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Preface

Complex Analysis has successfully maintained its place as the standard
elementary text on functions of one complex variable. There is, never-
theless, need for a new edition, partly because of changes in current mathe-
matical terminology, partly because of differences in student preparedness
and aims.

There are no radical innovations in the new edition. The author still
believes strongly in a geometric approach to the basics, and for this reason
the introductory chapters are virtually unchanged. In a few places,
throughout the book, it was desirable to clarify certain points that ex-
perience has shown to have been a source of possible misunderstanding or
difficulties. Misprints and minor errors that have come to my attention
have been corrected. Otherwise, the main differences between the second
and third editions can be summarized as follows:

1. Notations and terminology have been modernized, but it did not
seem necessary to change the style in any significant way.

2. In Chapter 2 a brief section on the change of length and area under
conformal mapping has been added. To some degree this infringes on the
otherwise self-contained exposition, for it forces the reader to fall back on
calculus for the definition and manipulation of double integrals. The
disadvantage is minor.

3. In Chapter 4 there is a new and simpler proof of the general form of
Cauchy’s theorem. It is due to A. F. Beardon, who has kindly permitted
me to reproduce it. It complements but does not replace the old proof,
which has been retained and improved.

4. A short section on the Riemann zeta function has been included.
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This always fascinates students, and the proof of the functional equation
illustrates the use of residues in a less trivial situation than the mere
computation of definite integrals.

5. Large parts of Chapter 8 have been completely rewritten. The
main purpose was to introduce the reader to the terminology of germs and
sheaves while emphasizing all the classical concepts. It goes without
saying that nothing beyond the basic notions of sheaf theory would have
been compatible with the elementary nature of the book.

6. The author has successfully resisted the temptation to include
Riemann surfaces as one-dimensional complex manifolds. The book
would lose much of its usefulness if it went bevond its purpose of being
no more than an introduction to the basic methods and results of complex
function theory in the plane.

It is my pleasant duty to thank the many who have helped me by
pointing out misprints, weaknesses, and errors in the second edition.
I am particularly grateful to my colleague Lynn Loomis, who kindly let
me share student reaction to a recent course based on my book.

Lars V. Ahlfors
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1 COMPLEX NUMBERS

1. THE ALGEBRA OF COMPLEX NUMBERS

It is fundamental that real and complex numbers obey the same
basic laws of arithmetic. We begin our study of complex func-
tion theory by stressing and implementing this analogy.

1.1. Arithmetic Operations. From elementary algebra the
reader is acquainted with the tmagtnary unit ¢ with the property
1?2 = —1. If the imaginary unit is combined with two real num-
bers «, B by the processes of addition and multiplication, we
obtain a complex number o 4+ i8. « and B are the real and
tmaginary part of the complex number. If & = 0, the number is
said to be purely tmaginary; if 8 = 0, it is of course real. Zero is
the only number which is at once real and purely imaginary.
Two complex numbers are equal if and only if they have the same
real part and the same imaginary part.

Addition and multiplication do not lead out from the system
of complex numbers. Assuming that the ordinary rules of
arithmetic apply to complex numbers we find indeed

(1) (e +18) + (v +48) = (@ + ) +1i(B + &)
and
(2) (a + 8) (v + 18) = (ay — B8) + i(ad + Bv).

In the second identity we have made use of the relation > = —1.
1t is less obvious that division is also possible. We wish to

1



2  COMPLEX ANALYSIS

show that (« + i8)/(y + ¢6) is a complex number, provided that v +
18 ¥ 0. If the quotient is denoted by z + iy, we must have

a+ 18 = (v + 18)(x + iy).
By (2) this condition can be written
a+ 18 = (yz — &) + i(dz + vy),

and we obtain the two equations

a = yr — 8y
B = bz + vy.

