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Chapter 1

Integers and Polynomials

1.1 Integers

Number is the most basic concept in mathematics. We already know natural
numbers, integers, rational numbers, real numbers and complex numbers
from middle school. Some basic properties of integers are discussed here.

We denote the set of all integers by Z. Then a € Z means that a is an inte-
ger. Leta, b€ Z, then a+b&, a—b, ab are all integers. But the quotient
a/b,b 0, may not be an integer. This phenomenon causes many stories
about integers. Here we mention a few.

Suppose that @ and b are integers, If there is an integer ¢ such that a =bgq,
we say that b divides a, or that # is a factor (or divisor)of a. Sometimes we
write b| a to denote this fact. If b|a, we say thata is a multiple of 5. We also
write b} a to denote the fact that & doesn’t divide a. Clearly 1, —1, a, —a are
factors of a. They are called the trivial factors of a.

It is easy to see that if d|a and d|b then d|ax+by for z, yEZ. It follows
that if d|a, d}b then d ta—+b.

If p>1 and p has no non-trivial factor, we call p a prime number.

If an integer c is a divisor for both @ and &, we say that c is a common divisor
of a and b. If d is a positive common divisor of a and & such that any common
divisor ¢ of a and b is a factor of d, we call d the greatest common divisor of a
and b. This is denoted by d=ged(a,b)or simply d = (a,b). Two integers a
and b are called coprime, or relatively prime, if (a,6)=1. We define the grea-

test common divisor of a,,***,a, similarly and dénote it as ged(a,,+**,a,) or
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simply (a;,***,a,). It can be proved that
(a;,+*ra,)=a,,a;) a3, 1a,).

Given two integers a and b with 470, we may always find integers ¢, r

with 0<{r<C| b| such that

a=bg+tr, o oy
The number g is usually called the quotient of a divided by & and 7 is‘called the
least non-negative remainder of a divided by 6. This procedure is called divi-
sion algorithm. _ _

We may use the following hlg;bri'thf.i:l- to compute the gredtest common divisor
of a and &.

First we mention that

“a=bg+r=>(a,b)=(b,r)",
Because every common divisor of a and b is also a common divisor of & and r
and vice versa. )

Suppose that a, b are not all zero. Since (a;b) =(b,a)=(—a,b), we may
suppose that b$>>0 and a=bg+r with 0<{r<<b. If a=0 then(a,b)=(0,b) =b.
If r=0 we get (a,b) =b, If r0 we may find integers ¢q,, r, with 0<r, <r
such that

b=rq,+r,.
If -, =0 we have (a,6)=(b,r)=r. If r,540, we repeat this procedure to find
Gz+721Q3 313y »with 0<{r,<lr,—, such that

Tim2 =T Qs 1y

until
=0,
That is,
a=bq+r,
b=rgq,+r,
r=ryq.+r;,
Me-3 =Te—2Qa1 7y s ri-1 >0,
N =r_qtry, r=0,
Then

(@yb)=(byr)=(ryr) =+ =(rseg s recr) = (remy y7a) =7sy.

That is, (a,b) is just the last non-zero remainder in the above procedure.
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This is called Euclidean algerithm. .

Let S={am-~+bn|m,n€ Z }be the set of all numbers am—+nb with m, n€Z .
Let d be the smallest positive integer in S. We claim that d = (a,b). First
dla. Actually, if a=qd+r with 0<{r<ld and d==am, +bn,, then

r=a—qd=a—qlam,+bn)=a(l—gm)+b(—gn;) ES,
But d is the smallest positive integer in S, so rEB. Similarly d|b. So d is a
common factor of @ and . On the other hand, every common factor of « and &

divides d=am, +bn,. So there exist integers u, v such that

(asb)=aut+bv. ..
In fact, we may use Euclidean algorithm to find 4 and v. Since
d=r,,
and
Te=1 = Fi-3 " Qe—1Tk—2
Ti—2 = Th—4 " Qr—2Ti—3
n=b—qr
r=a—bq,
then
(a:B)=r g =ris— @1 (Fe—s —qu 2713)

=(1 +Q&—1Qa—z Yri—; T Qr—1Te—1

Iteratively we go back to a and 4 to get u, w.
Example 1.1 For a=329, =182, we use Euclidean algorithm to get
329=182 « 1+147
182=147 » 1+35
147=35+ 4+7
35=7+5,
Then(329,182)=7 and
7=147—35+4=147—(182—147+ 1) « 4
=147 « 5—182 » 4=(329—182+1) + 5—182 + 4
=329+ 54182 + (—9) |
S0(329,182)=329 « 54182 « (—9).
We note that the integers u, v satisfying d=au+bv are not uniquely deter-
mined. For instance, if d=au+bv, then d=a(u—tb) +b(v+ta)for any t€Z,



4 Chapter 1 Integers and Polynomials

Let p be a prime. For any integer a, let d=(a,p), then d==p or 1 accord-
ing to pla or not.

