P/zysics Research and Eclmo/ogy

urbulent
Flows

\ Prediction, Modeling
' and Analyss

| W

7 Z1ed Dr1ss

Editor




PHYSICS RESEARCH AND TECHNOLOGY

TURBULENT FLOWS

PREDICTION, MODELING
AND ANALYSIS

ZIED DRISS :
L S o0 : ; [ i
EXNRPRI N 1
rres e v

% 10 &

nava

“.:publishers
New York



Copyright © 2013 by Nova Science Publishers, Inc.

All rights reserved. No part of this book may be reproduced, stored in a retrieval system or
transmitted in any form or by any means: electronic, electrostatic, magnetic, tape, mechanical
photocopying, recording or otherwise without the written permission of the Publisher.

For permission to use material from this book please contact us:
Telephone 631-231-7269; Fax 631-231-8175
Web Site: http://www.novapublishers.com

NOTICE TO THE READER
The Publisher has taken reasonable care in the preparation of this book, but makes no expressed or

implied warranty of any kind and assumes no responsibility for any errors or omissions. No
liability is assumed for incidental or consequential damages in connection with or arising out of
information contained in this book. The Publisher shall not be liable for any special,
consequential, or exemplary damages resulting, in whole or in part, from the readers’ use of, or
reliance upon, this material. Any parts of this book based on government reports are so indicated
and copyright is claimed for those parts to the extent applicable to compilations of such works.

Independent verification should be sought for any data, advice or recommendations contained in
this book. In addition, no responsibility is assumed by the publisher for any injury and/or damage
to persons or property arising from any methods, products, instructions, ideas or otherwise
contained in this publication.

This publication is designed to provide accurate and authoritative information with regard to the
subject matter covered herein. It is sold with the clear understanding that the Publisher is not
engaged in rendering legal or any other professional services. If legal or any other expert
assistance is required, the services of a competent person should be sought. FROM A
DECLARATION OF PARTICIPANTS JOINTLY ADOPTED BY A COMMITTEE OF THE
AMERICAN BAR ASSOCIATION AND A COMMITTEE OF PUBLISHERS.

Additional color graphics may be available in the e-book version of this book.

Library of Congress Cataloging-in-Publication Data

ISBN: 978-1-62417-742-2

Published by Nova Science Publishers, Inc. 7 New York



PHYSICS RESEARCH AND TECHNOLOGY

TURBULENT FLOWS

PREDICTION, MODELING
AND ANALYSIS



PHYSICS RESEARCH AND TECHNOLOGY

Additional books in this series can be found on Nova’s website
under the Series tab.

Additional e-books in this series can be found on Nova’s website
under the e-books tab.

ENGINEERING TOOLS, TECHNIQUES AND TABLES

Additional books in this series can be found on Nova’s website
under the Series tab.

Additional e-books in this series can be found on Nova’s website
under the e-books tab.



PREFACE

"TURBULENT FLOWS: PREDICTION, MODELING AND ANALYSIS"

Turbulent flow means fluid flow in which the fluid undergoes irregular fluctuations.
Understanding the turbulent behavior in flowing fluids is one of the most intriguing and
important problems that have been the focus of research for decades due to its great
importance in a variety of engineering applications. Common examples of turbulent flow
include atmospheric and ocean currents, flow through turbines and pumps, blood flow in
arteries, oil transport in pipelines, lava flow, and the flow in boat wakes and around aircraft
wing tips, etc. Moreover, studying and understanding of turbulence is necessary to
comprehend the flow of blood in the heart, especially in the left ventricle, where the
movement is particularly swift. A solid grasp of turbulence, can also reduce the aerodynamic
drag on an automobile or a commercial airliner, increase the maneuverability of a jet fighter
or improve the fuel efficiency of an engine.

In the present book, we focus on areas of current turbulence research. Recent progress on
modeling and analysis of turbulent flows is reviewed, and likely directions for future research
on these topics are indicated. This text is unusual in as much as it provides both general
commentaries as well as recent specialized developments in the field of turbulence modeling.
As such it provides access to both historically validated and accepted results and newer ideas
and approaches to the problem of modeling turbulence. Also of interest, we chose to devote a
fraction of this book to recent developments in stability of parallel shear flows which will be
useful to study eventual transition to turbulence.

