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PREFACE

In 1901 Adolf Hurwitz published a short note showing that Fourier series can
be used to prove the isoperimetric inequality for domains in the Euclidean plane,
and in a subsequent article he showed how spherical harmonics can be utilized
to prove an analogous inequality for three-dimensional convex bodies. A few
years later Hermann Minkowski used spherical harmonics to prove an interesting
characterization of (three-dimensional) convex bodies of constant width. The work
of Hurwitz and Minkowski has convincingly shown that a study of this interplay
of analysis and geometry, in particular of Fourier series and spherical harmonics
on the one hand, and the theory of convex bodies on the other hand, can lead to
interesting geometric results. Since then many articles have appeared that explored
the possibilities of such methods.

The aim of the present book is to provide a fairly comprehensive exposition of
geometric results, more specifically, of results in the theory of convex sets, that
have been proved by the use of Fourier series or spherical harmonics. Almost all
theorems that are stated are also proved. Furthermore, to make the book more
self-contained, all results from the theory of spherical harmonics that are used are
also proved. Thus the only prerequisite for reading this book is some familiarity
with the basic facts of the theory of (finite dimensional) convex sets and the theory
of functions of real variables.

The book consists of five chapters. The first two of these contain preparatory
material from analysis and the geometry of convex sets. These topics are reviewed
to establish consistent notation and to formulate some known results for later ref-
erence. Moreover, some auxiliary results that are not part of the standard textbook
literature are formulated and proved.

In Chapter 3 the theory of spherical harmonics is developed to the extent that it
is useful for later geometric applications. An attempt has been made to present this
material at the level of classical analysis, since a more abstract approach would
not have significantly enlarged the area of geometric applications, but could have
made it more difficult for some readers to acquaint themselves with the necessary
analytic tools.
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Chapters 4 and 5 contain the geometric applications. Readers familiar with
the theory of convex sets and spherical harmonics may start immediately with
these chapters. using the previous material only to acquaint themselves with the
notation, definitions, and some auxiliary results. Chapter 4 deals with applications
of Fourier series and consequently with geometric results in the two-dimensional
Euclidean space. Some of these results are discussed since higher dimensional
analogues are not available, others because they provide good examples of the
method of proof that will be used later in the more complicated higher dimensional
situation. Chapter 5 can be considered the principal part of the book. It deals with
applications of spherical harmonics to geometric problems in Euclidean space
without dimension limitations.

Some of the results presented here are proved in essentially the same way as
in the articles where they originally appeared: in other cases the proofs have been
modified considerably or even replaced by new ones if this was deemed to benefit
the overall presentation of the subject. Several theorems too far removed from
the central area of this book or better proved by other methods are mentioned in a
more casual manner. This is usually done at the end of each section in a kind of
appendix headed “Remarks and References.” In these paragraphs one also finds
the pertinent references to the original literature and some historical comments.
No attempt has been made, however, to present a comprehensive survey of the
long and ramified history of spherical harmonics and their applications.

Several mathematicians were kind enough to read at least some parts of ear-
lier versions of this book and to make valuable comments and suggestions. In
particular, I wish to thank Professors Gulbank D. Chakerian, Paul R. Goodey,
Richard J. Gardner, Peter M. Gruber, Erwin Lutwak, Krzysztof Przeslawski, and
Rolf Schneider. 1 would like to express my special gratitude to Professor Erwin
Lutwak, who originally suggested that I write a book for the Encyclopedia series,
and to Professor Rolf Schneider, whose extensive contributions and interesting
results in the subject area of this book have stimulated me to study this topic and
to write about it.

Remarks on Matters of Presentation and Notation

Definitions are stated in the conventional way with “if”” instead of *“if and only
if.” The concepts of lemmas, theorems, and corollaries are used with their well-
established meanings, but there also appear “propositions.” These are meant to be
either auxiliary results having some independent interest or significance, or results
of a less important or more isolated kind than those listed as theorems.

