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Preface

The raison d’existence for Fundamentals of Complex Analysis with Applications to
Engineering and Science, 3/e is our conviction that engineering, science, and math-
ematics undergraduates who have completed the calculus sequence are capable of
understanding the basics of complex analysis and applying its methods to solve en-
gineering problems. Accordingly, we address ourselves to this audience in our attempt
to make the fundamentals of the subject more easily accessible to readers who have
little inclination to wade through the rigors of the axiomatic approach. To accomplish
this goal we have modeled the text after standard calculus books, both in level of expo-
sition and layout, and have incorporated engineering applications throughout the text
so that the mathematical methodology will appear less sterile to the reader.

- To be more specific about our mode of exposition, we begin by addressing the
question most instructors ask first: To what extent is the book self contained, i.e.,
which results are proved and which are merely stated? Let us say that we have elected
to include all the proofs that reflect the spirit of analytic function theory and to omit
most of those that involve deeper results from real analysis (such as the convergence of
Riemann sums for complex integrals, the Cauchy criterion for convergence, Goursat’s
generalization of Cauchy’s theorem, or the Riemann mapping theorem). Moreover, in
keeping with our philosophy of avoiding pedantics, we have shunned the ordered pairs
interpretation of complex nambers and retained the more intuitive approach (grounded
in algebraic field extensions).

Cauchy’s theorem is given two alternative presentations in Chapter 4. The first is
based on the deformation of contours, or what is known to topologists as homotopy.
We have taken some pains to make this approach understandable and transparent to the
novice because it is easy to visualize and to apply in specific situations. The second
treatment interprets contour integrals in terms of line integrals and invokes Green'’s
theorem to complete the argument. These parallel developments constitute the two
parts of Section 4 in Chapter 4; either one may be read, and the other omitted, without
disrupting the exposition (although it should not be difficult to discern our preference,
from this paragraph).

Steady state temperature patterns in two dimensions are, in our opinion, the most
familiar instances of harmonic functions, so we have principally chosen this interpre-
tation for visualization of the theorems of analytic function theory. This application
receives attention throughout the book, with special emphasis in Chapter 7 in the con-




vi Preface

text of conformal mapping. There we draw the distinction between direct methods,
wherein a mapping must be constructed to solve a specific problem, and indirect meth-
ods that postulate a mapping and then investigate which problems it solves. In doing
so we hope to dispel the impression, given in many older books, that all applications
of the technique fall in the latter category.

In this third edition L. N. Trefethen and T. Driscoll have updated an appendix that
reflects the progress made in recent years on the numerical construction of conformal
mappings. A second appendix compiles a listing of some useful mappings having
closed form expressions.

Linear systems analysis is another application that recurs in the text. The basic
ideas of frequency analysis are introduced in Chapter 3 following the study of the
transcendental functions; Smith charts, circuit synthesis, and stability criteria are ad-
dressed at appropriate times; and the development culminates in Chapter 8 with the
exposition of the analytic-function aspects of Fourier, Mellin, Laplace, Hilbert, and z
transforms, including new applications in signal processing and communications. We
hope thereby that our book will continue to serve the reader as a reference resource for
subsequent coursework in these: areas.

Features of the Third Edition

Novlel features of the third edition are a discussion of the Riemann sphere, adding
substance to the pragmatic concept of the “point at infinity” in complex analysis; an
introduction to functional iteration and the picturesque Julia sets that thereby mani-
fest themselves in the complex plane; an early exploration of the enrichment that the
complex viewpoint provides in the analysis of polynomials and rational functions; and
an introductory survey of harmonic function methods for calculating equilibrium tem-
peratures for simple geometries. Optional sections are indicated with an asterisk so
that readers can select.topics of special interest. Summaries and suggested readings
appear at the end of each chapter. As in previous editions, the text is distinguished by
its wealth of worked-out examples that illustrate the theorems, techniques, and appli-
cations of complex analysis.

Instructors (and curious students) may benefit from a MATLAB toolbox developed
by Francisco Carreras, available by Internet download from the web site

http://ee.eng.usf. edu/people/snider2.html

(click on complextools.zip). Instructions for its use are detailed in the file comp-
man.doc. The toolbox provides graphic onscreen visualizations and animations of
the algebraic manipulations of complex numbers and the common conformal maps, as
well as a introductory guide for designing Joukowski airfoils.

A downloadable .pdf file of the inevitable errata that our helpful readers report to
us is also available at this site.

The authors wish to acknowlege our mentors, Joseph L. Walsh and Paul Garabe-
dian, who have inspired our careers, and to express their gratitude to Samuel Gar-
rett, our longtime colleague at the University of South Florida; to acquisitions editor
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George Lobell for encouraging this project; to Adam Lewenberg for providing the art
work and technical support; to our production editor Bob Walters for his guidance in
converting this work from manuscript to book; and to the following mathematicians,
whose critical commentary contributed enormously to the development of the text:

Carlos Berenstein, University of Maryland

Keith Kearnes, University of Colorado

Dmitry Khavinson, University of Arkansas

Donald Marshall, University of Washington (Chapters 1-4, only)
Mihai Putinar, University of California at Santa Barbara

Sergei Suslov, Arizona State University

Rebecca Wahl, Butler University

G. Brock Williams, Texas Tech University

E. B. Saff
esaff@math.vanderbilt.edu

A.D. Snider
snider@eng.usf.edu
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Chapter 1

Complex Numbers

1.1 The Algebra of Complex Numbers

To achieve a proper perspective for studying the system of complex numbers, let us
begin by briefly reviewing the construction of the various numbers used in computa-
tion.

