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From the Preface to the First Edition

“Whatever regrets may be, we have done our best.”
(Sir Emest Shack-
leton, turning back on 9 January 1909 at 88° 23’ South.)

Brahms struggled for 20 years to write his first symphony. Compared to this, the
10 years we have been working on these two volumes may even appear short.

This second volume treats stiff differential equations and differential algebraic
equations. It contains three chapters: Chapter IV on one-step (Runge-Kutta) meth-
ods for stiff problems, Chapter V on multistep methods for stiff problems, and
Chapter VI on singular perturbation and differential-algebraic equations.

Each chapter is divided into sections. Usually the first sections of a chapter
are of an introductory nature, explain numerical phenomena and exhibit numerical
results. Investigations of a more theoretical nature are presented in the later sections
of each chapter.

As in Volume I, the formulas, theorems, tables and figures are numbered con-
secutively in each section and indicate, in addition, the section number. In cross
references to other chapters the (latin) chapter number is put first. References to the
bibliography are again by “author” plus “year” in parentheses. The bibliography
again contains only those papers which are discussed in the text and is in no way
meant to be complete.

It is a pleasure to thank J. Butcher, G. Dahlquist, and S.P. Ngrsett (coauthor of
Volume I) for their interest in the subject and for the numerous discussions we had
with them which greatly inspired our work. Special thanks go to the participants
of our seminar in Geneva, in particular Ch. Lubich, A. Ostermann and M. Roche,
where all the subjects of this book have been presented and discussed over the
years. Much help in preparing the manuscript was given by J. Steinig, Ch. Lubich
and A. Ostermann who read and re-read the whole text and made innumerable
corrections and suggestions for improvement. We express our sincere gratitude to
them. Many people have seen particular sections and made invaluable suggestions
and remarks: M. Crouzeix, P. Deuflhard, K. Gustafsson, G. Hall, W. Hundsdorfer,
L. Jay, R. Jeltsch, J.P. Kauthen, H. Kraaijevanger, R. Mérz, and O. Nevanlinna. . ..
Several pictures were produced by our children Klaudia Wanner and Martin Hairer,
the one by drawing the other by hacking.

The marvellous, perfect and never failing TEX program of D. Knuth allowed
us to deliver a camera-ready manuscript to Springer Verlag, so that the book could
be produced rapidly and at a reasonable price. We acknowledge with pleasure
the numerous remarks of the planning and production group of Springer Verlag
concerning fonts, style and other questions of elegance.

March, 1991 The Authors



vi Preface

Preface to the Second Edition

The preparation of the second edition allowed us to improve the first edition by
rewriting many sections and by eliminating errors and misprints which have been
discovered. In particular we have included new material on

— methods with extended stability (Chebyshev methods) (Sect. IV.2);

— improved computer codes and new numerical tests for one- and multistep meth-
ods (Sects. IV.10 and V.5);

— new results on properties of error growth functions (Sects. IV.11 and IV.12);

~ quasilinear differential equations with state-dependent mass matrix (Sect. VI.6).

We have completely reorganized the chapter on differential-algebraic equations by

including three new sections on

— index reduction methods (Sect. VII.2);

— half-explicit methods for index-2 systems (Sect. VIL6);

— symplectic methods for constrained Hamiltonian systems and backward error
analysis on manifolds (Sect. VIL.8).

Our sincere thanks go to many persons who have helped us with our work:

~ all readers who kindly drew our attention to several errors and misprints in the
first edition, in particular C. Bendtsen, R. Chan, P. Chartier, T. Eirola, L. Jay,
P. Kaps, J.-P. Kauthen, P. Leone, S. Maset, B. Owren, and L.F. Shampine;

— those who read preliminary versions of the new parts of this edition for their in-

valuable suggestions: M. Amold, J. Cash, D.J. Higham, P. Kunkel, Chr. Lubich,
A. Medovikov, A. Murua, A. Ostermann, and J. Verwer.

— the staff of the Geneva computing center and of the mathematics library for their
constant help;

- the planning and production group of Springer-Verlag for numerous suggestions
on presentation and style.

All figures have been recomputed and printed, together with the text, in Postscript.
All computations and text processings were done on the SUN workstations of the
Mathematics Department of the University of Geneva.

April 1996 The Authors
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Chapter 1V. Stiff Problems — One-Step Methods

This chapter introduces stiff (styv (Swedish first!), steif (German), stif (Islandic),
stijf (Dutch), raide (French), rigido (Spanish), rigido (Portuguese), stiff (Italian),
kankea (Finnish), évoxapunto (Greek), merev (Hungarian), rigid (Rumanian),
tog (Slovenian), Cvrst (Serbo-Croatian), tuhy (Czecho-Slovakian), sztywny (Pol-
ish), jaik (Estonian), stiegrs (Latvian), standus (Lithuanian), stign (Breton), zurrun
(Basque), sert (Turkish), >xecTkwmi (l}ussian), TBBPH  (Bulgarian),

MW7 (Hebrew), OU  (Arabic), J—g‘% (Urdu), & Dum  (Persian),

(Sanscrit), &"_C‘)" (Hindi), ﬁ“ % (Chinese), E\-‘ (Japanese),

cU¥’dng (Vietnamese), ngumu (Swaheli) . . .) differential equations. While the in-
tuitive meaning of stiff is clear to all specialists, much controversy is going on about
it’s correct mathematical definition (see e.g. p.360-363 of Aiken (1985)). The most
pragmatical opinion is also historically the first one (Curtiss & Hirschfelder 1952):
stiff equations are equations where certain implicit methods, in particular BDF,
perform better, usually tremendously better; than explicit ones. The eigenvalues of
the Jacobian 0f /0y play certainly a role in this decision, but quantities such as the
dimension of the system, the smoothness of the solution or the integration interval
are also important (Sections IV.1 and IV.2).