All lemmas, theorems, corollaries, propositions, and some formulas are marked
by three numbers. The first one indicates the chapter, the second number refers
to the section within the chapter, and the third one indicates the position within
the section. References are given by the name of the author (or the names of the
authors) in small capital letters followed by the year of publication, sometimes
marked with a letter if there are several articles by the same author within one
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year. Depending on the context, when such a reference is given it may mean either
the author or the publication. For example a phrase like “see MINKOWSKI (1903)”
means obviously that one should see the article which Minkowski published in
1903 and which is listed as such in the References at the end of the book. On the
other hand a statement like “this was proved by MINKOWSKI1 (1903)” clearly refers
to the person and the year when the result was published. If an article or a book
has more than one publication date the earliest one is used for reference; if it has
not yet appeared in print it is quoted as “in press,” possibly followed by a letter if
there is more than one such prospective publication by the same author.

The word “function™ without any further information on its range is always
meant to be a real valued function. Similarly, the noun “constant” without any
further specification is used to indicate a real valued constant. We sometimes
employ such convenient and customary (but mildly contradictory) phrases as ‘¢,
is a constant depending on n only,” which, strictly speaking, means that ¢, is a
function of the single variable n.

There is a list of frequently used symbols at the end of the book (after the
References). Of particular importance is that, except for its use in integrals and
derivatives, the letter d will always denote the dimension of the space under con-
sideration. Unless specified otherwise, it is assumed that & > 2. It also should be
observed that x; and o, are used exclusively to denote, respectively, the volume
and surface area of a d-dimensional unit ball. The term “measure” always means a
nonnegative measure; if negative values are permitted the corresponding concept
will be called a signed measure.
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1

Analytic Preparations

We review here some of the analytic concepts and facts that will be used in later
chapters. Most of this material forms part of the standard textbook literature on real
analysis or functional analysis and it is not necessary to repeat here the pertinent
proofs. However, a few facts of a more special character and not generally known
will be formulated as lemmas and proved.

Throughout this book we let E? denote the Euclidean d-dimensional space. If x
is a point of E“ the coordinates of x will be denoted by x;;hence. x = (xy, ..., xy).
The letter o denotes the origin (0, ..., 0) of E. If u, v € E? we let u - v denote the
inner product, and |u| the Euclidean norm. Of course, for points in E', that is, for
real numbers, | - | is the ordinary absolute value. The Lebesgue measure of a subset
S of E4 will usually be called the volume of S and denoted by v(S). We write
BY(p, r) for the closed ball in E4 of radius r centered at p, and BY = BY(o, 1)
for the closed unit ball in E? centered at 0. Furthermore, we let $9~! denote the
boundary of B¢, that is, the unit sphere in E4. The spherical Lebesgue measure
on S4=! will be denoted by o, the volume of BY by k, and the surface area of BY
by oy.

1.1. Inner Product, Norm, and Orthogonality of Functions

We let L(S“~") denote the class of integrable functions on $7~', and La(89Y
the class of square integrable functions on $9~'. Thus, L,(S9"") consists of all
real valued Lebesgue integrable functions F on $9~! with the property that

/ F(u)’do (u) < co.
sd-t

Of course in such definitions the underlying measure space is always (§9°'. M, o)
with M denoting the class of subsets of $7~! that are measurable with respect to
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the spherical Lebesgue measure . If F. G € L(S'"") the inner product (F, G)
is defined by

(F.G) = / FuG(u)do (u)
S" |

(provided that this integral exists). We let || - || denote the norm derived from
this inner product. Hence, || F|| = (F. F)'/*, and if F. G € L»(§“""), then the
triangle inequality [|F + G| < ||F|l + |Gl and the Cauchy-Schwarz inequality
{(F.G) < |IFIIIG| are valid. It is well-known that with respect to ordinary
addition and scalar multiplication, and with the usual identification of functions
that are equal almost cverywhere. L>(SY~") is a Hilbert space. More generally, if
& is a function on $Y7! with values in E/ then ||®|| is defined as the functional
norm of the Euclidean norm of &. In other words,

12
el = (/ |d>(u)lzda(u)) .
it

IfF Fely(SYu=0.1,...)and
lim |F; — F[|=0

the sequence Fy, F), ... will besaid to converge inmeanto F. Of course, an infinite
series of functions from L,(89") is said to converge in mean to some function
G € Ly(8'"") if the sequence of the corresponding partial sums converges in
mean to G. Of particular importance in this connection is the fact that L,(S¢"!),
being a Hilbert space, is complete in the sense that every Cauchy sequence (with
respect to the norm in L>(8597Y) is (in mean) convergent.