If a prime number p divides ab, then ab= pq for some g€ Z. If pta, then
(psa)=1 and au+ pv=1 for some u, v€ Z. Therefore abu + pvb=b and
p(qutvb)=b. Consequently p|b. Herein we have proved that p|ab implies
that pla or p|b.

It is easy to prove by induction on r that if p is a prime, then

“playa,*ra,=pla, for some i”
Theorem 1. 1{ Fundamental Theorem of Arithmetic) Any integer greater than 1
isa product of prime numbers, If
a=pi1p:pr=q:192°""q,
where p;, q;are primes, then r=s and we may rearrange q; i f necessary so
that p;=q;, i=1, 2, =+, r.
Proof. Let n>>1 be an integer. We prove first that n is a product of some
primes. If n is a prime, then we are done. For general case we make use of
induction. Suppose that any integer m with 1<Cm<Cn is a product of primes
and that n is not a prime. Then there exits a non-trivial factor of n. That is
n=nyn, with 1<<n;, n,<<n. The divisors n,, n, are both products of primes
by our hypothesis, and so is n. Secondly suppose that
a=pr1pep.=q1q: ..
Since p; is a prime and p, |a, p, divides some ¢;. We may suppose that  di-
vides g, by suitable arrangement of the order of q,. Therefore
pr=(iyq)=q,
since both p, and g, are primes. Also we have
D2 b =qrg,.

Similarly, by suitable arrangement of the order of ¢,, we get p, =q;,*+,and
finally » must equal s. O

If a is an integer other than 0, +1, then a= =+ [[%, ph , where DPis*s b,
are different primes and #,~>0. The decomposition is unique up to the order of
the factors. _

There are infinitely many prime numbers. We owe the following proof to
Euclid.

Suppose finite number of primes.

PrspPars* s pm
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are given, Take
N=p, ps*p.T1.
Then N has at least one prime divisor p. But
- piEN, Isissm.
Therefore p is a prime other than p;,+**, p... This deduces that there are infi-

nitely many prime numbers,

1.2 Number Fields

In mathematics, number is a basic concept and so are the operations like sum-
mation, subtraction, multiplication, division over numbers. We need to
work on a set of numbers in which all the operations may be done freely.
Definition 1.1 A set F of complex numbers is called a number field i f it saz-
isfies the following conditions ; '

(1) 1€ F;

(2) ifa, b€F, thenatb, ab€EF; and

(3) ifb#0, thena/bEF.

For example, the set of all rational numbers is a number field which is deno-
ted by Q. Itis easy to see that this is the smallest number field. "“Any number
field F contains 1 by the definition. Therefore it contains 2=14+1, 3=1+2, -
and 0=1—1, —1=0—1, -, So all integers are in F. Furthermore F con-
tains all a/b, where a, b are integers and 65%0. This proves that FOQ .

The set of all real numbers is a number field, which is called the real number
field and is denoted by R . -

The set of all complex numbers is a number field, which is called the com-
plex number field and is denoted by C.

The set of all numbers of the form
a +b‘\/_2_}
where a, b€ Q , is a number field, which is denoted by Q (/2). Since if a,

b, a,, b, are rational, then
(a+by2)+(a,+b,V2)=(a+a,)+ (b+b,)V2,
(a+by2)—(a;+b, VD) =(a—a,)+(b—b W2,
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(a+b+2) (a, +b, V2) = (aa, +2bb,) + (ab, +ba, W2,
and if a, + &, /270, then
a+b2 _aa,—2bb, , ba, —ab,
= + 2.
a,+b Y2  ai—2b at—2bt V2
Another example of number field is the set Q (x)of all the numbers of the form

am” tap— " '+ ta,
bpt™ F byt by

with a;, b, € Q and that by ,+**,b,, are not all zero. It is easy to see that for two

s

numbers of this kind «,» 8 we have

atp,efE€EQ (x), and %EQ(n)ifﬁ#O,

To finish the proof we need to know a fact that if b,,,** b, are not all zero then
bur™ -+ +8b,70. Or in other words r is transcendental. This is actually true
but we can not prove it here. The proof of this fact needs some more knowl-
edge from analysis,