This book is unique in that it provides a balanced perspective with an emphasis on both
rigorous mathematical developments and a focus on engineering problems in a field
traditionally dominated by empiricism.

We sincerely hope that the reader will find our choice of material interesting and
stimulating. The book is foremost intended for researchers and graduate students with a basic
knowledge of fundamental fluid dynamics. We particularly hope it will help young
researchers at the beginning of their scientific careers to gain an overview as well as detailed
knowledge of the recent developments in the field.

Many colleagues have generously provided comments and material from their past and
current research. We especially wish to thank all of the authors who submitted chapters at our
requests.

Editors
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Chapter 1

ON ANALYTICAL SOLUTIONS
TO THE THREE-DIMENSIONAL INCOMPRESSIBLE
NAVIER-STOKES EQUATIONS WITH GENERAL
FORCING FUNCTIONS AND THEIR RELATION
TO TURBULENCE

Gunawan Nugroho®
Department of Engineering Physics, Institut Teknologi Sepuluh Nopember
J1. Arief Rahman Hakim, Sukolilo, Surabaya, Indonesia

ABSTRACT

The three-dimensional incompressible viscous flows are solved in this work with the
application of the transformed coordinate which defines as a set of functionals,

hi(¢)=kx+1,y+mz—cit. The solution is proposed from the base of general Riccati

equation, which is firstly substituted into the Navier-Stokes equations to produce the
polynomial equation with variable coefficients. The resultant solutions from the system
of Riccati and polynomial are then evaluated by the proposed method of integral
evaluation. The simulation shows the fluctuation of the decaying velocity through time
due to energy dissipation. The rapid velocity accumulations are also detected providing
that the solutions may produce singularity in the small scale of turbulent flows. The
bifurcation is then detected which revealed the strong nonlinearity in the small scale of
turbulent flows.

Keywords: continuity equation, the navier-stokes equations, analytical solutions, partial
differential equations, integral evaluation

MSC Number (2010): 35A09, 35C05, 76D05

* Email address: gunawan@ep.its.ac.id, gunawanzz@yahoo.com
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1. INTRODUCTION

The problem of searching for the classes of analytical solutions of the full Navier-Stokes
equations is highly demanding from both theoretical and practical viewpoints, as has been
described in the literature [1]. Analytical solutions often play a special role in the theory of
nonlinear equations and they are found able to describe the detailed behaviour of the
concerning systems [2]. Analytical solutions also facilitate a theoretical understanding, paving
the way to global solutions. They may help explain the issue of global smoothness in time [3].
Moreover, the solutions may be examined as models for turbulence [4]. Also, some particular
solutions such as vortex solutions play a significant role in the development of turbulence
theories [5].

The main difficulty of analytical solution of the Navier-Stokes equations is the
contribution of the nonlinear terms representing fluid inertia which then troubled the
conventional analysis in general cases. However, it is not surprising that they attract many
efforts until recently, since the full solution of the three-dimensional Navier-Stokes equations
still remains as one of the open problems in mathematical physics, especially in the sense of
functional analysis [6]. The most important developments can be found in the review papers
or in the monograph as in [7,8]. As one of the most interesting is a numerically based
existence theorem which then can be established the properties of the solution [9]. By taking
that numerical solutions converge to analytical solutions, the similar procedure can then be
applied.

Concerning to the analytical solutions, there are some works have already been
conducted in the literatures [10,11,12]. As in the most cases, analytical solutions are
examined only in special conditions in which the nonlinearity are weakened or even removed
from the analysis. The type of the simplified analysis is applicable for steady and unsteady
Couette and Poiseuille flows in which the nonlinear terms are removed permanently [13]. The
other less known example is applicable to Beltrami flows in which the nonlinear terms are
nonzero in the Navier-Stokes equations but they fade in the vorticity equations [14].

However, more sophisticated analysis of the Navier-Stokes equations is also conducted
and gives more insight to the problems. One of them is the transformation of the Navier-
Stokes equations to the Schrodinger equation, performed by application of the Riccati
equation [15].

It has good prospects since the Schrodinger equation is linear and has well defined
solutions. The method of Lie group theory is also applied in order to transform the original
partial differential equations into ordinary differential systems [16].

