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Chapter

Producer Theory

1. T Technology

Suppose that a firm has n goods to serve as inputs and/or outputs. If the firm uses yi°
i+ — y;is the net
output of goodi. The firm's production plan y = (¥, ,y2,***s%.) € R"is a list of net out-
puts of all the goods that it produces as outputs and/or uses as inputs. Practically, we can

units of good 7 as an input and produces y units of the good, theny, =

treat positive numbers in a net output vector as outputs and negative numbers as inputs.
For any two vectors z,y € R", denote

=y if &= w Yi
=

=y if x Ve xTFEYy

==y if x>=w Vi

A set ¥ CR" of production plans that are technologically feasible is called the firm’s pro-
duction possibility set. A production plan y € Y is technologically efficient if there is no. %
€ Y such that. > y. @A production plan is economically efficient if it maximizes profits
n =p « y for a given price vector p over the production possibility set ¥ .

We can easily see that economic efficiency implies technological efficiency. Technolog-
ical efficiency has nothing to do with the market. No matter what the prices of inputs and
outputs are, the firm needs to achieve technological efficiency in order to achieve profit
maximization; see Figure 1. 1. We can think of the firm's choice problem in two steps:
the firm has 1o achieve technological efficiency first and then achieve economic efficiency on
the efficient production set (the production frontier). The production frontier (PPF) is
defined to be the set of all technologically efficient production plans,

@ A weak version of technological efficiency is as follows, a production plan y € Y is technologically efficient if
there is no, § € Y such that, $ =>> 3
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Figure 1. 1 Technological Efficlency v. s. Economic Efficiency

Proposition 1.1 Eeonomic ef ficiency implies technological ef ficiency.

We will concentrate on the case in which the firm produces only one output; we may
think of this output as an index of the firm’s outputs. The case of multiple outputs will be
dealt with later. When there is only one output, we will use y € B, to denote the firms’s
output and x € R7% to denote the firm’s inputs. Then, a typical production plan is
(yy —2) € ¥, where ¥isa set in B""", Given any vector x € 3 of inputs, denote the

maximum technologically feasible output as f(x) .
f@= maxy
We call this function f : Bt —%. the production function. We can easily verify that y =

F(x) if and only if (v, —x) is technologically efficient, In this sense, the production func-
tion fully characterizes technologically efficient plans. Call curve

Qyw=I{zr€e R |y=flo)}

an isoguant, The isoquant for output ¥ is the set of all inputs that produces y as the maxi-
mum technologically feasible output,

Proposition 1.2 For the production function f(+),(y, — x)is technologically ef ficient
=y = flx)

Example 1.1 Cobb-Douglas Technology. For 0 =< o = 1, let
Y={ (v —x, —x) € R+ X R | y << ziz}™)
By definition, as shown in Figure 1. 2, we have
floam) =z Q) = {(z1.z:) € BY | y=afxd=)

We often have special interest in several important characteristics of a production func-
tion, from which some economic insight can be obtained. First, for production function
v =f{ay a2+ +7,) » given output v, » with an increase inx; , by how much do we need

N - . Ax
to decrease z; to maintain the same level of output y, 7 That is, Z— oy MICESUTES the
Ay | o



. 0
(y) shifts to the right as y increases !

Figure 1.2 Cobb-Douglas Technology
certain substitutability of the two inputs, By differentiating both sides the following equa-
tion
SCrysaxpssza) = 3

and using the fact thatdy, = Oanddx;, = Ofori = 3, we have

,ﬁﬂ _ dx . le (x)

MTOMt f=y 91, S ()

Hence, the marginal rate of transformation (MRT) between 1, and x; at z is defined as

MRT (z) = Z1(2)
fxa(x)

In Figure 1. 3, we can see that the MRT is the slope of the isoquant.

#3

direction=(f, ./, fl=y
Figure 1.3 The Marginal Rate of Transformation

Example 1.2 Suppose that f(xy,2;) = xjxf™ . Then,

aai:) = ar{'zi™ —f—aai':) = ({1—alxiz:"

‘Therefore, the MRT is1 I

—a x
Second, we say that a production function f ; R} — R: has global constant returns to
scale (CRS) if f(tx) = tf(x) for allz € Riand¢ > 1. With this production technology,



the firm can double its output by doubling its inputs. Similarly, we say that the produc-
tion function has global increasing returns to scale {IRS) or decreasing returns to scale
(DRS) if, respectively, f{tx) = tf(x) or f(e2) << tf(x) forallz € 27 and: > 1.

