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Chapter 1

Percolation

1.1 Introduction

Take some squared paper and black out a portion of the squares randomly.
Consider the clusters of adjacent black squares. If only a small portion of
squares are blacked out, it is unlikely that a cluster extends across opposite
sides of the paper. However, if a large portion of squares are blacked out, it
is likely that a cluster ‘percolates’ across the paper. Indeed, for a paper of
infinite size, there exists a unique portion of randomly blacked out squares
that mark a phase transition from paper with no percolating infinite clus-
ter to paper with a percolating infinite cluster. Percolation is the study of
the clusters as a function of the portion of black squares. It is a purely
geometrical problem and is arguably the simplest model that undergoes a
phase transition. The challenge in percolation lies in describing its emer-
gent structures rather than understanding its defining rules. Apart from
investigating the geometrical properties of the percolating infinite cluster,
we will be specifically interested in the statistical properties of finite clus-
ters. One approach to studying these clusters is simply to calculate their
size and number explicitly from the rules of percolation, but we will find
that in general this is a hopeless task even for clusters of moderate size. In
the vicinity of the phase transition, another approach to describing cluster
statistics suggests itself, and this is related to the notion of scale invariance.
We will focus on the phase transition and dwell upon scale invariance, since
these are unifying themes throughout the book. We will develop a math-
ematical framework for expressing scale invariance, applicable not only to
percolation, but to other models undergoing a phase transition.
Percolation is, in fact, highly relevant in a variety of physical settings: oil
retovery from porous media [King et al., 1999), epidemic modelling [Cardy



