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Chapter

Functions, Models, and
Average Rate of Change

During the prosperous 1990’s shopping at “the mall” proved to be a popular activity for many suburban teens. A
question one might ask is whether $100 bought as many goods at the end of the decade as it did at the beginning?
One source of this information is the Consumer Price Index (CPI) which is a measure of prices facing consumers.
Figure b graphs the data for the CPI as a scatterplot and Figure c gives the function modeling that data. These
figures show that the CPI rose steadily throughout the decade.

What We Know ® 11 The Coordinate System and Functions

We begin our study of calculus having learned the 1.2 Introduction to Problem Solving
basics of algebra. These include equation solving,
factoring, and the graphing of functions.

1.3 Linear Functions and Average Rate of
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Change
14 Quadratic Functions and Average Rate of
Where Do We Go Chamgs 4 spitmvel
In this chapter, we will review the function con-
cept, the properties of various types of functions, 15 Operations on Functions
and the average rate of change of functions over 1.6 Rational, Radical, and Power Functions

an interval. We will see how data can be used to
form or model functions. 1.7 Exponential Functions

1.8 Logarithmic Functions

# 1.9 Modeling Data With Functions (Optional
Section—Requires Graphing Calculator)

Chapter Review Exercises
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Section 1.1
y-axis
| — _¢ Ordered pair
T ey
!
’; Xx-axis
Origin
(0,0)
Figure L.1.1
Example 1

The Coordinate System and Functions

Plotting Points

We start our study of functions by examining how they appear visually. The graph
on which functions are plotted is called the Cartesian plane.

The Cartesian plane can be thought of as two number lines that are per-
pendicular to one another, as shown in Figure 1.1.1. The point at which the lines
cross is called the origin. The horizontal number line, or horizontal axis, locates
the values of the independent variable, which is usually denoted by x. The verti-
cal axis locates the values of the dependent variable, which is usually denoted by y.
These are commonly called the x and y axes, respectively. Points are plotted
as ordered pairs in the form (independent variable, dependent variable), which,
most of the time, are of the form (x, y). Before we continue, let’s plot some
points on a Cartesian plane. Figure 1.1.2 shows the graph of some ordered pairs.
To plot the ordered pair (-3, 1), we start at the origin and move to the left 3 units
and then up 1 unit. In a similar fashion, we plotted the remainder of the points
shown in Figure 1.1.2.

y
o)
44—
3+ ‘(3v3)
-3.1) 27
U B L)
s432-1 123457
(—1,—2)‘.2__
3+
4+ 0(2,-4)
-5+

Figure 1.1.2

In the study of applied calculus, we often use tabular data as a basis for
forming a mathematical model. When we plot data, we are producing what is
called a seatterplot. Frequently, the values of the independent variable are a
measure of time, primarily in years. The dependent variable then represents
some phenomenon in business, life, or social science that is related to time.

T N

Creating a Scatterplot

The data in Table 1.1.1 represent the U.S. imports of products from France for
the years 1990 to 1994. The value of the imports is in billions of U.S. dollars. Let
x represent the number of years since 1990, and let y represent the value in bil-
lions of dollars of U.S. imports from France. Construct ordered pairs to repre-
sent the data, and plot the data.

Solution

To avoid working with large values of the independent variable x, it is conve-
nient to let x represent the number of years since 1990 (see Table 1.1.2). The
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Table 1.1.1 Table 1.1.2

SOURCE: U.S. Census Bureau
WWW.CEnsus.gov

year 1990 corresponds with x = 0, 1991 corresponds to x = 1, and so on. Notice
that we get these values by taking the year and subtracting 1990. This process
is called stan the values. So constructing these ordered pairs gives
(0,10.7), (1,13.3), (2, 14.8), (3, 15.3), and (4, 16.8). Using these ordered pairs, we

~ get the scatterplot shown in Figure 1.1.3.

8'*:

(2,148) ® (4,16.8)
. @
G (3.15.3)
(1,133)
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e
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1. 2 3 -4 § %
Years since 1990

Figure 1.1.3 n

Now work Exercise 11.

Notice in Example 1 that the possible values of x came from the set
{0,1,2,3,4} and the possible values of y came from the set {10.7,13.3,
14.8,15.3, 16.8}. These sets of numbers have special names in mathematics. The
set of all possible values of the independent variable, in this case x, is called the
domain; the set of all possible values of the dependent variable, in this case y, is
called the range. These two sets of numbers are critical in the study of functions.

