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Preface

This book mainly deals with nonlinear parabolic equations and sys-
tems of second order in higher dimensional domains. We shall dis-
cuss several initial-boundary value problems for quasilinear, nonli-
near parabolic equations and systems of second order equations with
smooth coefficients and measurable coefficients.

In Chapter I, we first introduce some properties of solutions for
parabolic equations of second order including the extremum princi-
ples, representation theorem and compactness principle of their solu-
tions. By using the extremum principles, the uniqueness theorem of
solutions for some initial-general boundary value problem is proved.
The properties of solutions for parabolic equations will be used in the
latter chapters.

In recent years, some initial-boundary value problems for non-
linear parabolic equations of second order with smooth coeflicients
were investigated by some mathematicians, but they only discussed
the Dirichlet problem and initial-nonlinear regular oblique derivative
problem for the equations. In Chapter 11, we first introduce the solva-
bility results of the above problems, and then consider the more ge-
neral initial-nonlinear irregular oblique derivative problem.

In Chapters III and IV, not ounly several initial-boundary value
problems for nonlinear nondivergent parabolic equations of second
order with measurable coeflicients, i.e. Cordes coefficients, but also
some initial-boundary value problems for nonlinear nondivergent
parabolic systems of second order equations with measurable coef-
ficients are investigated, which cannot be found in other books pub-
lished. Here we first give a priori estimates of solutions for the above
initial-boundary value problems and then prove their solvability by
the estimates of solutions and the method of parameter extension or
the Leray-Schauder theorem.

In Chapter V, we discuss some initial-boundary value problems for
linear and quasilinear parabolic equations of second order with other
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measurable coefficients, i.e. VMO coefficients. We give a priori esti-
mates of solutions for the above problems, and prove the uniqueness
and existence of solutions for the problems, here we mainly construct
the foundational solution of the corresponding initial-boundary value
problems for linear parabolic equation of second order.

There are two characteristics of this book: one is that parabolic
equations are discussed in the nonlinear case, and the boundary con-
ditions include the irregular oblique derivative case, another is that
boundary value problems are almost considered in the case of mul-
tiply connected domains and several methods are used. We mention
that the methods in this book can be used to discuss the correspond-
ing boundary value problems for nonlinear elliptic equations in higher
dimensional domains, and some moving boundary problems in filtra-
tions, gas dynamics, elastico-plastic mechanics can be handled by
using the results as stated in this book.

The great majority of the contents originates in investigations
of the authors and his cooperative colleagues, and many results are
published here for the first time. After reading the volume, it can be
seen that many questions remain for further investigations.

Beijing
May 2001

Wen Guochun
Zou Benteng
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Chapter I
Properties of Solutions for Parabolic
Equations of Second Order

In this chapter, we mainly introduce some properties of solutions for
linear parabolic equations of second order including the extremum
principles, representation theorem and compactness principle of their
solutions. By using the extremum principles, the uniqueness and
stability of solutions for some initial-boundary value problems are
verified. Besides the existence of solutions of the Dirichlet problem
for linear parabolic equations is proved. The properties of solutions
for parabolic equations will be used in the following chapters.

1. Conditions of Linear and Nonlinear Parabolic
Equations of Second Order

Let Q be a bounded domain in R with the boundary 9§ € Cﬁ (0<
p < 1)and Q = Q x I be a cylinder, here I = {0 <t < T}, T
is a positive constant, and 0@ = Q1 U JQ)3 is called the parabolic
boundary of @, in which 8Q1, Q2 are the bottom {z € Q,¢t = 0} and
the lateral boundary {z € 99, t € I} of the domain Q respectively.

First of all, we consider the linear partial differential equation of
second order

N N
Ly = Z AijUzz; + Zbiumi +cu—u=f in Q, (1.1)

i,7=1 i=1

where the coefficients a;; = ay;(z,t), by = bz, t)(é,j = 1,---,N),
c=c(z,t), f(z,t) are known continuous functions in Q. The condition
of uniformly parabolic type for equation (1.1) is that the following
inequality holds

N N N
0D 161 <D aytig <qpt D 1&17 in Q, (1.2)
j=1 ij=1 j=1

in which ¢o(0 < go < 1) is a constant. If a;;,b;(4,7 = 1,---,N), ¢, f
satisfy

“nH(j(l;gﬂ(Q*) <ko, n= aij’bi(iaj =1, -,N),C, I (13)
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where Q* is any closed subdomain in @, a(0 < & < 1), ko are non-
negative constants and

N
llallcro@ey = llallcooigr) + D laz [lcoogr;

i=1
N

lallore @) = lelloss i@y *+ Lllesilloss oy

llalle, o2+ = llallcoo) + llalla, . (0%

t —
=maX|a|+ max |a($, ) a’(y? T)lz,
Q* (@) #(,meQ |z — y|*+|t — 7|/

then we say that equation (1.1) satisfies Condition Cp. In this case, if
a function u(z,t) € CZ,(IX /2(Q) satisfies equation (1.1) for every point
(z,t) € Q, then the function is called a classical solution of (1.1) in

Q.

