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Two Personification Strategies for
Solving Circles Packing Problem’

Huang Wengi' Xu Ruchu?

(1 College of Computer Science,Huazhong University of Science and Technology,
Wuhan, 430074 ,China;Laboratory of Computer Science,Institute of Software,
Chinese Academy of Sciences ,Beijing 100080,China)

(2 College of Computer Science,Huazhong University of Science and
Technology , Wuhan, 430074 ,China)

Abstract Two personification strategies are
presented, which yield a highly efficient and practical
algorithm for solving one of the NP hard problems-
circles packing problem on the basis of the quasi-
physical algorithm. A very clever polynomial time
complexity degree approximate algorithm for solving
this problem has been reported by Dorit S. Hochbaum
and Wolfgang Maass in J. ACM. Their algorithm is
extremely thorough-going and of great theoretical
significance. But, just as they pointed out, their
algorithm is feasible only in conception and even for
examples frequently encountered in everyday life and of

small scale,it is the case more often than not that up to
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Science Foundation of China,and Chinese Science Foundation for National Doctoral

Training.
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a million years would be needed to perform calculations
with this algorithm. It is suggested toward the end of
their paper that a heuristic algorithm of higher practical
effectiveness should be sought out. A direct response to
their suggestion is intented to provide.

Keywords Packing problem NP hard Heuristic
algorithm  Personification method  Quasi-physical

method

Solving NP hard problems is the bottleneck task for
computer science and techniques of this century and the
beginning of the forthcoming one. Investigations from the 1970s
to now,however,show that for NP hard problems, there simply
does not exist an algorithm that is both complete and rigorous
and not too slow'?. That is to say, thoroughly axiomatic and
formalistic mathematical methods will not be of much use here.

Thus people turn to nature for wisdom,hoping to obtain an
approximate algorithm for solving NP hard problems that is not
absolutely complete but is of high speed,high reliability ,and high
efficiency. Its working path is to find natural phenomena
equivalent to the original mathematical problem in the physical
world and then observe the evolution of the motion of matter in
it so as to be inspired to obtain a formalistic algorithm for solving
the mathematical problem. Such a working path can be called the
quasi-physical approach.

As the evolution of a physical state proceeds naturally in
such a manner that the time integral of its Lagrange function is
made to reach the minimum®,this process results in making the
quasi-physical algorithm an optimization in mathematics.
However, if an optimization problem is to be solved

9



mathematically , there is often the possibility of going to a local
minimum. As for how to jump out of the trap of local minimum
and let the calculation head for a region of better prospects,the
quasi-physical approach is incapable of doing anything. But
human beings have accumulated rich social experience through
thousands of years of common life. It is sometimes possible to
think out a good strategy for jumping out of a trap with the help
of these experiences™**). We can call the way of formalizing
humanity’s social experience into an algorithm to solve certain
extremely difficult problems in mathematics the personiﬁcation
approach.

The efficiency of the quasi-physical personification
algorithm is usually higher than that of the biogenetic algorithm,
the neural net method,and annealing method'™,the reason being
that it has found a very appropriate physical world for a specific
problem instead of relying on a unique and invariable,and hence
often not quite appropriate physical system as with the genetic,
neural net, and annealing methods. In addition, the
personification approach consists in learning from experience,
however , people have much higher wisdom than those individual
neurons and crystals of protein in the genetic,neural net works
and annealing world. Of course,the crux here lies in the art and
means on the eve of appropriate mathematical formalization that
are not easy to obtain but require painstaking effort for a long
period of time. Such a requirement for hard work in the course of
obtaining an algorithm can be said to be a drawback of the

personification quasi-physical approach.

1. The Problem™”

Suppose an empty round box(container) (Fig. 1)and several
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different round cakes are known. We shall ask if these cakes can
be packed into the empty box without over-lapping one another.
This problem is stated more formally as follows

For an arbitrarily given positive integer M and arbitrarily
given M+1 positive real numbers R,,R;, >+, Ry, do there exist
2M real numbers z,, y;, ***, zum, yy such that for an arbitrary

positive integer 7 in {1,2,+-,M}, we have

vx?+y?<Ro—R.~, D

and for two arbitrary different positive integers 7, j,we have

\/(1‘.‘ - xj)z + (i — y;)z =R, + R,-. (2
If there exist such real numbers,then please give a specific set of

the real numbers that meet these requirements.

Fig. 1



2. The Quasi-physical and Personification Lines
of Thought

2.1 The Quasi-physical Line of Thought!’~1

We shall consider the problem in 2-D Euclidean space.
Imagine all the M cakes as smooth elastic solids and the
container as the remaining infinite part after a cake of radius R, is
hollowed out of the whole 2-D infinite elastic solid.