Two functions F, G from L,(S¢~") are said to be orthogonal if (F, G) = 0.
A sequence Ho, H), ... with H; € Ly($“7') and || H;|| # O (for all i) will be
called an orthogonal sequence if (H;, H;) = 0 whenever i # j. It is called an
orthonormal sequence if (H;, H;) = §;;, where, as usual.

5. — {0 ifi #j
YT ifi =k.

If F € La(S“" ") and Hy, H. ...isa given orthogonal sequence, then the numbers

_(F. H)
A

Q;

are called the Fourier coefficients of F (with respect to the given orthogonal se-
quence), and the series

20
E a; H;
i=0
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is called the Fourier series of F (with respect to the sequence Hy. H),...). To
indicate that }".-, @; H; is the Fourier series of a given function F we write

F~Za,~1-l,-. (1.1.1)
i =0

If a and b are real numbers, and if. in addition to (1.1.1), G € L.(§¢"") and

o &
G~ BiH.
i=0
then
x
aF +bG ~ Y (e H; + B;Gi).
i=0
From the definition of the Fourier coefficients it follows immediately that
' m 2 m
“F—Zaiﬂ,-“ =IFIP = oIl H ). (1.12)
i=0 i=0
An obvious consequence of this is Bessel's inequality
s, )
Y R IH P < (I F
i=0

Another consequence of (1.1.2) is the fact that the equality

m
"'h”m”“F_Zo:aiHi“=0 (1.1.3)
holds if and only if
o
HFI2 =" oI H )2 (1.1.4)

i=0

The latter relation is called Parseval’s equation. Thus one can state that the Fourier
series of a function F € L(S“~") with respect to a given orthogonal sequence
Hy, Hy, ... of functions from L,(S¢~1) converges in mean to F if and only if
Parseval’s equation (1.1.4) holds. Furthermore, it is not difficult to prove that
(1.1.3) (or, equivalently, (1.1.4)) holds for all F € L,(5?"") if and only if the
given orthogonal sequence Hy, H,, ... has the following property: Whenever
G € Ly(5*"") and (G, H;) = O (for all i), then G = O almost everywhere. An
orthogonal sequence Hy, H,. ... with the property that for every F € L,($~")
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the relation (1.1.3) holds is said to be complete or (to avoid confusion with the
completeness of Ly(S9~")) total. If a sequence Hy, H,, ... is complete and F ~
S ReeiHi G~ Y2, ﬂ,G it follows from (1.1.4) applied to F. G, and F + G,

that

(F.G) = Za,ﬂ,uﬁu- (1.1.5)

This relation is called the generalized Parseval’s equation. An immediate conse-
quence of Parseval’s equation (1.1.4), applied to F — G, is that the assumptions
F.G € L2(5"") and

oc jo.
F~ aiH, G~ aH
i=0 i=0

imply
F=G ae.

(As usual, the abbreviation “a.e.” means “almost everywhere.”) Another conse-
quence worth mentioning is the fact that if, for some integer m,

m
F ~ E a,~H,~,
i=0

then

F= 2,":(1,'”
i=0

We finally state a lemma that expresses a well-known approximation property
of the Fourier coefficients.

Lemma 1.1.1. Let F, Fy, ..., F, be mutually orthogonal functions belonging to
L2(8"') and assume that || F;|| # O (foralli). Then |F —3_i_, v Fi|l. considered
as a function of yy, .. ., Yy, is minimal if and only if y; = (F, F;)/|| Fi]|%.

Proof. This lemma follows immediately from the easily proved relation

n 2 n 2
HF—Z}’:'F: =“F"Zail:i
i=0 i=1

where o; = (F, F,)/IIF.]I%. o

+ D (e — y)IFIP,

i=]
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- Occasionally it will be convenient to use the supremum norm || - || on s-1af
F is a real valued continuous function on §¢~!, or a continuous function mapping
59" into E¥, it can be defined by

I Fllx = max{|F ()| :u € §7'},

where | - | denotes, respectively, either the absolute value or the Euclidean norm.

Remarks and References. The concepts of inner product, norm, orthogonality,
etc., that are based on the Hilbert space structure of L2($“~!) are developed (often
in a much more general setting) in most textbooks of real analysis or functional
analysis, for example, in RUDIN (1974) or ROYDEN (1988). In Section 3.3, we
introduce a slightly modified concept of orthogonality (on [—1, 1]) with respect
to a weight function, but in the present book such variants will play only a minor
and rather isolated role.