Function Notation and Evaluating Functions

Many times, a dependent relationship exists between two phenomena. The price
of a concert ticket may depend on the popularity of the band, the cost of manu-
facturing may depend on the quantity manufactured, and the life expectancy of a
person may depend on the year in which she or he was born. These examples
exhibit a direct relationship, or correspondence, between independent variable
values (price, quantity, year) and the dependent variable values (popularity, cost,
life length). We write these relationships between the independent and depen-
dent variables using functions.
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oy
Example 2

A function f can be thought of as a process in which an independent value
x in the domain is mapped to a dependent value y in the range. This is illustrated
in Figure 1.1.4.

Independent Dependent
variable variable
values values

Function f

Domain Range

Figure 1.1.4

# Function, Domain, and Range

A function is a rule, or a set of ordered pairs, that assigns to each element in
the domain one and only one element in the range. The domain is the set of
all possible independent variable values. The range is the set of all possible
dependent variable values.

Functions are usually expressed by first naming the function with a letter
like f or g, and then writing the independent variable letter in parentheses. For
example, in the expression f(x) (read “f of x”), f represents the function and
f(x) represents the value of f at x, where x is the independent variable. It is
often convenient to represent f(x) with the dependent variable y. This means
that on our Cartesian plane we can now label the vertical axis with f(x), g(x), or
any other function name that we wish to use.

Functions are not only expressed as tables and graphs, but also as mathe-
matical expressions. For example, the function f(x) = x_—;—_z means: “Take the
independent value and add 2; then divide that sum by 5.”

The process of “plugging” in various x-values into a function is called

2
evaluating the function. To evaluate the function f x)= i
noted by writing f(13), we substitute 13 for every x. This gives

at x = 13, de-

fo =212
fan =222 s
Evaluating Functions

For the function g(x) = —2x + 6, evaluate g(-2), g(0), and g(3), and write the
results as ordered pairs.
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Solution
Evaluating the function, we get g(—2) = —2(—2) + 6 = 4 + 6 = 10, which pro-
duces the ordered pair (-2, 10).
Now g(0) = —2(0) + 6 = 0 + 6 = 6. This gives us the ordered pair (0, 6).
And g(3) = —2(3)+ 6 = -6+ 6 =0, which produces the third ordered
pair (3, 0). =

Now let’s take a look at a relationship that is not a function. Figure 1.1.5
shows the graph of relationship R. Since (11, 3) and (11, —3) are on the graph, R
assigns both 3 and —3 to the value 11. Applying our definition of function, we see
that R is not a function. A visual way to tell whether a graph represents a func-
tion is to use the vertical line test.

Figure 1L1.5

| Vertical Line Test

If every vertical line drawn through a graph intersects the graph at only one
point, then the graph represents a function.

Determining if a Graph Represents a Function

Use the vertical line test to determine which of the graphs in Figures 1.1.6a, b
and c do not represent functions.

b4

(@)

// x <\—> x A\ \x

®) ©

Figure 1.1.6
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v’ Checkpoint 2

Solution

We see in Figure 1.1.6¢ that vertical lines will intersect the graph at only one place,
but in Figures 1.1.6a and b they will intersect at more than one point. So the first
two graphs do not represent functions, while the third graph is a function. ]

Now work Exercise 21.

Many times, we need to express the domain and range of a function as
some portion of the real number line. To write this in a convenient form, we use
interval notation. Let’s say that we have the inequality notation 2 < x < 5; that
is, all the x-values from 2 to 5, including 2. We can conveniently write this section
of the real number line using interval notation as [2, 5). Intervals with two end-
points are called finite intervals. If the endpoints are included, the interval is
closed. If the endpoints are not included, the interval is open.

Intervals that extend indefinitely in at least one direction are called infinite
intervals. We use the infinity symbol oo to indicate that the numbers extend posi-
tively (or to the right on the number line) without bound. We use —oo to repre-
sent negative infinity to show that the numbers extend negatively (or to the left
on the number line) without bound. Since co and —oo are only concepts and not
real numbers themselves, we always write these endpoints as open, using paren-
theses.