We start with the rational numbers. These are ratios of integers and are written
in the form m/n, n # 0, with the stipulation that all rationals of the form n/n are
equal to 1 (so we can cancel common factors). The arithmetic operations of addition,
subtraction, multiplication, and division with these numbers can always be performed
in a finite number of steps, and the results are, again, rational numbers. Furthermore,
there are certain simple rules concerning the order in which the computations can
proceed. These are the familiar commutative, associative, and distributive laws:

Commutative Law of Addition
a+b=b+a

Commutative Law of Multiplication
ab = ba
Associative Law of Addition
a+b+c)=(@+b)+c
Associative Law of Multiplication
a(bc) = (ab)c

Distributive Law
(a + b)c = ac + bc,

for any rationals a, b, and c.

s



Complex Numbers

Notice that the rationals are the only numbers we would ever need, to solve equa-

tions of the form
ax+b=0.

The solution, for nonzero a, is x=—b/a, and since this is the ratio of two rationals, it

is itself rational.
However, if we try to solve quadratic equations in the rational system, wefind that

some of them have no solution; for example, the simple equation

x2=2 ey

cannot be satisfied by any rational number (see Prob. 29 at the end of this section).
Therefore, to get a more satisfactory number system, we extend the concept of “num-
ber” by appending to the rationals a new symbol, mnemonically written as v/2, which
is defined to be a solution of Eq. (1)). Our revised concept of a number is now an

expression in the standard form

a+bv2, )
where a and b are rationals. Addition and subtraction are performed according to
@+bv2)x(c+dv2)=(axc)+ (b+d)V2. 3)

Multiplication is defined via the distributive law with the proviso that the square of the
symbol +/2 can always be replaced by the rational number 2. Thus we have

(@ + bvV2)(c + d2) = (ac + 2bd) + (bc + ad)V/2. 4

Finally, using the well-known process of rationalizing the denominator, we can put
the quotient of any two of these new numbers into the standard form

a+bs/§_a+bs/§c-—dﬁ_ac—2bd bc—adﬁ 5)
c+dv2 c+d~/§c-—d\/§ c2-2d2  2-22

This procedure of “calculating with radicals” should be very familiar to the reader,
and the resulting arithmetic system can easily be shown to satisfy the commutative,
associative, and distributive laws. However, observe that the symbol v/2 has not been
absorbed by the rational numbers painlessly. Indeed, in the standard form (2) and in
the algorithms (3), (4), and (5) its presence stands out like a sore thumb. Actually, we
are only using the symbol /2 to “hold a place” while we compute around it using the
rational components, except for those occasional opportunities when it occurs squared
and we are temporarily relieved of having to carry it. So the inclusion of v/2 as a
number is a somewhat artificial process, devised solely so that we might have a richer
system in which we can solve the equation x2 = 2.

With this in mind, let us jump to the stage where we have appended all the real
numbers to our system. Some of them, such as J17, arise as solutions of more com-
plicated equations, while others, such as 7 and e, come from certain limit processes.
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Each irrational is absorbed in a somewhat artificial manner, but once again the re-
sulting conglomerate of numbers and arithmetic operations satisfies the commutative,
associative, and distributive laws."

At this point we observe that we still cannot solve the equation

X2 =1, | 6)

But now our experience suggests that we can expand our number system once again
by appending a symbol for a solution to Eq. (6); instead of +/—1, it is customary to
use the symbol i. (Engineers often use the letter j.) Next we imitate the model of
expressions (2) through (5) (pertaining to +/2) and thereby generalize our concept of
number as follows:*

Definition 1. A complex number is an expression of the form a + bi, where a
and b are real numbers. Two complex numbers a + bi and ¢ + di are said to be
equal (@ + bi = c +di)ifandonlyifa = cand b = d.

The operations of addition and subtraction of complex numbers are given by
(@+bi)x(c+di):=(axc)+ (b+d)i,

where the symbol := means “is defined to be.”

In accordance with the distributive law and the proviso that i = —1, we postulate
the following:

The multiplication of two complex numbers is defined by

(a + bi)(c + di) := (ac — bd) + (bc + ad)i.
To compute the quotient of two complex numbers, we again “rationalize the de-
nominator”;
a+bi _a+bi c—di _ac+bd +bc—ad )
cHdi c+dic—di 2rdr  dga’

Thus we formally postulate the following:
The division of complex numbers is given by

a+bi _ac+bd N bc —ad .
c+di = Z+d? " 2+4adr'
These are rules for computing in the complex number system. The usual alge-

braic properties (commutativity, associativity, etc.) are easy to verify and appear as
exercises.

(if ¢ +d? #£0).