This system of simultaneous linear equations has the unique solution

= @+ 85

72_*_62
_ By — ad
y=Jryge

for we know that y? + 5? is not zero. We have thus the result
a+i8 _ay+B5 , By —ab
® e e

Once the existence of the quotient has been proved, its value can be
found in a simpler way. If numerator and denominator are multiplied
with ¥ — 45, we find at once

atif _ (a+18)(y — 1) _ (av + 88) + i(By — ad)
Y+ 18 (v + ) (y — 1) v+ 82

As a special case the reciprocal of a complex number » 0 is given by

1 _a—iﬁ.
a+18 a4+ 6

We note that i* has only four possible values: 1,17, —1, —1i. They
correspond to values of n which divided by 4 leave the remainders 0, 1,

2, 3.
EXERCISES
1. Find the values of

'\ 8
A+, =g (235) a+or+a-on
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2, If z = z + 1y (z and y real), find the real and imaginary parts of

‘ 1 z—1 1
z — —_—
! 2z’ z+ 1’ 2?
3. Show that
. a\3 . 3\ 6
(_——:1 -_%:21\/.3) 1 and (ili;\/&) -1

for all combinations of signs.

1.2. Square Roots. We shall now show that the square root of a
complex number can be found explicitly. If the given number is « + i3,
we are looking for a number r + ¢y such that

(r + ) = a + 8.

This is equivalent to the system of equations
Tyt =
) : 2,ryy = g.
From these equations we obtain
@+ )t = (@ — ¥ + 4227 = a? + B

Hence we must have

24yt = Va F B
where the square root is positive or zero. Together with the first equa~
tion (4) we find
5) 22 = {a + \/553-@_
¥' = H(—a+ Vol + 8.

Observe that these quantities are positive or zero regardless of the sign
of a.

The equations (5) yield, in general, two opposite values for z and two
for y. But these values cannot be combined arbitrarily, for the second
equation (4) is not a consequence of (5). We must therefore be careful
to select = and y 8o that their product has the sign of 8. This leads to the
general solution

o VT -+ (g )

provided that 8 = 0. For8 = 0 the valuesare + Vaifa 2 0, +1 VvV —a
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if « < 0. It is understood that all square roots of positive numbers are
taken with the positive sign.

We have found that the square root of any complex number exists
and has two opposite values. They coincide only if @« + i8 = 0. They
are real if 8 = 0, a 2 0 and purely imaginary if 8 = 0, @ £ 0. In other
words, except for zero, only positive numbers have real square roots and
only negative numbers have purely imaginary square roots.

Since both square roots are in general complex, it is not possible to
distinguish between the positive and negative square root of a complex
number. W could of course distinguish between the upper and lower
sign in (6), but this distinction is artificial and should be avoided. The
correct way is to treat both square roots in a symmetric manner.

EXERCISES

1. Compute

Vi ovE viEn L8
2. Find the four values of v/ —1.

3. Compute V7 and v/ —1.
4. Solve the quadratic equation

22+ (a@tiB)zt+vy+id=0

1.3. Justification. So far our approach to complex numbers has been
completely uncritical. We have not questioned the existence of a number
system in which the equation x2 + 1 = 0 has a solution while all the rules
of arithmetic remain in force.

We begin by recalling the characteristic properties of the real-number
system which we denote by R. In the first place, R is a field. This
means that addition and multiplication are defined, satisfying the associ-
ative, commulalive, and distributive laws. The numbers 0 and 1 are neu-
tral elements under addition and multiplication, respectively: a + 0 = a,
a-1 = o for all a. Moreover, the equation of subtraction § + z = «
has always a solution, and the equation of division fz = a has a solution
whenever 8 = 0.1

One shows by elementary reasoning that the neutral elements and the
results of subtraction and division are unique. Also, every field is an
integral domain: aff = 0 if and only if « = Qor g = 0.

{ We assume that the reader has a working knowledge of elementary algebra.
Although the above characterization of a field is complete, it obviously does not
convey much to a student who is not already at least vaguely familiar with the concept.
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These properties are common to all fields. In addition, the field R
has an order relation a < 8 (or 8 > a). It is most easily defined in terms
of the set R* of positive real numbers: a < 8 if and only if 8 — « € R*.
The set R is characterized by the following properties: (1) 0 is not a posi-
tive number; (2) if a # 0 either a or —a is positive; (3) the sum and the
product of two positive numbers are positive. From these conditions one
derives all the usual rules for manipulation of inequalities. In particular
one finds that every square a? is either positive or zero; therefore 1 = 12
is a positive number.

