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Preface

The subject of real analysis is one of the fundamental areas of mathematics, and is the
foundation for the study of many advanced topics, not only in mathematics, but also in
engineering and the physical sciences. A thorough understanding of the concepts of real
analysis has also become increasingly important for the study of advanced topics in
economics and the social sciences. Topics such as Fourier series, measure theory, and
integration are fundamental in mathematics and physics as well as engineering, eco-
nomics, and many other areas.

Due to the increased importance of real analysis in many diverse subject areas, the
typical first semester course on this subject has a varied student enrollment in terms of
both ability and motivation. From my own experience, the audience typically includes
mathematics majors, for whom this course represents the only rigorous treatment of
analysis in their collegiate career, and students who plan to pursue graduate study in
mathematics. In addition, there are mathematics education majors who need a strong
background in analysis in preparation for teaching high school calculus. Occasionally,
the enrollment includes graduate students in economics, engineering, physics, and other
areas, who need a thorough treatment of analysis in preparation for additional graduate
study either in mathematics or their own subject area. In an ideal situation, it would be
desirable to offer separate courses for each of these categories of students. Unfortu-
nately, staffing and enrollment usually make such choices impossible.

In the preparation of the text there were several goals I had in mind. The first was
to write a text suitable for a one-year sequence in real analysis at the junior or senior
level, providing a rigorous and comprehensive treatment of the theoretical concepts of
analysis. The topics chosen for inclusion are based on my experience in teaching grad-
uate courses in mathematics, and reflect what 1 feel are minimal requirements for suc-
cessful graduate study. I get to the least upper bound property as quickly as possible,
and emphasize this important property in the text. For this reason, the algebraic prop-
erties of the rational and real number systems are treated very informally, and the con-
struction of the real number system from the rational numbers is included only as a mis-
cellaneous exercise. I have attempted to keep the proofs as concise as possible, and to
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let the subject matter progress in a natural manner. Topics or sections that are not specif-
ically required in subsequent chapters are indicated by a footnote.

My second goal was to make the text understandable to the typical student enrolled
in the course, taking into consideration the variations in abilities, background, and mo-
tivation. For this reason, Chapters 1 through 6 have been written with the intent to be
accessible to the average student, while at the same time challenging the more talented
student through the exercises. The basic topolc;gical concepts of open, closed, and com-
pact sets, as well as limits of sequences and functions, are introduced for the real num-
bers only. However, the proofs of many of the theorems, especially those involving
topological concepts, are presented in a manner that permits easy extensions to more
abstract settings. These chapters also include a large number of examples and more rou-
tine and computational exercises. Chapters 7 through 10 assume that the students have
achieved some level of expertise in the subject. In these chapters, function spaces are
introduced and studied in greater detail. The theorems, examples, and exercises require
greater sophistication and mathematical maturity for full understanding. From my own
experiences, these are not unrealistic expectations.

The book contains most of the standard topics one would expect to find in an
introductory text on real analysis—Ilimits of sequences, limits of functions, conti-
nuity, differentiation, integration, series, sequences and series of functions, and
power series. These topics are basic to the study of real analysis and are included
in most texts at this level. In addition, I have included a number of topics that are
not always included in comparable texts. For instance, Chapter 6 contains a section
on the Riemann-Stieltjes integral, and a section on numerical methods. Chapter 7
also includes a section on square summable sequences and a brief introduction to
normed linear spaces. Both of these concepts appear again in later chapters of the
text.

In Chapter 8, to prove the Weierstrass approximation theorem, I use the method of
approximate identities. This exposes the student to a very important technique in analy-
sis that is used again in the chapter on Fourier series. The study of Fourier series, and
the representation of functions in terms of series of orthogonal functions, has become
increasingly important in many diverse areas. The inclusion of Fourier series in the text
allows the student to gain some exposure to this important subject, without the neces-
sity of taking a full semester course on partial differential equations. In the final chap-
ter I have also included a detailed treatment of Lebesgue measure and the Lebesgue in-
tegral. The approach to measure theory follows the original method of Lebesgue, using
inner and outer measure. This provides an intuitive and leisurely approach to this very
important topic.

The exercises at the end of each section are intended to reinforce the concepts of
the section and to help the students gain experience in developing their own proofs. Al-
though the text contains some routine and computational problems, many of the exer-
cises are designed to make the students think about the basic concepts of analysis, and
to challenge their creativity and logical thinking. Solutions and hints to selected exer-
cises are included at the end of the text. These problems are marked by an asterisk (*).