Secondly, we consider the nonlinear parabolic equation of second
order

F(z,t,u, Dyu, D?u) —u; =0 in Q, (1.4)
namely
N N
Z AjjUz;z; T szuzzz1 +cu~uw = f in Q, (1.5)
i,j=1 i=1

where Dyu = (ug, ), D2u = (Ug,z,;), and
1 1
a;;j =/ Frr(z,t,u, p,7r)dT, b; =/ Frp (2,t,u,7p,0)dr,
0 0

1
c=/ Fr.(z,t,74,0,0)dr, f = —F(x,t,0,0,0),
0

Ou &%u
2 -
pszU,’f'sz'LL,piza—mi, Tijzm, Z,_]:].,"',N.

Suppose that (1.4) (or (1.5)) satisfies Condition C, i.e. for ar-
bitrary functions u(z,t), u!(z,t), u?(z,t) € Ci’,(;/z(ﬁ) N W2H(Q),
F(z,t,u, Dyu, D2u) satisfies the condition

F(z,t,u}, Du', D2u') — F(z,t,u?, Dyu?, D2u?)
(1.6)

N N
= Z &ijuzi:cj + szuzl + cu,
ig=1 i=1
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1

where v = u! — ¥? and

az]—/ . (z,t,4,p,7)dr, b; —/ Fy,, (z,t,q,p,7)dr,

a:/ Fu(z,t,@,p,7)dr, a=u+r(u'—u?), p=Dya, 7=D%,
0

lullyz g /[u —+—Zumz + Z W2, +uddadt)!?,

3,j=1

and a;;, b;, ¢, f satisfy the condition

N N N
QY &1 <D a:586<qp D _IEI1%, 0<qo<1, (1.7)

j=1 ij=1 j=1
N =2
SUpg > _; j=10; 1 —
TN s g ¢ < , Lplf, QI <Ky,
infQ[So0; @)? N-1/2" 77 (1.8)

|&1]| S kOa IBZI S kOa Zv] = 1""7N7 |6| S k07

where qo, q1, ko, k1,p(> N + 2) are non-negative constants. More-
over, for almost every point (z,t) € Q and D2y € RNWN+L/2
ai;(z,t,u, Dyu, D2u), Bi(x,t,u, D,u),é(x,t,u) are continuous in u €
R, D,u € R". If the last two conditions in (1.8) are replaced by

Lp[giaa] _<_k07 izl,"'aNa
(1.9)
L,E,Q] <koyp>N+2, supg ¢ < oo,

then Condition C will be called Condition C’. If the first condition
in (1.8) is replaced by

N G2 . N  ~

i i 1 . inf 2 Qg

L=t % <@ < g A= Qlelj, (1.10)
Q [Zz 1 Gail? —H SUPQ 2_i=1 Gii

then Condition C’ will be called Condition C”. It is not difficult to
derive the following relation

Condition C C Condition C’' C Condition C".
The so-called Dirichlet problem (Problem D), initial-Neumann

problem (Problem N) and the initial-regular oblique derivative prob-
lem (Problem O) of equation (1.1), i.e. to find a continuous solution
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u = u(z,t) € Cé:g/z(a) N W;’l(Q) of (1.1) satisfying the initial con-
dition

u(z,0) = g(z), =€, (1.11)

and the boundary conditions

u(z,t) = r(z,t), (z,t) € Q2 (Problem D), (1.12)
8“;‘;’ D 1@,1), (2,t) € Oy (Problem N), (1.13)
Ou(z,t)

o +o(z,t)u=1(z,t), (z,t)€0Q2 (Problem O), (1.14)

respectively, in which 7 and 7 are the unit vector and unit outward
normal at every point (z,t) € Q4 respectively, and g(z) in Q, r(z, t),
o(z,t), 7(x,t), cos(¥,7) > 0 on HQ; satisfy the conditions