By virtue of the order relation the sums 1, 1 +1, 1 +1 41, . ..
are all different. Hence R contains the natural numbers, and since it is a
field it must contain the subfield formed by all rational numbers.

Finally, R satisfies the following completeness condition: every increas-
ing and bounded sequence of real numbers has a limit. Let a; < a, <
a; < + ++ < a, < - - - ,and assume the existence of a real number B
such that a, < Bforalln. Then the completeness condition requires the
existence of a number A = lim,_, a. with the following property: given
any e > 0 there exists a natural number nosuch that A — ¢ < a, < 4 for
all n > no.

Our discussion of the real-number system is incomplete inasmuch as
we have not proved the existence and uniqueness (up to isomorphisms) of
a system R with the postulated properties.t The student who is not
thoroughly familiar with one of the constructive processes by which real
numbers can be introduced should not fail to fill this gap by consulting any
textbook in which a full axiomatic treatment of real numbers is given.

The equation z®> + 1 = 0 has no solution in R, for a® 4+ 1 is always
positive. Suppose now that a field F can be found which contains R as a
subfield, and in which the equation z? + 1 = 0 can be solved. Denote a
solution by ¢ Then x?+ 1 = (z + i)(z — 7), and the equation
z? 4+ 1 = 0 has exactly two roots in F, 7 and —i. Let C be the subset of
F consisting of all elements which can be expressed in the form a + 8
with real « and 8. This representation is unique, for a 4 18 = o' + 18’
implies a — o = —1(8 — #'); hence (a — ') = — (8 — £')?, and thisis
possible only if a = o', 8 = 8.

The subset C is a subfield of F. In fact, except for trivial verifica-
tions which the reader is asked to carry out, this is exactly what was shown
in Sec. 1.1.  What is more, the structure of C is independent of F. For if
F’ is another field containing R and a root ¢’ of the equation z? + 1 = 0,

t An isomorphism between two fields is a one-to-one correspondence which pre-
serves sums and products. The word is used quite generally to indicate a corre-

spondence which is one to one and preserves all relations that are considered important
in a given connection.
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the corresponding subset C’ is formed by all elements « + ¢’8. There is
a one-to-one correspondence between C and C' which associates a 4+ 18
and a + 78, and this correspondence 1s evidently a field isomorphism.
It is thus demonstrated that C and C’ are isomorphic.

We now define the field of complexr numbers to be the subfield C of an
arbitrarily given F. We have just seen that the choice of F makes no
difference, but we have not yet shown that there exists a field F with the
required properties. In order to give our definition a meaning it remains
to exhibit a field F which contains R (or a subfield isomorphic with R)
and in which the equation r?2 4+ 1 = 0 has a root.

There are many ways in which such a field can be constructed. The
simplest and most direct method is the following: Consider all expressions
of the form « + 28 where «, 8 are real numbers while the signs + and 7 are
pure symbols (+ does not indicate addition, and ¢ is not an element of a
field). These expressions are elenients of a field F in which addition and
multiplication are defined by (1) and (2) (observe the two different mean-
ings of the sign +). The elements of the particular form a + %0 are seen
to constitute a subfield isomorphic to R, and the element 0 4 71 satisfies
the equation z®> + 1 = 0; we obtain in fact (0 +21)? = —(1 + 40).
The field F has thus the required properties; moreover, it is identical with
the corresponding subfield C, for we can write

a+ 18 = (a +10) + B0 + 11).

The existence of the complex-number field is now proved, and we can go
back to the simpler notation o + i3 where the + indicates addition in C
and ¢ is a root of the equation 22 41 = 0.

EXERCISES (For students with a background in algebra)

1. Show that the system of all matrices of the special form

a £
-8 af

combined by matrix addition and matrix multiplication, is isomorphic to
the ficld of complex numbers.
2, Show that the complex-number system can be thought of as the

field of all polynomials with real coefficients modulo the irreducible
polynomial z? 4 1.

1.4. Conjugation, Absolute Value. A complex number can be
denoted either by a single letter a, representing an element of the field C, or
in the form o + 78 with real a and B. Other standard notations are
z=2x41y,¢{ =%+ in, w = u + v, and when used in this connection it