1.2. The Gradient and Beltrami Operator

If £ is a function whose domain is a subset of E“ that contains $¢~' and whose
range is in the set of real numbers or in E4, we write f or £ for the restriction of
f to $9~'_ If, on the other hand, F is defined on S?~' we let F or F~ denote the
radial extension of F to E?/{0}. This means that

F(x) = F(x/ix).

Note that always (F")"= F whereas in general (") # f.

A function F on $~! will be said to be n times differentiable (or  times
continuously differentiable) if the partial derivatives of F of order n exist (or
exist and are continuous). For geometric applications of spherical harmonics one
frequently has to work with the following second order differential operators. The
Laplace operator A and the gradient V are defined, respectively, by

8?2 a?
P + —_—
ax; ax;
and

Ve bty
—e— + - +ey4—,
'ax. dax,,

where e; = (0,...,0,1,0,...0) € EZ with | occurring at the ith position. Both
A and V operate on any sufficiently smooth function defined on an open subset
of E¥.
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Using the above extension procedure one can transfer both the Laplace operator
and the gradient to operators acting on functions on S“~'. These operators will be
denoted, respectively. by V,, and A, and are defined by

A F = (AF)

and
V,F =(VF),

So A,F and V,F exist if F is, respectively, twice or once differentiable. The
operator A, is usually called the Laplace-Beltrami operator or simply the Beltrami
operator, whereas V,, is again referred to as the gradient.

On several occasions we will need Green's formula. If Q is the closure of an open
set in EY with sufficiently smooth boundary and if f and g are twice continuously
differentiable functions on an open set containing (. then this formula can be
stated as

/ fD,gds =/((Vf)‘(Vg)+ng)dU, (1.2.1)
a0 0

where dv denotes the volume differential, ds the surface area differential, and D,
the directional derivative in the outer normal direction g of 3Q. Actually only
the special cases when Q is a ball or the set between two concentric balls will be
needed. In particular, if Q = B“ (1.2.1) can be written in the form

, fDygdo = | (Vf)-(Vg)+ fAg)dv. (1.2.2)
5 B

Interchanging f and g in (1.2.2) and forming the difference one obtains the fol-
lowing relation, which is also often referred to as Green’s formula:

/sd (fDyg — gD, f)do =/Bd(ng—gAf)dv. (123)

As another special case of (1.2.1) consider two twice continuously differentiable
functions F, G on $/~'andlet f = F, g = G. Ifr, € (0, 1) and Q is the closure
of BY(0. r)\B“(0, ,,), where r > r,, then, noting that f and g are constant in the
radial direction, we have D, f = D,g = 0 and it follows from (1.2.1) that

/ (/3 (V) - (Vg(x) + f(x)Ag(x))do (p, x)>dp =0,
r. aBo.p)

where do (p, x) denotes the surface area differential on 3 BY (o, p). Differentiating
with respect to r and subsequently letting r = | one deduces that

/ ((VF(x)) - (Vgx) + f(x)Ag(x)do (x) = 0.
sd-1

b
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In view of the respective definitions of f. g, A,,, and V,, this can be written in the
form

/ FA,Gdo = — (V,F)-(V,G)do. (1.2.4)
§d--1 548

As an immediate consequence of (1.2.4) one can state that

/ FA,Gdo = / GA,Fdo (1.2.5)
s«l~| S-l t
and, if F = G,
/ FA,Fdo = - / |V, Fl’do. (1.2.6)
sd-l sd~ 1

The equalities (1.2.5) and (1.2.6) can be formulated more concisely as
(F.A,G)=(A,F,G) (1.2.7)
and
(F.A,F) = —||V,F|>. (1.2.8)

The fact that (1.2.7) holds can also be expressed by stating that A,, is a self-adjoint
operator.