Remark The condition(1)in Definition 1. 1 may be replaced by

(1) F contains a non-zero number,

1.3 Polynomials

Let F be a number field. A formal expression
flx)=a,x"+ta,.,z" ' +++ax+a,, a,€EF,i=0,+,n,
is called a polynomial over F', where x is an indeterminate. The set of all poly-
nomials over the field F is called the polynomial ring over F and is denoted
by F[x].

The a,’s are called the coefficients of f. If a,#0, we call a, the leading, co-
efficient and a,x" the leading term. In this case, n is called degree of f(x)and
we write deg f=nor 3f=n. If f(2)=c#0, then deg f=0 and vice versa.
When a, =1, we say that f is monic.

A special polynomial is f(x)=0, which has no degree and is called the zero
polynomial. It’s remarked that some literature define the:degree of zero poly-
nomial to be —oo,

Two polynomials
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f(x)=a,x"+++a x+a
and

glx)=bx"+++bx+b,
are equal if and only if a,=b, for 0<li<<n.

Let's recall the summation symbol Z » which may be used to denote the

following fact:

ao +a1 + e 4a, = Zai-

i=0
We can also write
a+a, +++a, = Za.-.
0 isn
In such a way, a polynomial f(x)=a,x"++-+a,x+a, of degree n may be

written as
flx) = Ea,-.r", a, # 0.

The symbol Z has the following properties:

L _
2(&' +b&) = ias + ibs.
i=0 i=0 i=0
2)
n m mtn ’
Z“-‘Ebi = Ec..
i=0  j=0 k=0
Here

= E ab; = Zn;a.-bk_,-
i=0

0= i=n
o< i< m
i+i=k
and we consent that a; =0 if i<C0 or i>>n and that 5;=0 if j<<0 or j>m.
(3

ii%‘ = 22“#-

Now we come to define ope;-;zi;:s over ;::)ol):r:z)mials.
Let
flx)=a,x"+a,- 2" ' +-Faxrtas,
g(x)=b,x" tb,— 12" '+ t+bx+b,,
where a,#0, 5,70, and m<{n. We may write
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g(r)=bx"+b,_ 2" '+ tbxtb,,
with b,=++=p,,.,=0. Define
o) t+glx)=(a,+b)x"+(ap—) +b.— ) x" ' + o+ (ay+b,)
flr)—glx)=(a,—b)x"+(a,—y —b,—1)x" '+ +(ay,—b,)
[ glx)=abx" "+ (ap1bpFabmr ) x™ "+ +aob,

= i ( Za.b,- )r”.

- Hj=k

Note that we consent that a,=0 if i>>n and b;=0 if j=>m. The leading coeffi-
cient of f(x)g(x) is a,b,, by the definition of multiplication, hence
deg( f(x)g(x)) =deg f(x)+deg g(x).
It can be also proved that
deg(f(x)+g(x))<<max{deg f(z),deg g(x)},
if f(x),g(x) and f(x)+g(x) are not zero.
The operations satisfy the following rules.
1. Associativity for summation:
(f(x)+g(x))+h(x)=f(x)+(g(x)+h(z)),
2. Commutativity for summation;
flo)+gla)=g(x)+ f(z),
3. Associativity for multiplication;
(f)g(xh(x)= f(x)(g(x)h(2)),
4. Commutativity for multiplication;
f(glx)=g(x) f(x),
5. Distributivity:
f()(gl)+h(x))= f(x)g(x)+ fF(2)h(x),
6. Dispensability: if f(x)%0 and
fglx)= f(d)h(x),
then
g(x)=h(x).

The first five rules are easy to check by the definitions. For example, if
fo)=ax"+a,— 2" ' +++az+ta,,
g(x)=b,x"+b,_ 1 x" ' e tb x+b,,
hz)=cux" oy ozt ,

then
(f()+glx))+h(x)=((a,+b,)+c,) "+ +((a, +b)+e))xt+