At the end of each chapter I have also included a section of notes on the chapter,
miscellaneous exercises, and a supplemental reading list. The notes in many cases pro-
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vide historical comments on the development of the subject, or discuss topics not in-
cluded in the chapter. The miscellaneous exercises are intended to extend the subject
matter of the text or to cover topics that, although important, are not covered in the
chapter itself. The supplemental reading list provides references to topics that relate to
the subject under discussion. Some of the references provide historical information;
others provide alternative solutions of results or interesting related problems. Most of
the articles appear i the American Mathematical Monthly or Mathematics Magazine,
and should be easily accessible for students’ reference.

To cover all the chapters in a one-year sequence is perhaps overly ambitious. How-
ever, from my own experience in teaching the course, with a judicious choice of topics
it is possible to cover most of the text in two semesters. A one-semester course should
at a minimum include all or most of the first five chapters, and part or all of Chapter 6
or Chapter 7. The latter chapter can be taught independently of Chapter 6; the only de-
pendence on Chapter 6 is the integral test, and this can be covered without a theoretical
treatment of Riemann integration. The remaining topics should be more than sufficient
for a full second semester. The only formal prerequisite for reading the text is a stan-
dard three- or four-semester sequence in calculus. Even though an occasional talented
student has completed one semester of this course during their sophomore year, some
mathematical maturity is expected, and the average student might be advised to take the
course during their junior or senior year.

Features New to the Second Edition

In content, the second edition remains primarily unchanged from the first. The subject
of real analysis has not changed significantly since publication of the first edition. In
this edition I have incorporated many of the valuable suggestions from reviewers, in-
structors, and students. Some new topics have been included, and the presentation of
others has been revised.

New examples and revised explanations appear throughout this edition of the text.
The second edition also contains additional illustrations and expanded problem sets.
The problem sets in all sections of the first six chapters have been expanded to include
more routine and computational problems. The challenging problems are still there.
With the addition of more routine problems, instructors using this text will have greater
flexibility in the assignment of exercises. The supplemental reading lists have all been
updated to include relevant articles that have appeared since 1996.

Two of the more substantive changes are the inclusion of a proof of Lebesgue'’s the-
orem in Chapter 6, and the addition of an appendix on logic and proofs. In the first edi-
tion, Lebesgue’s theorem was stated in Section 6.1 and then proved in Chapter 10. At
the recommendation of my colleague Anton Schep, I have included a self-contained
proof of Lebesgue’s theorem as a separate section in Chapter 6. The proof is based on
notes that he has used to supplement the text. In the proof, as in the statement of the
theorem, the only reference to measure theory is the definition of a set of measure zero.
With this change it is now possible not only to state but also to prove this important the-
orem without first having to develop the theory of Lebesgue measure and integration.

The greatest difficulty facing many students taking a course in real analysis is the
ability to write and to understand proofs. Most have never had a course in mathemati-
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cal logic. For this reason I have included a brief appendix on logic and proofs. The ap-
pendix is not intended to replace a formal course in logic; it is only intended to intro-
duce the rules of logic that students need to know in order to better understand proofs.
These rules are also crucial in helping students develop the ability to write their own
proofs. The various methods of proof are discussed in detail, and examples of each
method are included and analyzed. The appendix also includes a section on the use of
quantifiers, with special emphasis on the proper negation of quantitied sentences. The
appendix itself is independent of the text: however, references to it are included
throughout the first several chapters of the text. The appendix can be included as part
of the course, or assigned as independent reading.
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To the Student

The difference between a course on calculus and a course on real analysis is analogous
to the difference in the approach to the subject prior to the nineteenth century and since
that time. Most of the topics in calculus were developed in the late seventeenth and
eighteenth centuries by such prominent mathematicians as Newton, Leibniz, Bernoulli,
Euler, and many others. Newton and Leibniz developed the differential and integral cal-
culus; their successors extended and applied the theory to many problems in mathe-
matics and. the physical sciences. They had phenomenal insight into the problems, and
were extremely proficient and ingenious in deriving complex formulas. What they
lacked, however, were the tools to place the subject on a rigorous mathematical foun-
dation. This did not occur until the nineteenth century with the contributions of Cauchy,
Bolzano, Weierstrass, Cantor, and many others.