It is concluded that an approximate series solution is obtained. The same route is taken by
Meleshko [17] and by Thailert [18], in transforming the Navier-Stokes equations to solvable
linear systems. Furthermore, less popular methods, such as the Hodograph-Legendre
transformation, have also been applied to reduce the original problem to one more tractable,
and thus closer to the goal of obtaining analytical solutions [19]. The reduction of the full set
of Navier-Stokes equations to be a class of nonlinear ordinary differential equation is also
performed [20]. The solution applied to both zero and constant pressure gradient cases. The
method of introducing special solutions for velocity has also been investigated in [21,22].

The connection of the solutions with turbulence is discussed intensively by investigating
that global in time continuation is still unsolvable for three-dimensional flows [25,26].
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The question arises as if such singularities exist, they might be related to turbulence by
invoking that we have global smooth solution for two-dimensional flows, and turbulence is
three-dimensional phenomena. This hypothesis, however, has serious difficulties as the
observed phenomena are so far bounded in nature.

In that case, different viewpoint is proposed. The argument that turbulent solutions
should have no singularities is supported based on the triviality of the solution for simple
energy equation. Analysis of global trivial solutions is important from mathematical and
physical aspects, it has wide application and may be correlated to many areas where some
hierarchical solutions are arranged. Classical procedure of vector identities is implemented for
producing trivial solutions. Violation from trivial solutions is also investigated. Investigation
of nontrivial solutions is related to the rate of energy generated or destroyed. The nontrivial
solutions from the Navier-Stokes equations are then established as turbulent solutions due to
energy accumulations.

Apart from the simplified analysis, the current research method is also inspired by the
importance of the Burger equation which is able to describe one-dimensional turbulence.

The Burger equation can be viewed as a Riccati equation in one-dimensional case which
the solution is mathematically well-posed and physically relevant for showing the collection
of shocks, decaying velocity and its profile in nozzle flows even though it is not very accurate
for three-dimensional cases.

However, the equation provided us with the mathematical insight and physical
understanding on the nature of intermittency of turbulence. In this work, the mathematical
formulations by implementing the Riccati equation are developed more. The procedure for
obtaining the solutions are derived in a quite simple way which is based on the
implementation of coordinate transformation of a set of traveling wave ansatzs. The resulting
expression is then produced polynomial equation which then combined with the solution of
the Riccati to form final solutions.

2. PROBLEM FORMULATION

The problem of searching the analytical solutions to the Navier-Stokes equations is a
challenging task. The equations are usually simplified and solved concerning to the specific
problems. However, our contribution is to evaluate the scheme for general incompressible
flow cases in cartesian coordinate.

Consider the continuity and the three-dimensional incompressible Navier-Stokes
equations with external forces as in the following form,

y ow

@“‘?‘—‘*—::0 (12)
ox oy oz

5 ! A ~2 2 2
ﬂ+u%+vcu+w@=—i(_‘—p+uC l,l+ua—l71+ua—;l+F| (1b)
o ox oy Oz pox  ox” oy° Oz

v o v v 1gp v v v

IV e e W S e e e Y- I (1c)

ot o&x oy oz p oy o’ sz oz
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ow ow ow ow lop w dw w
— 4t U—+V—+W—=———+40 +v +0v + 5 (1d)
ot ox oy oz poz o’ oz?

where p is static pressure, p is fluid density, v is kinematic viscosity and
V=(0/éx,0/dy,d/éz). All solutions describe the three velocity components in the three
spatial directions, i.e., u =u(x,y,z1), v=v(x,y,zt) and w=w(x,y,z,1).

The presence of forcing functions F; is physically relevant and can be widely observed

in atmospheric flows, which the flow under the presence of the coriolis and electromagnetic
forces.