Stiff equations need new concepts of stability (A-stability, Sect.IV.3) and lead
to mathematical theories on order restrictions (order stars, Sect.IV.4). Stiff equa-
tions require implicit methods; we therefore focus in Sections IV.5 and IV.6 on im-
plicit Runge-Kutta methods, in IV.7 on (semi-implicit) Rosenbrock methods and in
IV.9 on semi-implicit extrapolation methods. The actual efficient implementation
of implicit Runge-Kutta methods poses a number of problems which are discussed
in Sect. IV.8. Section IV.10 then reports on some numerical experience for all these
methods.

With Sections IV.11, IV.12 and IV.13 we begin with the discussion of contrac-
tivity (B -stability) for linear and nonlinear differential equations. The chapter ends
with questions of existence and numerical stability of the implicit Runge-Kutta so-
lutions (Sect. IV.14) and a convergence theory which is independent of the stiffness
( B -convergence, Sect.IV.15).



IV.1 Examples of Stiff Equations

... Around 1960, things became completely different and every-
one became aware that the world was full of stiff problems.
(G. Dahiquist in Aiken 1985)

Stiff equations are problems for which explicit methods don’t work. Curtiss &
Hirschfelder (1952) explain stiffness on one-dimensional examples such as

y' = —50(y —cosz). (LD
| g h=1.974/50
o h=1.875/50
! f
Vi \\ \ &ﬂ L{A
A &
) i\yq
[ . !
implicit Euler, & =0.5 y 1 ° el
0 1 0 1
Fig. 1.1. Solution curves of (1.1) Fig. 1.2. Explicit Euler for y(0) =0,
with implicit Euler solution h =1.974/50 and 1.875/50

Solution curves of Equation (1.1) are shown in Fig. 1.1. There is apparently a
smooth solution in the vicinity of y & cos z and all other solutions reach this one
after a rapid “transient phase”. Such transients are typical of stiff equations, but are
neither sufficient nor necessary. For example, the solution with initial value y(0) =
1 (more precisely 2500/2501) has no transient. Fig. 1.2 shows Euler polygons
for the initial value y(0) = 0 and step sizes h = 1.974/50 (38 steps) and h =
1.875/50 (40 steps). We observe that whenever the step size is a little too large
(larger than 2/50), the numerical solution goes too far beyond the equilibrium and
violent oscillations occur.

Looking for better methods for differential equations such as (1.1), Curtiss
and Hirschfelder discovered the BDF method (see Sect.IIL.1): the approximation
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y = cosz (i.e., f(x,y)=0) is only a crude approximation to the smooth solution,
since the derivative of cosz is not zero. It is much better, for a given solution
value y,_ , to search for a point y,,, , where the slope of the vector field is directed
towards y,, , hence

yn _y
—%—" = f(Tpi1Yni1)- (1.2)

This is the implicit Euler method. The dotted line in Fig. 1.1 consists of three
implicit Euler steps and demonstrates impressively the good stability property of
this method. Equation (1.1) is thus apparently “stiff in the sense of Curtiss and
Hirschfelder.

Extending the above idea “by taking higher order polynomials to fit y at alarge
number of points” then leads to the BDF methods.

Chemical Reaction Systems

When the equations represent the behaviour of a system contain-
ing a number of fast and slow reactions, a forward integration of
these equations becomes difficult. (H.H. Robertson 1966)

The following example of Robertson’s (1966) has become very popular in numeri-
cal studies (Willoughby 1974):

A 2% B (slow)
B+B X% C+B  (veryfast) (1.3)

B+c 2% A4Cc (fast)

which leads to the equations

A: y; = — 0.04y, + 10%y,y, y,{0)=1
B: vy = 0.04y, — 104y,y, —3-107y2 »B0)=0 (1.4
C: yh = 3-107y2 y3(0) =0.

After a bad experience with explicit Euler just before, let’s try a higher order
method and a more elaborate code for this example: DOPRIS5 (cf. Volume 1). The
numerical solutions obtained for y, with Rtol = 10—2 (209 steps) as well as with
Rtol =10—3 (205 steps) and Atol = 10— - Rtol are displayed in Fig. 1.3. Fig. 1.4
presents the step sizes used by the code and also the local error estimates. There,
all rejected steps are crossed out.

We observe that the solution y, rapidly reaches a quasi-stationary position
in the vicinity of y; = 0, which in the beginning (y, = 1, y; =0) is at 0.04 ~
3-107yZ, hence y, ~ 3.65-10~5, and then very slowly goes back to zero again.
The numerical method, however, integrates this smooth solution by thousands of
apparently unnecessary steps. Moreover, the chosen step sizes are more or less
independent of the chosen tolerance. Hence, they seem to be governed by stability