Cg[g(m)aﬁ] < k2a Ci”,ll/z[r(m’t)anﬂ < k27
o(z,t) >0 on Q, Ci”(ll/2[7'(z,t),8Q2] < ko, (1.15)

Ciii/g[ﬂ(fU,t),an] < kO, n=o, COS([}: ﬁ)v

where o (0 < a < 1), kg, ke are non-negative constants. There is no
harm in assuming that o(z) > 0 on 8Q2 in (1.14), because otherwise
we can find a solution ¥(z,t) of the equation

N
Au—u; =0, ie. Y Uge —u =0 in Q, (1.16)

=1

satisfying the boundary condition ¥(z,t) = 1 on 8Q, then the
v(z,t) = u(z,t)/¥(z,t) is a solution of the equation

N N
Z AijVgiz; + Zbivwi +cv—v=f in Q (1.17)
i,j=1 i=1

satisfying the initial-boundary condition (1.11) and

Ov(z,t)
ov

+ 6(z, t)v = 7(z,t), (z,t) € 8Q2, (1.18)
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in which

~ N ~
bi =bi+ ) [aj(InV)e; +a;(In ), ], f=Ff/7,

j=1

N 0. X
c=c+ Z ai;j i +sz(ln \I/):‘cz — (ln ‘IJ)t in Q,

ij=1 i=1
v

&(w,t)=M+a(m,t)>O, '?(:r:,t):T(x’t) on 8Qs,

v U(z,t)
here 9[ln ¥(z,t)]/O7 > 0 on 8Q2 can be derived by Lemma 2.1 and
Theorem 2.4 below.

The solution u(z, t) of equation (1.5) with Condition C is indicated
a function u(z,t) € Ci’,(;/z(Q) N W2HQ*), ie w,ug, (i=1,---,N)
€ C’g’f;/z(Q) (0 < a<11), Ugge, (4, =1,---,N),us € Lo(Q*), and
u(z,t) satisfies equation (1.5) for almost every point (z,t) € Q, in
which C%%(Q) = C(Q) and Q* is any closed subset in the domain Q.
In this case, the solution of (1.5) is called a generalized solution in Q.

If the linear equation (1.1) with Condition Cy satisfies c(x,t) <
0, f(z,t) > 0 and ¢(z,t) < 0, f(z,t) < 0 in Q, then we say that
equation (1.1) satisfies Condition Cy and Condition C; respec-
tively. Besides, equation (1.1) with Condition C and the condi-
tions c(z,t) < 0, f(z,t) > 0 for almost every point (z,t) € Q will
be denoted by Condition C*, and Condition C and the conditions
c(z,t) < 0, f(z,t) < 0 for almost every point (z,t) € Q will be
denoted by Condition C~, and the conditions corresponding to Con-
dition C" will be called Condition C"”* and Condition C”~. In the
next section, we shall prove the extremum principles of solutions for
equation (1.1) with above smooth coeflicients and measurable coeffi-
cients.

2. Extremum Principles of Solutions for Parabolic
Equations of Second Order

We first prove some extremum principles of solutions for equation
(1.1) with Condition Cp, and then verify some extremum principles
of solutions for (1.1) with Condition C.
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2.1 Extremum principles of solutions for parabolic equa-
tions with continuous coeflicients

Lemma 2.1 Suppose that equation (1.1) satisfies Condition Cy,
and u(x,t) is a continuous solution of (1.1) in Q. Ifu(z,t) attains the
non-negative mazimum at a point P® = (z°,t%) € Q2 and u(z,t) <
u(z®,t%) for (z,t) € Q, then

lim w(P%) — u(P)

0 2.1
Paps H(PLP) 2

where 7(P°, P) = [N (z; — 29)? + |t — t°]'/2, P = (z,t) approaches
P° along a direction I, cos(l,@) > 0, i is the outward normal at P°

on 8Q)s.

Proof We make an inner tangent ball S in @ with the tangent
point at P°, whose center is the point P! = (z!,°) and its radius is
R > 0, and denote by 8S the boundary of the ball S. Consider the
auxiliary function

V(P) = e=olr*+(t=t%)] _ g=aR? (2.2)
where r = |z — 2! = [SX,(2; — 21)?]'/?, a is an undetermined

positive constant. It is clear that V(P) > 0in S, and V(P) =0 on
8S. Through the direct calculation, we obtain

N N
LV =3 aiiVia; + 3 bV, +cV =V
i,j=1 =1

N
:cv+e~a[r2+(t_to)2][a2 2 aij (.’L‘i—x%)(wj_x;)
i’jzl

N
—2a'> " (as + bi(zi — 7)) + 20(t—1%))].
=1

Setting S; = {|z — 2} + |t — t°)> < R?, |z — z'|*> > R%*/4}, and
choosing that « is large enough such that LV > 0 in S;, we make an
auxiliary function

W(P) = eV(P) + u(P) — u(P°).