Now that we have reviewed interval notation, let’s return to the analysis
of functions, domains, and ranges. We may think of the domain as the set of all



x-values
plugged in

f(x)-values
come out

Figure 1.1.7

Example 4

v ¢
=

Figure 1.1.8
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possible values that can be plugged in for the independent variable of the func-
tion. The range is the set of numbers that come out of the function. An illustra-
tion of this plugged-in and come out process is given in Figure 1.1.7.

To find numbers that cannot be in the domain, think of the number proper-
ties learned in algebra. We cannot divide a number by zero; for example, g is not
defined. And we cannot take the square root of a negative number (that is, /=9
does not have a real number solution). (You might have heard of complex num-
bers, but in applied calculus we consider only real numbers.) So, generally, when
we look for domain values of functions, we exclude values that can make the de-
nominator of a fraction zero or make the expression under a square root (or any
even index root) function negative. (Another restriction will arise in Section 1.7,
when we study logarithmic functions.)

Finding the Domain of a Function Algebraically

Determine the domain of the following functions. Show the domain on a real
number line and by writing in interval notation.

@ f(x)=+5x-2 (b) g(x) = A

x2 —4x

Solution

(a) To find the domain for f, we need the x-values so that the radicand (the ex-
pression under the square root symbol) is greater than or equal to zero. As
an inequality, this means that we need

5x-2>0
5x>2

x> =

5
This domain is shown on the number line in Figure 1.1.8. In interval nota-
tion, the domain is [%, oo).
(b) This function requires us to examine the restrictions on both the numerator

and denominator. In the numerator, we see that we need values of x such

that
x—2>0

x>2
For the denominator, we can factor x from each term to get
x? —4x = x(x — 4)
If we set the factored form equal to zero and solve, we get

x(x—4)=0
x=0 or x=4

So we must also exclude the values of 0 and 4 from the domain, since they
make the denominator of g zero. The resulting domain is shown on the
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P

1 2 3 4 § X

Example 5

number line in Figure 1.1.9. Since the domain of g is the x-values for which
both the numerator and denominator are defined, the domain of g is
[2,4)U (4, 0). -

Now work Exercise 43.

Before continuing, let’s summarize how to determine the domain of a func-
tion algebraically.

8 Determining the Domain of a Fanction

To determine the domain of a function, we exclude independent variable
values that

1. Make the denominator of a fraction zero.
2. Produce a negative result under an even-indexed radical.

Using purely algebraic techniques, finding the range of a function can be
difficult. Many functions require techniques learned in calculus to determine the
range, but the range is relatively easy to determine when we see the graph of
the function. We illustrate how in Example 5.

Determining Domains and Ranges From a Graph

Determine visually the domain and range for the function in Figure 1.1.10, and
write your answer using interval notation.

(10, 50)

(4,21)

ssess.

—1'0-5—6—3—510__ 2 4 6 8 10 %

Figure 1.1.10

Solution

First, notice that the left endpoint of the function is a solid dot and the right
endpoint is a hollow dot. This means that the domain is the half-open interval
[4, 10). Notice that the lowest point on the graph is at the ordered pair (4, 21)
and the highest point is near (10, 50). So we see that the range of the function is
[21, 50). L]

Now let’s introduce a function that we will see frequently in this text, the

price-demand function.
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® Price-Demand Function
The price-demand function p gives us the price at which people buy exactly x
units of product.

Generally, as the price of a product decreases, more and more people will buy the
product. So for the price-demand function as the x-values increase, the p-values
decrease. This is shown in Figure 1.1.11.

p p
L
Price function p g

8
&

Price function p

Demanci x Demand x

Figure 1.1.11

Emwm N
Example 6 Determining the Domain and Range of a Price-Demand Function

The price-demand function for electronic organs sold at Red River Mall is given
by

p(x) =16,000 — 320x

The graph of p is given in Figure 1.1.12. Here, x represents the number of elec-
tronic organs that people buy at Red River Mall weekly and p(x) represents the
price per organ in dollars.

5
: .

14,000 T
12,000 T
10,000 T

Price function
p(x) =16,000 - 320x

6,000 T

Price per organ in dollars
IS o
558

g

10 20 30 40 5 6 *
Demand: number of organs that people buy
Figure 1.1.12

(a) Determine the domain and the range of the function.
(b) Evaluate p(15) and interpret.

Solution

(a) Notice that the function applies only for x-values up to 50 units. For other
values, p(x) is not defined. We may express this restriction on x using inter-
val notation by writing :

p(x) =16,000 - 320x [0, 50]