Beginning the process, the following relation is produced from the continuity equation

(1a),

u=—L(1{,,+w2)dr+K, (»,2.1) (2)

2.1. The Formulation for V Velocity and the Pressure Relation

Equation (2) can be substituted into (1d) to give,

w, + [— J:_(vy +w. )d\' +K, ] Wy HVW, W, = —%p: + u(wn Wy W )+ F; (3a)

Then the pressure relation can be determined as,
p= pI {R + u(w_“ +W,, +W... ) + W, [ J (v‘, + w:)dx -K, } =W, =V, =W, }d: + K, (x,.1) (3b)
] ’ I ’

The next step is implementing equation (2) and (3b) into (1c),
Ve J.(\'y +w, )(I_\'— Ky, =v, vy, +wy, —u(v‘_\. +Vy + \':)+ K,

+6i[ .[{F,, + u(wu Wy + w::)+ W, [ .[ (v_,, +w, )d.\‘~— K, :|~ W= VW, = W, }(lz:|

4

(4a)

Suppose that the coordinate also satisfy the following set of traveling wave ansatz,
h(&)=kx+ly+mz—ct (4b)

where k,,/,,m, and ¢, are constants.
The step is now transforming the cartesian coordinate into & -coordinate by setting the
subscript i=1,2,3,4 such that we have four equations for the coordinate transformation. The

results of x =y (&), y =y, (£).z2=y5(&) and 1=y, (&) are then determined. Applying one
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of the traveling wave ansatzs, ie. A (&)=kx+,y+mz—ct into (4a), the considered
equation then transformed into,
q ki

k ] & md A A

Ve (ktv+kmw)+—- Kyve = ——bve + v +—wve —0| =4 =4 —- |V +— R + B + K,
® he " hy he ° 0 by h: KX RE ) omC g v

4 16 I 1£ 12 AT 1£ 1 1

2 3 2 2 2
+ /‘21 b 21‘ - I,zm, wﬁ+£w§ [klivntk,[,w]—[(, #2814 wf—-—ll—vw:—[—'wwé
higmy  hizmy higmy g m yemy hyemy e

ky m

(4¢)

Rearranging (4c) to give,

/f b
@Vze +a Ve +(a3 +a4w)v§ +AWY = AWz + a7 Wz +agWW; +jF3 +F, +h—'I\2§ (4d)
1 s

where q; are variables that depend on ¢ .

Lemma 1: Equation (4d) is transformable into the system of Riccati and third order
polynomial equations.
Proof: Consider the Riccati equation,

Vg = By +byv+ b (5a)
such that the following relation is satisfied,
V’_r‘z = b]évz +2blvv¢: +b2¢'v+b2v$= +b‘;:
Ver = 2B + (B + 3000y )V + By + 2biby + B3 v+ by + byby (5b)
Substituting into (4d) to get the following polynomial equation,

(2albl2 +a,b )v3 +(a1b2§ +2a,bby +aib; +ayby +azb, +asw; +a4b2w) v+
(abys +3aybib, +ayb, +ash; +abw)v’ = (5¢)

/ /
1 1
a6W§;— +(l7W: +a8H’Wg— _a4b3‘V_alb3": —(I|b2b3 _03b3 +—'”' FS +F2 +—h Kz:
1 s

Therefore, equation (4d) is transformed to the system of (5a) and (5c).
This proves lemma 1.

Set ( 2a,b +ayby ) =0 and (albl: +3a,bb, +a,b, + azby +a,b w) =0, thus the expression

for 4 and b, are defined by,
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a
b =——2 5d
=2 (5d)
ab -+ a +a w
p, = _\4hs +ash +aidin) o
3a,b, +a,
Therefore, equation (5c) is reduced into,
L
b
(59

AgWsz +ayWs + agww;: —agbsw—aby: —abyby — ashy + m—1F3 +F, +
I

V=

2
a\by s +2a\biby + a\by + ayby + azh, +asw; +agb,w

The expression for b; will be determined later as a requirement of unique solutions

under general initial-boundary values. Also note that the solution for the system (5a) and (5f)
will be similar to that of the velocity in z direction as derived in the subsequent paragraph.