Selecting the sufficiently small positive number & such that W(P) < 0
on SN {|lz —z!|? = R?/4} and W(P) < 0 on 85, we can conclude
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W(P) < 0in S;. Otherwise, there exists an inner point P? of Sy so
that W(P) attains the positive maximum at P%. According to the
property of maximum point for the function of several variables, we

have
W>0,cW<0, Wy, =0,i=1,---,N,

Wy=0, YN _1a;Weo, <0 at P2

We can see LW < 0 at P?. However by the definition of W(P) we
have
LW = eLV(P) + Lu(P) — Lu(P°%) > 0 at P

The contradiction shows that W(P) < 0 for P € §;. Noting that
V(P% =0, hence

u(P%) — w(P) > —e[V(P°) — V(P)] for P € ;.

Thus when P approaches P® along the outward normal 7, we get

. u(PY —u(P) av _oR?
_ >y g = o . .
Plirr;) TP o e 2eaRe >0 (2.3)

Noting the condition limp(ez)— po(uw(P°) — w(P))/r(P°, P} > O,
cos(l—; ) > 0, cos(f, §) > 0 at P9, where §is a tangent vector of 8Q2
at P% from (2.3), it follows the inequality

i M) U)o T gim M) P
P(ely=PO T(PO’P) - ’ P(er)— P9 T‘(PO’P)
- 0y _
+cos(l,8) _ lim wrl) —uP) > 0,

Pleapo T(P°,P)
i.e. (2.1) holds.

Lemma 2.2 Suppose that equation (1.1) satisfies Condition Cy,
and u{x,t) is a continuous solution of (1.1) in Q. If u(z,t) attains the
non-positive minimum at a point P° = (z°,t°) € 8Q, and u(x,t) >
w(z0,t9) for (z,t) € Q, then

T u(P%) — u(P)
pspo (PO P)

<0, (2.4)

where P = (x,t) approaches P° along a direction [, cos(l_; ) > 0,7
and r(P°, P) are defined as in (2.1).
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Proof Put v(P) = —u(P), it is not difficult to see that v(P) pos-
sesses the property of u(P) in Lemma 2.1. By using (2.1), we obtain

—u(P) —u(P) __ | o(P%) — u(P)

lim ——~2 =2 . 2.5
popo (P9, P) Popo (P9, P) <0 (25)

On the basis of Lemmas 2.1 and 2.2, it is easy to derive the fol-
lowing corollary.

Corollary 2.3 Let S be a ball in Q.

(1) If u(z,t) is a continuous solution of equation (1.1) with Condi-
tion Cy in Q, and u(x,t) does not take the non-negative mazimum at
the inner point of S, then u(z,t) attains the non-negative mazimum
at the south pole or north pole of 8S.

(2) If u(z,t) is a continuous solution of equation (1.1) with Condi-
tion Cy in Q, and u(z,t) does not take the non-positive minimum at
the inner point of S, then u(x,t) attains the non-positive minimum
at the south pole or north pole of 8S.

Next, we shall prove the maximum principle and minimum prin-
ciple of solutions for equation (1.1) with some conditions.

Theorem 2.4  Suppose that equation (1.1) satisfies Condition Cg
or Condition Cy , and u(x,t) is a continuous solution of (1.1) in Q. If
u(z,t) attains the non-negative mazimum or non-positive minimum
at an inner point P® = (z°,t%) of Q respectively, then

u(z,t) = u(z®, %) = uw(P°) in Qp = {(z,t) |z € Q,0 <t < t°).

