Ais:  tan@ = A_

X

@ : the angle formed by the vector A and positive x axis.

Axi

Resultants of vectors: If two vectors A+B=C , and
Figure 1-5 [a] 4 /F —4E EL ff Ak
A=A i +A“, ] B=B i +BJ, ] Freh ) 43

We haveC=CXIT+Cv]=B+A=(AX+B,,)IT+(A},+B,\,)]

And obviously C, =4, +B,and C =4, +B,

Example 1.1: Suppose vectors A=<-3,-1>, B=<-1,4>, find the i) 1 AL bR R IL . <a,b>
magnitude of A+B

Solution:

A+B = <-3+(-1),-1+4> = <-4,3>

Example 1.2: Given the two dimensional position vector W) 4 ELAABRR R IR ai+bj
R=(2.5i-3j) (m),

a. find the magnitude of R.

b. find the angle that R makes with the positive x-direction.

c. if Ris parallel transported to another location in the plane, what
happens to the answers to parts (a) and (b)?

Solution:

a. R=4/2.5%+(=3)? =3.91m

b. 0=tan"(_—3):—50.2°
2.5

c. If the vector is parallel transported to another location in the
plan, its magnitude and direction are unchanged. The answers to
parts (a) and (b) thus remain the same.



The dot product is often used in physic problems associated with

work and power. It describes the projection of one vector onto
another and results in a scalar product.

1.4.1 Definition of Dot Product

The scalar product of vectors A and B (denoted by A:B) is defined as
A-B=ABcosf

Where @ is the angle between A and B. By definition, A-B is a
scalar.

According to the definition, A-B = B-A, we have: A:A = A

In particular, i -i=j-j=k k=1

If A and B are parallel vectors in the same direction, then A-B = AB. If
A and B are parallel vectors in the opposite direction, then

A-B =-AB.
According to the definition, A-B = AB cos# =0, means A=0,0rB=0,
or cos 0 =0.

A and B are perpendicular if A:B = 0, given that A and B are none

zero vectors.

In particular, ;j:]EZ;k =0

1.4.2 Dot Product in Coordinate Form

In rectangular coordinate system, we have
AB=A4 B _+ A_VB_V +AB,

From the definition of scalar product A-B = ABcos &, we see that:
The angle € between A and B can be found using

A-B

AB

cos@=

P Ji) B AR PR A R S b
AN ER ARG

1.41 RRRENX
A-B=ABcosf
BB A HAE

A-B=B-A

A T B i) B ) A

Piej ek k=1

PPAT )= R
JimAHA: A-B=AB
JimAHE: A-B=-AB

WA ) A B AN,
AFEFHB: AB=0

PIAN [ B i) R AR

i j=j-k=i-k=0
1.4.2 AESRLIRERT

PIANAS 29 22 0 1 £ R AR
SERATREAIE. . BF.

PR A A
A-B

cos O =



IfA-B>0, @ isacute;ifA-B<0, & isobtuse.

Several physical concepts (work, electric and magnetic flux) require  J727H K1), HaRE 2% (1) e
dot product we multiply the magnitude of one vector by the I &t Rl kil & & 5 B
magnitude of the component of the other vector that is parallel to & X.

the first. That is why the dot product was invented.

Example 1.3

a. Find the angle between the two vectors A =i -2j+2k = (1, -2, 2),
B = 2i+3j-6k = (2, 3, -6).

b. Points A, B and C have coordinates (2, 3, 4), (-2, 1, 0) and (4, 0, 2)

respectively. Calculate £ BAC.

Solution:

s AB (1,j2,2)-(2,3,~6) _-16
AB [P +(<2) +22\22+37+(-6) 21

0=139.6"

AB=(-2-2,1-3,0-4) = (-4,-2,-4)
" AC=(4-2,0-3,2-4)=(2,-3,-2)

AB-AC (-4,-2,-4)-(2,-3,-2) |

AB.AC 3617 J17

Use ZBAC =

Z BAC=T76°

1.5.1 Definition of Cross Product 1.5.1 XFREX

The vector product of vectors A and B (denoted by € = AxB) is ¥ /™ [i) & SCRLIR 45 3L A& )
defined as a vector whose direction is perpendicular to both A and B . J7 i) 1 [ J-IX YA ] 1
and followed the right-hand rule, and whose magnitude is A B sina 4L PF-1f1, o JH R AT e
where ¢ is the angle between A and B. VLI



Specifically, AxB= (ABsina) c

where C—’(, is a unit vector perpendicular to both A and B.

There are two equivalent ways to envision the vector product right
hand rule.

1) Orient the index finger of your right hand along the direction of
the first vector of the product and the middle finger along the
direction of the second vector, as in Figure 1-6 a. The extended
thumb then indicates the direction of the vector product Ax B.

2) To find the direction, alternatively, points the four bunched
fingers of your right hand in the direction of A and then curl them in
the direction of B. Your thumb will be pointing in the direction of
A x B, as shown in Figure 1-6 b. Always choose the smaller of the two
possible angles for swinging your fingers from the first vector to the
second vector of the product.

Obviously AxB=-BxA#BXxA
AxA=0
So, if AXB =0 then A and B are parallel.
In the three dimensional coordinate system, i, j and k follow that

ixj=k jxk=i,kxi=jandixi=jxj=kxk=0

1.5.2 Cross Product in Matrix Form

If two vectors are defined in unit vector notation, the cross product
as a vector is equal to the evaluation of the three by three matrix
shown. Note that the second row is made up of the components of
the first vector denoted in the cross product. Note also that you
DON'T have to use the right hand rule to determine the direction as
the direction is determined directly through the matrix evaluation.

A=ai+ a_‘j + a:l; , B=bi+ b_‘j + bZE

|
|

~e
~.

Q
S [

pEss -

Figure 1-6 b: Right-hand rule 2
PEIVR R
AxB=-BxA#BXxA
PP R %
AT B: AxB=0

B i) B ) AR

1.5.2 M EXFREMERT

WA i) SRR g R B —
3x3 HifERIR.

AT RN R
I E .

R AT 7)o B A B
[ia] £ (1) SRR ), AN 06 P
A T2 ) L W 7 1)
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Example 1.4: IfA=21+3j—4 kand B=-31+2 -3k,
a. find AxB.
b. verify that Ax B is perpendicular to both A and B.
Solution:
i j k
a. AxB=| 2 3 —4(=-i+18j+13k
-3 2 3
b. (AXB)-A=<-1,18,13>-<2,3,-4>=0
And (AxB)eB=<-1,18,13 ><-3,2,-3>=0.

Hence Ax B is perpendicular to both A and B.

In our study of motion in the next chapter, we will have frequent

need to differentiate vectors which are functions of time.

Differentiation of a vector expressed in Cartesian form proceeds as
follows for i, j, k are constant vectors.

A dA,
ié:g{Ag+Aj+Ak):dai+ ’j+d$k
dt dt ’ : dt dt dt

The derivative of a vector also is a vector, whose components are the
derivatives of the respective scalar component of the original vector.
They also follow

ai+B)_di_ dB

dt dr dr
d(4-B) _d4 5 5 dB

dt dt dr
dlxBy_dd 5. 3.9

dr dr dr

HAMEERT, j, k 1B
R

[F) 1 BT R 1)
WAEINE eI HIEN



