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Preface

The book is based on both authors’ several years of experience in teaching
linear models at various levels. It gives an up-to-date account of the theory
and applications of linear models. The book can be used as a text for
courses in statistics at the graduate level and as an accompanying text for
courses in other areas. Some of the highlights in this book are as follows.

A relatively extensive chapter on matrix theory (Appendix A) provides
the necessary tools for proving theorems discussed in the text and offers a
selection of classical and modern algebraic results that are useful in research
work in econometrics, engineering, and optimization theory. The matrix
theory of the last ten years has produced a series of fundamental results
about the definiteness of matrices, especially for the differences of matrices,
which enable superiority comparisons of two biased estimates to be made
for the first time.

We have attempted to provide a unified theory of inference from linear
models with minimal assumptions. Besides the usual least-squares theory,
alternative methods of estimation and testing based on convex loss func-
tions and general estimating equations are discussed. Special emphasis is
given to sensitivity analysis and model selection.

A special chapter is devoted to the analysis of categorical data based on
logit, loglinear, and logistic regression models.

The material covered, theoretical discussion, and its practical applica-
tions will be useful not only to students but also to researchers and con-
sultants in statistics.

We would like to thank our colleagues Dr. G. Trenkler and Dr. V. K. Sri-
vastava for their valuable advice during the preparation of the book. We



vi Preface

wish to acknowledge our appreciation of the generous help received from
Andrea Schopp, Andreas Fieger, and Christian Kastner for preparing a fair
copy. Finally, we would like to thank Dr. Martin Gilchrist of Springer-Verlag
for his cooperation in drafting and finalizing the book.

We request that readers bring to our attention any errors they may
find in the book and also give suggestions for adding new material and/or
improving the presentation of the existing material.

C. Radhakrishna Rao Helge Toutenburg
University Park, Pennsylvania Munich,
USA Germany

July 1995
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1

Introduction

Linear models play a central part in modern statistical methods. On the
one hand, these models are able to approximate a large amount of metric
data structures in their entire range of definition or at least piecewise. On
the other hand, approaches such as the analysis of variance, which model
effects as linear deviations from a total mean, have proved their flexibil-
ity. The theory of generalized models enables us, through appropriate link
functions, to apprehend error structures that deviate from the normal dis-
tribution and hence ensuring, that a linear model is maintained in principle.
Numerous iterative procedures for solving the normal equations were de-
veloped especially for those cases where no explicit solution is possible. For
the derivation of explicit solutions in rank-deficient linear models, classical
procedures are available: for example, ridge or principal component regres-
sion, partial least squares, as well as the methodology of the generalized
inverse. The problem of missing data in the variables can be dealt with by
appropriate imputation procedures. .

Chapter 2 describes the hierarchy of the linear models, starting with the
classical regression model, up to the structural model of econometrics.

Chapter 3 contains the standard procedures for estimating and testing in
regression models with full or reduced rank of the design matrix, algebraic
and geometric properties of the OLS estimate, as well as an introduction
to minimax estimation when auxiliary information is available in the form
of inequality restrictions. The concepts of partial and total least squares,
projection pursuit regression, and censored regression are introduced.

Chapter 4 describes the theory of best linear estimates in the general-
ized regression modei, effects of misspecified covariance matrices, as well as
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special covariance structures of heteroscedasticity and first order autore-
gression.

Chapter 5 is devoted to estimation under exact or stochastic linear re-
strictions. The comparison of two biased estimators according to the MDE
criterion is based on recent theorems of matrix theory. The results are the
outcome of intensive international research over the last ten years and ap-
pear here for the first time in a coherent form. This concerns the concept
of the weak r-unbiasedness as well.

Chapter 6 contains the theory of the optimal linear prediction and
gives, in addition to known results, an insight into recent studies about
the MDE matrix comparison of optimal and classical predictions according
to alternative superiority criteria.

Chapter 7 presents ideas and procedures for studying the effect of single
data rows on the estimation of 3. Here, different measures for revealing
outliers or influential points, including graphical methods, are incorporated.
Some examples illustrate this.

Chapter 8 deals with missing data in the design matrix X. After introduc-
ing the general problems and defining the various missing data mechanisms
according to Rubin, we demonstrate “adjustment by follow-up interviews”
for long-term studies with dropout. For the regression model the method of
imputation is described, in addition to the analysis of the loss of efficiency
in case of a reduction to the completely observed submodel. The method
of weighted mixed estimates is presented for the first time in a textbook
on linear models.

Chapter 9 contains recent contributions to robust statistical inference
based on M-estimation.

Chapter 10 describes the model extensions for categorical response and
explanatory variables. Here, the binary response and the loglinear model are
of special interest. The model choice is demonstrated by means of examples.
Categorical regression is integrated into the theory of generalized linear
models.

An independent chapter (Appendix A) on matrix algebra summarizes
standard theorems (including proofs) that are of interest for the book it-
self, but also for linear statistics in general. Of special interest are the
theorems about decomposition of matrices (A.30-A.34), definite matrices
(A.35-A.59), the generalized inverse, and especially about the definiteness
of differences between matrices (Theorem A.71; cf. A.74-A.78).

The book offers an up-to-date and comprehensive account of the theory
and applications of linear models.

Tables for the x2- and F-distributions are provided in Appendix B.
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2.1 Regression Models in Econometrics

The methodology of regression analysis, one of the classical techniques of
mathematical statistics, is an essential part of the modern econometric
theory. :

Econometrics combines elements of economics, mathematical economics,
and mathematical statistics. The statistical methods used in econometrics
are oriented toward specific econometric problems and hence are highly
specialized. In economic laws stochastic variables play a distinctive role.
Hence econometric models, adapted to the economic reality, have to be
built on appropriate hypotheses about distribution properties of the ran-
dom variables. The specification of such hypotheses is one of the main tasks
of econometric modelling. For the modelling of an economic (or a scientific)
relation, we assume that this relation has a relative constancy over a suffi-
ciently long period of time (that is, over a sufficient length of observation
period), since otherwise its general validity would not be ascertainable.
We distinguish between two characteristics of a structural relationship, the
variables and the parameters. The variables, which we will classify later on,
are those characteristics whose values in the observation period can vary.
Those characteristics that do not vary can be regarded as the structure of
the relation. The structure consists of the functional form of the relation,
including the relation between the main variables, the type of probabil-
ity distribution of the random variables, and the parameters of the modei
equations.