TThe algebraic aspects of extending a number field are discussed in Ref. 5 at the end of this
chapter.

*Karl Friedrich Gauss (1777-1855) was the first mathematician to use complex numbers freely
and give them full acceptance as genuine mathematical objects.
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Example 1

Find the quotient
(6+2i)—(1+43i)

(—1+i)-2
Solution.
(64+20)—(1+3i)  S5—i  (5—-i) (=3-1)
(=1+i)—=2 — =3+i (=3+i)(-3-1i)
_C15-1-5i+3i o
9+1
8 1,
=—§—§l. [ ]

(A slug marks the end of solutions or proofs throughout the text.)

Historically, i was considered as an “imaginary” number because of the blatant
impossibility of solving Eq. (6) with any of the numbers at hand. With the perspective
we have developed, we can see that this label could also be applied to the numbers V2
or v/17; like them, i is simply one more symbol appended to a given number system
to create a richer system. Nonetheless, tradition dictates the following designations: '

Definition 2. The real part of the complex number a + bi is the (real) number
a; its imaginary part is the (real) number b. If a is zero, the number is said to

be a pure imaginary number.

For convenience we customarily use a single letter, usually z, to denote a complex
number. Its real and imaginary parts are then written Re z and Im z, respectively. With

this notation we have z == Re z +i Im z.
Observe that the equation z; = z2 holds if and only if Rez; = Rezz; andImz; =
Im z;. Thus any equation involving complex numbers can be interpreted as a pair of

real equations.
The set of all complex numbers is sometimes denoted as C. Unlike the real num-

ber system, there is no natural ordering for the elements of C; it is meaningless, for
example, to ask whether 2 + 3i is greater than or less than 3 + 2i. (See Prob. 30.)

EXERCISES 1.1

1. Verify that —i is also a root of Eq. (6).

2. Verify the commutative, associative, and distributive laws for complex numbers.

TRené Descartes introduced the terminology “real” and “imaginary” in 1637. W. R. Hamilton
referred to a number’s “imaginary part” in 1843.
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3. Notice that 0 and 1 retain their “identity” properties as complex numbers; that is,
0+ z=1zand 1 -z =z when z is complex.

(a) Verify that complex subtraction is the inverse of complex addition (that is,
23 = z2 — 71 if and only if z3 + z; = z3).

(b) Verify that complex division, as given in the text, is the inverse of complex
multiplication (that is, if z # 0, then z3 = z1/z; if and only if z3z; = z;).

4. Prove thatif z1z0 =0,thenz; =0orz; =0.

In Problems 5-13, write the number in the form a + bi.

] 2
5. (a) -3 (%) () 8 +i) ~ (5+1i) ©
) 2 —i . .
6. (a) (—=1+1i) b) (©)i(r —4i)
] 3
8i—1 —145i 3
8 8+2)—-(1-1i)
) Q+i)?
9 2+43i _ 8+i
1+2i 6-—i
. 2
10, [—2Fi
6i —(1-20)
11 3¢ +1)?
12. Q4+D(-1-D3-20)
13. (3-i)r -3)i
14. Show that Re(iz) = —Im z for every complex number z.
15. Let k be an integer. Show that
i4k —_ 1, i4k+l — i, i4k+2 — _1, i4k+3 = —i.

16. Use the result of Problem 15 to find
(8) i7 () i62 (©) i-—202 ) i—4321
17. Use the result of Problem 15 to evaluate

8 -
3t 63 + 5+ L
18. Show that the complex number z = —1 + i satisfies the equation

Z+2242=0.



Complex Numbers

19.
20.

21.

22,

25.

27.

29.

Write the complex equation z3 + 522 = z + 3i as two real equations.

Solve each of the following equations for z.

@iz=4—zi b) —— =1-5i
1—-2z

©Q2-i)z+82=0 @z?2+16=0
The complex numbers z;, 22 satisfy the system of equations
(I -0z1+322=2-3i,
izn+(1+2)z=1
Find zi, 2.
Find all solutions to the equation z* — 16 = 0.
Let z be a complex number such that Re z > 0. Prove that Re(1/z) > 0.
Let z be a complex number such that Im z > 0. Prove that Im(1/z) < 0.

Let z;, 22 be two complex numbers such that z; + z; and z; z; are each negative real
numbers. Prove that z; and z; must be real numbers.

Verify that
n n
Re(sz) = ZR&: Zj
j=1 j=1

and that
n n
m() zj)=) Imz;.
j=1 j=1

[The real (imaginary) part of the sum is the sum of the real (imaginary) parts.]
Formulate, and then disprove, the corresponding conjectures for multiplication.

Prove the binomial formula for complex numbers:

n _ n -
@+ =4+ (l)z',' Y2+ + (k)z’; Kk +.. 4+ 2,

where n is a positive integer, and the binomial coefficients are given by

(n) ‘_ n!
k)T k@ —k)

Use the binomial formula (Prob. 27) to compute (2 — i ).

Prove that there is no rational number x that satisfies x2 = 2. [HINT: Show that if
p/q were a solution, where p and ¢ are integers, then 2 would have to divide both
p and g. This contradicts the fact that such a ratio can always be written without

common divisors.]