Example 1.3 For the Cobb-Douglas production function f(x;.x:) = Axix}, we have
Flzyvix) = Al Y Q) = 7 f oy )

We immediately see that the production function has global IRS ifa+6& = 1, global CRS

ifa-+4b=1, and global DRS ifa + & < L.

Third, the elasticity of scale at x measures the percentage increase in output due to one
percentage increase in scale;

_dfter) 1
D=0 7@ e

In other words, e(x) is the percentage increase in output when all inputs have expanded
proportionally by 1%. We say that the technology exhibits local increasing, constant, or
decreasing returns to scale if ¢(x) is greater, equal, or less than 1, respectively,

Proposition 1.3 Returns to Scale.
(1) For € B, ue have
global IRS = local IRSor CRS, VYV x
global CRS = local CRS, Y x
global DRS = local DRS or CRS, ¥
(2) For x € #. ., we have

_ oz fix)
elx) T

mplying

local IRS & f () > L&)
local CRS & f'(2) = -% (LD
local DRS & f'(2) < (II)

(3) For x € RYand y = f(x),ue have

anplying



local IRS & AC > MC
local CRS & AC=MC (1.2)
local DRS &= AC << MC

Proof (1) Global IRS implies that, for any At = 0,

fIA+anx]— f(x) ( +m)g(:) flx) -1
At f(:r f(x)
that is,
_dftee) ¢ o A+at)x]— fla) 1
D=0 F @D e A AL Fo = !

Therefore,
global IRS = local IRS or CRS, V =
global CRS == local CRS, ¥ x
global DRS = local DRS or CRS, ¥ x

(2) Forx € R., wehavee(s) = ——z+ f(x). By this, we can determine the re-

f()

gions for the three returns to scale on a diagram; see Figure 1. 4,

f
//;;—1’
efz)=1

efzl=1]

flE e

IRS CRS DRS X

Figure 1.4 Local Retums to Scale

(3) We can also illustrate the returns to scale using cost curves. The cost function is
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c(y)y=minfw+x | y= fla)}
The Lagrange function is £ =w+x + Ay — f{x)7]. The first-order condition (FOC) is
w=ADf(x")
and the Envelope Theorem is
) =2
We then have
) =wex” =ADf(x" ) ez’ =D ) w2 ]

since

1 . . cly) 1 AC
= p) . = - . _
elx") = Fiz }If(.x yex® ny(_r Yex (—p_(y) Me

Hence, (1.2) holds and it can be illustrated in Figure 1. 5.

MC AC

N/

Figure 1.5 Local Returns to Scale
The property in (1. 1) is illustrated in Figure 1. 4,
The property in (1. 2) is illustrated in Figure 1. 5.
By the argument for the local returns to scale and Figure 1. 4, we immediately have the di-

agrams for the global returns to scale in Figure 1. 6.

&) I
| Sz F=f )
| | (xhx
| l )
S— S ,. — —
Global RS~ Global DRS ~ * Global CRS *

Figure 1.6 Global Retums to Scale

@ The equation £ (r) = f(x)/x gives the general solution f{z) = Ax, where A is an arbitrary constent, implying
fie) = A
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By the argument for the local returns to scale and Figure 1. 5, we immediately have the di-
agrams for the global returns to scale in Figure 1. 7,

LA

Global IRS Global DRS Global CRS ¥

Figure 1.7 Gilobal Returns to Scale

Finally, let z(w,y) be the cost-minimizing input vector for given input price vector w
and output y. The elasticity of substitution between the two inputs x, (w, ) and x; (w, ) is

defined to be the ratio of percentage change in -‘%y_) to the percentage change in % :
H

93?)
b= wy /un A s Gy ) /2 (e )
T m(we ) e (wey) Awy fwy)

Note that this variable is well defined only ifM is a function of =X, As shown later,
a2 (s y) Wy

sinee x; (w, y) is zero homogenous, x,(w,y) is a function of 21 Therefore, i (w, y) is
wy 22 (wy y)

a function of % . By the optimality of x(w,y), using (1.5), we can alternatively write
r]

this elasticity as

_fx/fre ¥z
onfz  If /f:)

1. 2 The Firm’s Problem

The firm is assumed to maximize its profits. Profits consist of two distinct parts:

profits=revenue—costs )
Revenue is the money received from the sales of the firm's products. Costs are the economic
cost or more popularly called the opportunity cost, which typically includes three compo-
nents: the cost of labor (and raw materials), the cost of capital (including depreciation),
and the cost of land (and natural resources).
In general, suppose that a firm takes n actions accomplished by choosing a vectora €
R". The actions may include output levels, labor inputs, capital inputs, and even prices.

@ See Appendix A for the definition of homogenous functions,