In calculus, the emphasis is primarily on developing expertise in computational
techniques and applications. In real analysis, you will be expected to understand the
concepts and to develop the ability to prove results using the definitions and previ-
ous theorems. Understanding the concept of a limit, and proving results about limits,
will be significantly more important than computing limits. To accomplish this, it is
essential that all definitions and statements of theorems be learned precisely. Most of
the proofs of the theorems and solutions of the problems are logical consequences of
the definitions and previous results; some, however, do require ingenuity and cre-
ativity.

The text contains numerous examples and counterexamples to illustrate the partic-
ular topics under discussion. These are included to show why certain hypotheses are re-
quired, and to help develop a more thorough understanding of the subject. It is crucial
that you not only learn what is true, but that you also have sufficient counterexamples
at your disposal. I have included hints and answers to selected exercises at the end of
the text; these are indicated by an asterisk (*). For some of the problems I have provided
complete details; for others I have provided only brief hints, leaving the details to you.
As always, you are encouraged to first attempt the exercises, and to look at the hints or
solutions only after repeated attempts have been unsuccessful.
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At the end of each chapter I have included a supplemental reading list. The journal
articles or books are all related to the topics in the chapter. Some provide historical in-
formation or extensions of the topics to more general settings; others provide alterna-
tive solutions of results in the text, or solutions of interesting related problems. All of
the articles should be accessible in your library. They are included to encourage you to
develop the habit of looking into the mathematical literature.

An excellent source for additional historical information and biographies of fa-
mous mathematicians is the MacTutor History of Mathematics archive at the University
of St. Andrews, Scotland. The URL of their webpage is htip://www-history.mcs.st-
andrews.as.uk/

On reading the text you will inevitably encounter topics, formulas, or examples that
may appear too technical and difficult to comprehend. Skip them for the moment; there
will be plenty for you to understand in what follows. Upon later reading the section, you
may be surprised that it is not nearly as difficult as previously imagined. Concepts that
initially appear difficult become clearer once you develop a greater understanding of the
subject. It is important to keep in mind that many of the examples and topics that ap-
pear difficult to you were most likely just as difficult to the mathematicians of the era
in which they first appeared.

The material in the text is self-contained and independent of calculus. I do not use
any results from calculus in the definitions and development of the subject matter. Oc-
casionally, however, in the examples and exercises I do assume knowledge of the ele-
mentary functions and of notation and concepts that should have been encountered else-
where. These concepts will be defined carefully at the appropriate place in the text.

Manfred Stoll
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The Real Number System

1.1 Sets and Operations on Sets

1.2 Functions

1.3 Mathematical Induction

1.4 The Least Upper Bound Property

1.5 Consequences of the Least Upper Bound Property
1.6 Binary and Ternary Expansions

1.7 Countable and Uncountable Sets

The key to understanding many of the fundamental concepts of calculus, such as limits,
continuity, and the integral, is the least upper bound property of the real number system
R. As we all know, the rational number system contains gaps. For example, there does
not exist a rational number r such that r* = 2, i.e., V/2 is irrational. The fact that the
rational numbers do contain gaps makes them inadequate for any meaningful discus-
sion of the above concepts.

The standard argument used in proving that the equation r* = 2 does not have a
solution in the rational numbers goes as follows: Suppose that there exists a rational
number r such that r? = 2. Write e m/n where m, n are integers that are not both
even. Thus m* = 2n’. Therefore m’ is even, and hence m itself must be even. But m?,
and hence also 2n?, are both divisible by 4. Therefore n” is even, and as a consequence
n is also even. This, however, contradicts our assumption that not both m and n are even.
The method of proof used in this example is proof by contradiction; namely, we assume
the negation of the conclusion and arrive at a logical contradiction. A discussion of the
various methods of proof is included in Section A.3 of the Appendix.

The above argument shows that there does not exist a rational number r such that
r?'= 2. This argument was known to Pythagoras (around 500 B.c.), and even the Greek
mathematicians of this era noted that the straight line contains many more points than
the rational numbers. It was not until the nineteenth century, however, when mathe-
maticians became concerned with putting calculus on a firm mathematical footing, that
the development of the real number system was accomplished. The construction of the
real number system is attributed to Richard Dedekind (1831-1916) and Georg Cantor

1