Proof We first prove that if u(z,t) = u(P) takes the non-negative
maximum u(P°) at an inner point (z*,t*) of Q, then u(P) = u(PP)
on the point set Q. = Q¢ N {t = ¢*}, the t-coordinates of which are
equal to t*. Otherwise, there exists a point P’ = (z/,t*) € Q. such
that u(P') < u(PP). Denote Ep = {(z,t*) | u(z,t*) = u(P°), (z,t*) €
Q+ }, it is obvious that Ey is a closed set in Q.. Thus it is not difficult
to find a ball on ¢ = ¢* with the center in Q., which is tangent to an
inner point P! = (z!,¢*) in Q. and P! € Ej such that u(P) < u(P?)
in the ball. By means of Lemma 2.1, we can see that du/07 > 0 at
P!, On the other hand, we have du/dz; = 0(i = 1,---,N) at P!
This contradiction proves that u(P) = u(P!) on Q..
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Denote F = {(z,t) |u(P) = u(P°),P = (x,t) € Qu}, obviously
F is a closed set. Suppose that F # Qo, then there exists a point
P' = (2',') € Qp and P’ ¢ F such that a line segment with the
end points P’ and PP is included in Q0, and denote by P! = (z!,t1)
the first intersection of the line segment and F. Making a cylinder
G, with the height d, center of whose upper bottom is P! and whose
generator is parallel to t-axis. Setting a ball S = {(z —z!)?+ (t—t' +
d+ h)2 < (d+ h)z}, Go=GiNS,and 1 =GyNaS, I'y = 8G2\F1,
we introduce a function

VP)=|z—z*+ (@t —t*+d+h)2 - (d+ h)% (2.6)

It is clear that V(P) < 0 in S, and V(P) = 0 on 8S. Provided
that the positive number h is large enough and positive number d is
sufficiently small, we get

N
LV =2 aii+bi(wi—z})]+c||z -2 >+ (t—t' +d+h)>— (d+h)]

=1
N
—2(t—t'+d+h) =2 [au+bi(zi—z])]+c[lc—z' P+ (t—t' +d)?
=1
~d? —2(t—t' +d)—2h[1 —c(t —t' +d) + cd] <0 in G.

(2.7)
Moreover, we consider the auxiliary function

W(P) = —eV(P) + u(P),

where ¢ is a sufficiently small positive constant. Obviously W (P)
does not take the maximum in G4, because LW = —eLV 4+ Lu > 0
by the definition of W(P), and LW (P) < 0 at the maximum point
of W(P). In addition, noting that ¢ is small enough such that

W(P) = —eV(P) + u(P) < u(P%) = W(P') on Iy, (2.8)

this shows that W{P) does not attain the maximum on I's. Thus the
maximum of W (P) on G only attains at the point P! € T'y, hence
we get

Wy = —eVi+u; =0 at Pl,

however V; = 2(t — t1 + d + h) > 0 in G3. Consequently u; > 0, it
follows that Lu < cu —u; < 0 at P1. This contradicts the hypothesis
as before. Therefore u(z,t) = w(P°) in Q.
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By the similar method we can prove that if u(z,t) attains the
non-positive minimum at an inner point P° = (2% °) in Q, then
u(z,t) = w(PP) in Q.

2.2 Extremum principles of solutions for parabolic equa-
tions with measurable coeflicients

In the following, we consider equation (1.1) with Condition C, Con-
dition C* or Condition C~ as stated in Section 1.

Theorem 2.5 Let equation (1.1) satisfy Condition C't and u(z,t)
be a continuous solution in Q. Then the positive mazimum of u(z,t)
attains at o point on 8Q.

To prove the above theorem, we first show a lemma.
Lemma 2.6 If equation (1.1), i.e.
N N
Z QijUg;a; + Z biug, +cu—uy = f (2.9)
2,j=1 =1

satisfies Condition C't, then the continuous solution u(z,t) of (2.9)
in Q attains its mazimum or minimum at a point on 6Q.

Proof It is sufficient to prove the statement in Lemma 2.6 for any
cylinder S, there is no harm in assuming that S = {(z,t)||z| < 1,0 <
t < 1}. We choose the sequence of equations

N N
Z a%umi.’zj + Zb?Uml + Cnu — U = fn’ n= 1’ 2’ ey, (2.10)
,j=1 i=1
where coefficients af;(z,t), b7 (1,5 = 1,---,N), c*, f* are continu-

ously differentiable in S and satisfy Condition Cy, and ai;(z, 1),
b (4,7 =1,--+,N), ¢, f* converge to a;;(z,t), b; (4,5 =1,---,N),
¢, f according to the norm L,(Q) (p > N +2) as n — oo respectively.
The existence of coefficients af’;(z,t), b7 (4,5 = 1,---, N), ¢, f" can
be seen in [81]. Next, we can find a solution u,(z,t) of the Dirichlet
problem for (2.10) with the boundary condition

un(x,t) = u(z,t) on 8S = 85; U 0S8y, (2.11)

where 851 = {(z,t)||z| £ 1,t = 0}, 852 = {(z,t)||z] = 1,0 < ¢
< 1} and every function of {u,(x,t)} satisfies the estimates similar



