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Preface

The present book, “Method of Dimensionality Reduction in Contact
Mechanics and Friction” by Valentin L. Popov and Markus HeB, is
devoted to contact mechanics of elastic and viscoelastic bodies with account
of friction and adhesion in contact interface. Its main difference to many
other publications on contact mechanics is that the whole treatise is
consequently based on the so-called Method of Dimensionality Reduction
(MDR). This elegant and extremely effective method makes many areas
of contact mechanics available to a wide range of even unexperienced
scientists and engineers. It provides effective tools for understanding as
well as for analytical calculation and numerical simulation of systems with
contact interfaces in a broad range of applications.

The MDR is based on the solution of the normal axially-symmetric
contact problem of elastic bodies which was first found by Galin (1953)
and independently by Green and Zerna (1954) and became widely known
through the works of Sneddon (1965). Valentin L. Popov, the author of
the book notice that the equations of Galin-Green-Sneddon can be
interpreted in terms of a contact with a one-dimensional series of

independent “ springs”. This interpretation provides a very simple
“mnemonic rule” enabling easy reproduction of the Gallin-Green-Sneddon
relations for any rotationally symmetric profile. Starting with this simple
analogy, authors of the book develop a comprehensive method which is
applicable to a great variety of contact problems. The theoretical basis for
this further development stems from a series of well-known theorems in

contact mechanics which reduce some classes of more complicated

problems to the simple normal contact problem of elastic bodies. Thus,
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the well-known superposition principles of Cattaneo (1938), Mindlin
(1949), Jager (1995) and Ciavarella (1998) state that the tangential
contact with a constant coefficient of friction can be reduced to the
solution of the corresponding normal contact. The classical theorems of
Lee (1955) and Radok (1957) provide a similar reduction for viscoelastic
contacts with arbitrary linear rheology: The normal contact problem of
viscoelastic bodies can be solved with the method of the so-called
functional equations proceeding from the corresponding “elastic solution”.
Finally, Hell (2011) has shown wiih simple arguments that the adhesive
problem can be reduced to the one-dimensional MDR model too, thus
reproducing the solutions of Borodich and Galanov (2004) and Yao and
Gao (2006) for contacts of arbitrary bodies of revolution.

There are two main features of the MDR which make it so attractive
for engineering applications:

1. Firstly, the MDR reduces a contact problem of bodies whose
degrees of freedom fill a three-dimensional space by a problem in which
degrees of freedom fill a one-dimensional space.

2. Secondly, while in the initial 3D contact problem the degrees of
freedom are interacting, the degrees of freedom of the substitute MDR
model are independent.

Each of these features alone would greatly simplify the problem,
regardless of whether it is handled analytically or numerically. But in
combination they provide a real breakthrough for all problems in the realm
of validity of the method and open completely new possibilities in
numerical simulations of systems with contact interfaces.

Of course, the MDR has its region of validity which has to be
carefully observed. For some contact problems, it provides the exact and
comprehensive solution of the corresponding three-dimensional problem.
For other problems, it gives exact asymptotic solutions. In still other
cases, the MDR is exact but applicable only to a restricted set of physical
quantities. Then there are areas of application, where the MDR is not
exact but provides a very good qualitative solution (e. g. rolling contact).

There are, naturally, limits to its validity, some problems cannot be



Preface v

treated with this method. The realm of validity of the MDR is described
carefully throughout the book.

The present book is written first of all for practitioners, giving them
an easy-to-learn and easy-to-use tool of thinking, analytical calculations
and numerical simulations. It will be of interest for engineers optimizing
structures with respect to stresses, frictional damping, wear and adhesive
strength. The MDR has good chances to become a standard and effective
module in dynamic simulation of systems containing contacts and frictional

or adhesive interfaces. Due to its simplicity and elegance, the method can

At

Jianbin Luo

be recommended even to undergraduate students.

State Key Laboratory of Tribology
Tsinghua University
Beijing 100084, China

Date: April 8, 2015



Foreword

Contact and friction are phenomena that are of extreme importance in uncountable
technical applications. Simultaneously, they are phenomena which cause difficul-
ties in their theoretical consideration and numerical simulation. This book presents
a method that trivializes two classes of contact problems to such a degree that they
become accessible even for first semester engineering students who possess an
elementary understanding of mathematics and physics. Furthermore, this method
presents a very simple way to numerically simulate contact and frictional forces.

The “trivialization” occurs with the help of the method of dimensionality
reduction, which is the primary focus of this book. This method is based on the
analogy between certain classes of three-dimensional contacts and contacts with
one-dimensional elastic or viscoelastic foundations. Within the framework of the
method of dimensionality reduction, three-dimensional contacts are replaced by a
series of one-dimensional elastic or viscoelastic elements. In doing this, we would
like to strongly accentuate the fact that this is not an approximation: Certain mac-
roscopic contact properties correspond exactly with those of the original three-
dimensional contact.

The method of dimensionality reduction offers a two-fold reduction: First, a
three-dimensional system is replaced by a one-dimensional system, and second,
the resulting degrees of freedom for the one-dimensional system are independ-
ent of one another. Both of these properties lead to an enormous simplification
in the treatment of contact problems and a qualitative acceleration of numerical
simulations.

The method of dimensionality reduction distinguishes itself by four essential
properties: It is powerful, it is simple, it is proven, and it is counterintuitive. It is
difficult to be convinced of its validity. Every expert in the field of contact mechan-
ics who has not yet engaged himself in the detailed proofs of the reduction method
would immediately form the opinion that it cannot possibly work. It appears to
completely contradict a healthy intuition that a system with another spatial dimen-
sion, and furthermore, independent degrees of freedom can correctly agree with a
three-dimensional system with spatial interactions. And nevertheless, it works! This
book is dedicated to the reasons for and under which limitations this is the case.



viii Foreword

In writing this book, we have followed two main goals. The first is the simplest
possible presentation of the rules of application of the method. The second is to
prove the assertions of the reduction method with strict mathematical evidence, so
that even the most rigorous practitioner in contact mechanics may be convinced of
the correctness of this method. We have attempted to keep these two goals sepa-
rated. We attempted to keep the mathematical proofs to a minimum in the chapters
in which the fundamentals of practical application are explained. This is primarily
in Chap. 3, but also in the immediately following Chaps. (4-7) as well as
Chap. 10, which is dedicated to the contact mechanics of rough surfaces. It is clear
to us that this has not been possible at every point.

Above all, the method of dimensionality reduction offers the engineer a prac-
tical tool. In order to stress the practicality of the method even more, we have
included many problems at the end of most chapters, which serve for a better
understanding of the use of the reduction method and its areas of application.
Therefore, this book can also be used as a textbook in a tribologically oriented
course of studies.
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