Imagine that the M cakes are squeezed into the container. As
each object has the tendency to restore its shape and size,there
occurs the interaction of extrusion elastic forces between the
solids. Driven by such extrusion elastic forces, a series of
movements will result. It is possible that the result of the motion
is the establishment of a solution to the problem,each object in
an appropriate position with respect to another, with no two
solids embedded into each other.

If we can simulate the series of motion via a certain
mathematical method, then we shall have in effect found an

algorithm for solving the circles packing problem.
2.2 The Quasi-physical Algorithm

Take the origin of 2-D Cartesian coordinate system at the
central point of the container(see Fig. 1). Denote the coordinates
of the center of the ith(:=1,2,+,M)cake by z;,y:. Then the
embedding depth between the ith cake and the plate is:

s = { af+ 5+ Ri— Ry, iVt + 32 + R > Roy (5
0, otherwise.
The embedding depth between the 7th and jth different cakes is
5



d!.j — R, + Rj — \/(.‘C.' — J:,-)2 + (y: — yj)z,
0,

iV (2 — 2)? + (3 — ' <R + R;, ®
otherwise.

Obviously, d;; and dy; are constantly non-negative, d;; >0
signifies that the ith and jth objects embed each other and du.>>0
the Oth and i/th objects embed each other. d,;;=0 signifies that the
ith and jth objects do not embed each other while do;=0 signifies
that the Oth and 7th objects do not embed each other. According
to elasticity mechanism, the extrusion elastic potential energy
between two smooth elastic objects is proportional to the square
of the depth of their mutual embedment. Hence &%, can be used to
characterize the extrusion elastic potential energy between the A
th and u th objects:

wy = diy Ay =0,1,2,, M, A% p. (5
It can be considered that the extrusion elastic potential energy U;
possessed by the ith cake is

M
U,'= Z Uy i = 192"”9M. (6)

A=0,A5i
The potential energy of the whole system is

M
U = ZU" (7
i=1

It can be seen from(3)to(7)that the potential energy U of

the whole system is a known function of the coordinates x,,y,,
sveyxymyy of all the cakes,

U=U(,515* sTm>Yn)- (8

Obviously, we know that 1)U (x;, y15 ***» M yu) is defined as

non-negative on the whole(—oo, +00);2) if U(xysy15°** s xTus

yu) >0,then(xy, 32y " M5 yu) is not a solution for the circles

6



packing problem whereas if U(x, 31,y xnm,yu) =0,then(z;, y;,
==y xmy yu) is a solution for the circles packing problem.
Therefore, the circles packing problem has been converted, into
an optimization problem for the known function (8),that is, the
minimum (z;{' sy{" s> sxx" s yu" Yof the function should be found.
H U@y s sau" syu" )=0,then (xf ,y; ,** 2" syn") is a
solution for the problem whereas if U(z) , 3 s+ yzu” s yu* ) >0,
then the prpblem does not have a solution.

For this optimization problem, we have a ready-made
algorithm for its solution, the gradient method, or the steepest
descent method. It should be pointed out that,in the course of
solution using the gradient method, (1, y15 ***, za» yu) will be
steadily evolving. This process of evolution is in complete
conformity with the pattern of motion of the smooth elastic cakes

squeezed in the container.
2.3 The Origin of the Personification Strategy

It is often possible for the quasi-physical algorithm to get
stuck in the course of execution when the problem is rather
difficult, that is, the calculation falls into the trap of local
minimum. We are now at the local minimum of the potential
energy function U ;

Py = (2155152 s Zats Y1) tocal miimmomn
As the gradient is zero,we do not know how to proceed with the
gradient method: But now the potential energy is still greater
than zero and for this reason we cannot say that the problem
cannot be solved as it is quite possible that the function U is zero
at its global minimum Py (Fig. 2).

To extricate oneself from this predicament,it is the practice
of the purely quasi-physical algorithm to randomly choose the

« 7



Pau X
Fig. 2

initial value(x;,y,,**yxm,yu)for another round of quasi-physical
calculation. Although such calculation is characterized by
eventual convergency in principle, its efficiency is low as seen
from actual calculation. Now the promising approach is to put
forward a good strategy for jumping out of the trap by taking the
calculating point out of the trap of local minimum and place it in
a position with better prospects. Then new quasi-physical
calculation can be carried out.

This strategy of “jumping out of the trap” can be obtained
by observing and learning from the social phenomena of man and
is therefore called the personification strategy.

In a boisterous and closely crowded bus, those that are
squeezed the most always manage to shift to a better position,
while those that are better off often make part of their room for
others.

Regard the M cakes squeezed in the container and the plate
that holds the M cakes as the carriage of the bus. Then the
observation of the ride in a bus will inspire us to obtain the
following strategy.

In a stuck situation,the cakes that are squeezed the most can
be picked out and randomly placed in a certain spot in the plate.
Sometimes the best-off cake can be picked out and randomly
placed in a certain spot of the plate. Picking out the worst

.8