2.2. The Formulation for w Velocity

The step now is performing equations (2) and (3b) into (1b),
[ J:‘(v), +w. )dx~ K, :I +[— J;(vy +w. )dx+K, ](v), +w. )-H’%I: J;(v). +w. )dx -k ]
(6a)

F+ v( Wy + W, + W ) +
dz

ot
+wi[J‘(v ‘ +w,)dx—K, ] =— I
ozLhVY T ox| * wx[J‘(V)_ +w:)dx-K|]—w, —VW, —WwW,

i Lo [ S [ e o

+K,, + u((\{‘y +w, )

Performing the coordinate transformation (4b),
+ vl—'(klllv: +kmyw;: — K, )+

(dr o)

~i(/"l[|"¢ +I\',mlw§—K|)+[—(klllv+ k,mlw)JrKl:] AR
1£ he e he
w-ﬂ(!r,l,v; +kmw; — K, ) = ikzg +0 /"—11' s k","l Wee |+0 /'; (l(,l,\";-f +hkymwee — K| )+
s e hiz Iz hi:
. 3 2 . 2 ; . :
L Fy+v f' +-I‘,'L+"$ Vo K vy Mr«»kﬁw K [+ ke W; —i\w: —wa.— +
m| hemy  hemy o by ) T Iy m Iyemy = hyemy e °
(6b)

2
my - -
U'_zl'(klll Ve +kmywg: — K, )+ K

s

1

Thus by grouping the above equation, the momentum in z direction is given by,
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2 2
k k ¢ ! m

. 1 b 19 1 1 —
a9w§§+aloww§+a”w§+———m E+F+ P — Ky - L +v D——+p—— K=
I

12 he by R (6¢)

Ay Ve + a3V, +(a|4 +a15w)vg— +aygWev

Since equation (6¢) is similar to that of (4d), it is reasonable to state that the solution for
v is also similar to (5f).
Repeating the procedure described by (5a — f) with different variables, b,,b5 and &

yielding,

k L ¢ 1 m
oWz + Qo WWg +a)Wg — aysbeW — ayabge — ayabsbg —ay3bg + Fs +h+ o Kye—| -+o-+v—- |K
1

v=
o
“12175; + 2ay,bybg + a);bs + ay3bg +al4b5 +aew; + a;sbsw

Equating (5f) and (6d) to get,

l /
agWez +ay Wy +agww; —asbyw—aby; —ab,by —azbs +-LF+F, +ZLK2’F

1 \&

ayb,: +2a,b b, +ab; +ayby + azh, +aswy +agb,w

v

ky ki N s
AgWgg + Wy +ay e — ysbgw—aypbge — aybshg —aybg +—-Fy + F + =Ky o —| -+ 0L +o L |k,
m hl,._ h[; hlz h{:

a,zb_;: +2a,bybg +a,2b5 +a3b5 + @ 4bs +aWe +a sbsw
which then can be performed algebraically to form a single expression.

3. THE ANALYTICAL SOLUTIONS

In this research, we are interested to the class of solutions that is physically important
[23,24],

w= r(.f)e""(:) (7a)
Substituting (7a) into (6e) to get,

I (a”r;f,: +agrr: +aygls +ayr +ay )+ r (anrff +x3l Ty + Aygly + AysT + azﬁ)
’ ) ) - ’ (7b)
+Ay7Tes + QaglTy + ool +ayr +az; =0

By setting,
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re= [37r2 +bgr + by (7¢)
such that the following relation is fulfilled,

ree = 2577 +(byg +3bsby )1 + By +2byby + B )r + by +byhy (7d)

Thus, applying (7¢) and (7d) into (7b), the resulting polynomial equation is defined by,

-

where a3, is given by,

a3 =0ay5 (b9;b9 +b8b92)+019b92 +ay by +ayy (bgg +bsb9)+az9b9 +as (79)

Set a;; =0 then b; can be obtain as a function of b, .
This procedure will reduced equation (7e) to the fourth order polynomial which the root
is solvable by radicals, say be written as » = #(£). Meanwhile, b, will be defined later by

the similar condition applied to b, .

3.1. The Solution for the Riccati Equation

In order to solve the system of (7¢) and (7e), the following step is necessary [25]

Sae

Lemma 2: Consider equation (7¢c) and set by = f, — to generate,

2

b,

172

Z,:

<

Z*+ f,Z+C foby

where Z=C, f5r. There exists a function « such that fh =aZ , which generate the
Bernoulli equation. The Riccati equation then has a closed-form exact solution when o is
solvable.

Proof: Set by = £ —% to rearrange equation (7c) as,
J2

fz 1 2
=Ly = C 1), =bir” “+b, 8
’*+f2’ lez(lf”): 21+ fir+by (8a)

where C; is a constant. Suppose that Z =C, /51, then the following equation is produced,