Another important relation is obtained by assuming that f is a twice differen-
tiable function on EY\ {0} that is positively homogeneous of degree m (that means,

ift > 0, then f(tx) = 1" f(x)). Using Euler’s relation E:L, x,-ﬂ%” =mf(x)

one finds after a straightforward calculation that Af (x/|x|) = A(f(x)|x|™™) =
|x]™"Af(x) —m(m +d — 2) f(x). Hence, if u € §9-!, then

(Ao )W) = (Af) () = m(m +d — 2) f (). (1.2.9)

A similar, but even easier calculation shows that for any function f on E4\ {0} that
is differentiable and positively homogeneous of degree | we have

(Vo )W) = (V)W) — f(u)u. (1.2.10)

In the case d = 2 it is often advantageous to work with polar coordinates.
If G is a differentiable function on $' and x, = rcosw, x; = rsinw, then G
can be viewed as a function of w and G (x1, x2) does not depend on r. Hence
Gx). x3) = G(w) and BC/ar = 0. It follows that 4G /dw exists and
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Consequently

i
V.G = ﬁ(—sinw, cos w) (L2.11)
o de
and
dG
— = (V,G) - (—sinw, cosw). (1.2.12)
dw

An immediate consequence of this relation is that

dG

T (1.2.13)

VoGl =

(with the Euclidean norm on the left-hand side and the absolute value on the right-
hand side). Concerning the Beltrami operator it is easily shown that if G (x|, x3)
is twice differentiable, then d>G /dw? exists, and one can use the two-dimensional
Laplace operator in polar coordinates, namely

and the fact that 3G /dr = 32G/dr? = 0 to conclude that

d*G

ANG=——.
dow?

Remarks and References. The Laplace-Beltrami operator is an often used con-
cept in differential geometry. It can be defined for more general manifolds than
spheres. However such generalizations, which are of importance in differential
geometry, are irrelevant for our applications. The above introduction of this op-
erator follows essentially that of SEELEY (1966). For deeper and more extensive
studies of the Laplace—~Beltrami operator see BERG (1969), HELGASON (1984), and
FALLERT, GOODEY, and WEIL (in press).

1.3. Spherical Integration and Orthogonal
Transformations

We first prove several auxiliary results regarding the integration of functions on
§9='. It is interesting (although for our purpose not particularly important) that
in most cases of spherical integration the pertinent statements remain true in the
degenerate case when the integration is to be carried out over S°. The integral is
then to be interpreted as the sum of the function values of the two points of S°.

Our first lemma relates integration over $Y~! to a particular integration over
{—1, 1]. In this lemma, as well as in other formulas in this book, there appears a
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constant # which is always defined by

Lemma 1.3.1.

() If N is a null set in [—1, 1] with respect to Lebesgue measure on E', then for
everyfived p € S Vtheset U = {u:u € S ' u-p e N)isanull set with
respect to Lebesgue measure o on S'~',

(ii) If ® is a bounded Lebesgue integrable function on [—1,1], and if p is a
given point on $*~", then ®(u - p). considered as a function of u on $*~!, is
o-integrable and

|
f $(u - p)do(u) =0‘1-|/ D)1 —~¢H)’de. (1.3.1)
§d-b -1

Proof. Let Iy denote the characteristic function of a set X; that means /x (x) equals
I or O depending on whether x € X or x ¢ X. If ® is the characteristic function
of a subinterval of [ 1, 1], then (1.3.1) is obtained by a calculus type computation
of the area of a spherical zone on $9~!. Summation and well-known properties of
the Lebesgue integral then yield the validity of (1.3.1) for characteristic functions
of unions of countably many disjoint intervals, in particular for step functions and
characteristic functions of open sets.

To prove (i) let G,, be an open subset of E' such that N C G, and the Lebesgue
measure of G, is less than 1/n. Let U, denote the openset {u : u € $9~!, u - p €
Gyul. As already remarked, (1.3.1) is true for & = /¢, and it follows that

o (Un)= / I, (u - pYdo(u) = o, / I6,()(1 — 1*)°dt
§d-1 -1

=04, / (1 —15)%4r.
Gn

Noting that (1 — 12)” is an integrable function one finds that the last integral in
this chain of inequalities will be less than any given € > 0 if n is large enough.
Since U C U, (for all n), this implies that U is a null set.

To prove part (ii) we use the known fact that there are a uniformly bounded
sequence of step functions g; and a null set N in E' such that

il_i_glcg,-(x) = ¢(x) ifxgN.

(In most textbooks, for example in RUDIN (1974), p. 57, this is proved for contin-
uous functions rather than step functions; but it is also true for step functions since _
continuous functionson [—1, 1] can be uniformly approximated by step functions.)
If U is the set corresponding to N as stated in part (i) of the Lemma, it follows



