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The possibility that time can be regarded as a discrete dynamical variable is examined through all phases of mechanics:
from classical mechanics to nonrelativistic quantum mechanics, and to relativistic quantum field theories.

1. Introduction. Throughout the development of
physics, “time’ always appears as a continuous param-
eter. Take the example of a nonrelativistic particle in
quantum mechanics. In Feynman’s path integration
formulation, the probability amplitude for the particle
to be at the position rj at an initial time ¢ and at ry at
a final time ¢; is given by the amplitude sum over all
paths r(t) connecting r(tg) = rg and r(t;) = r;. Apart
from a normalization constant, it is equal to

f It_l d3r(t) exp(id ), ¢y

where the action 4, is a functional of 7(t), related to
the lagrangian L by

e
A= [ Le@), i) de, )
to

with the subscript ¢ denoting the familiar case that ¢ is
continuous, We note that the position of the particle
r is not treated on the same basis as the time ¢. At a
given time the integration d3#(¢) in eq. (1) can be
viewed as that over the whole range of eigenvalues of
the operator r,,(#). This then undetlies the familiar
difference between r as an operator and ¢ as a param-
eter.

Actually this asymmetry can be traced back to clas-
sical mechanics. The classical trajectory of a particle is

* This research was supported in part by the US Department
of Energy.
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determined by the extremity of the action A4, which
is a functional of r(r). While r is the dynamical variable,
t appears only as a continuous parameter. By setting
the variational derivative 54 ./5r(f) = 0, we obtain the
usual Lagrange equation of motion, whose solution
gives the classical path r(f).

In the relativistic quantum field theory, space r and
time ¢ have to be treated symmetrically due to Lorentz
invariance. Our usual approach is to regard r and t all
as parameters; the operators are now the field variables,
say the scalar field ¢(r,z). Expression (1) is then re-
placed by

f IrT Ud¢(r, 1) exp(id,), (€))

where the action 4, is related to the lagrangian density
£ by

A.=[£0,v6,8)drar. @

Again, the integration over d¢(r,¢) can be viewed as that
over the eigenvalues of the operator ¢°p(r,t).

In the following we wish to explore some alternative
possibilities. In place of treating time as a continuous
parameter, we may ask:

(1) Can time be a discrete parameter (discrete time
formulation)?

(2) Can time be discrete and treated as a bona fide
dynamical variable (discrete mechanics)?

As we shall see, both possibilities can be realized in all
stages of mechanics. In a relativistic field theory, the
discrete time formulation becomes the discrete space—
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time formulation. In the corresponding discrete mecha-
nics both space and time, in addition to being discrete,
are treated as genuine dynamical variables. Because

this approach involves a fundamental change in our
concept of space—time, we will develop our ideas grad-
ually: first in classical mechanics, then in nonrelativistic
quantum mechanics and finally in relativistic quantum
field theory. The result is that in this new formalism
our usual idea of continuous time or continuous space--
time structure will appear only as an approximation.

2. Classical mechanics. Consider the simple example
of a nonrelativistic particle of unit mass moving in a po-
tential V{r). The usual lagrangian is (regarding time as
continuous)

L=%% v ®)

The action is then given by the integral (2) from the
initial position r(ty) = rq to the final r(tf) = ry.

In the discrete time formalism we replace the con-
tinuous function r(¢) by a sequence of discrete values:

(o.t0), ryuty)s s Py, 21 )s Where (P Eysy) =
(r,t). The action (2) is then replaced by

N+1 2
_ 1Cn =1 )
A'El (5 ty— 1, 1
4~ 1y VE)+ Ve, ), ®)

with 7, > ¢, _, . Newton’s equation of motion is derived
by setting the derivative

ad/or, = 0. Q)

Keeping the initial and final configurations fixed, we
have altogether V such equations:

Vpe1 =V = —%(tm»l - tn—l)VV(’n) ®

where v, = (r, —r,_1)/(t, — t,,_1) is the velocity. For
any given time distribution ¢,,...,ty, the positions,
ry,...,¢y can then be determined.

An ad hoc discrete time distribution ¢, ,£5,..., £ is
clearly not satisfactory for a closed mechanical system.
Thus, in discrete mechanics we require that the time
distribution should also be determined by the same ac-
tion (6). This can be achieved by treating ¢,, as dynam-
ical variables, on the same basis as r,,. By setting

3A[dt, =0, ®
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we derive N additional equations:

E, =32 43V ) + VC,_)) =Epuy. (10)

Thus, the entire set (7{,¢}),....(r, ) can be determined
from (8) and (10).

In the continuum case, the energy conservation law
is a consequence of Newton’s equation of motion. In
the discrete case, these two are independent. By treating
t, and r,, both as dynamical variables, we manage to
employ the same action principle for their determina-
tion. In our formulation of discrete mechanics, there is
a fundamental length or time [ (in natural units). Given
any time interval T = f; — t,, the total number NV of
discrete points that define the trajectory is given by the
integer nearest T/I.

As illustrations, we may consider some special exam-
ples:

(i) V' = 0. In this case (8) gives v, = constant, which
also satisfies (10). The trajectory of the particle is al-
ways a straight line, independent of the time distribu-
tion.

(ii) V¥ = constant. It can be readily verified that (8)
and (10) yield equal spacings for the time intervals. The
trajectory consists of N discrete points (ry,#;),..., "y,
ty) all lying on a parabola, similar to the continuum
case. (For more complicated potentials, the time inter-
vals are in general of varying lengths.)

3. Nonrelativistic quantum mechanics. As above, let
the initial and final configurations be (ry, o) and (¢, ¢p).
In the discrete quantum mechanics, we assume that
within the given time interval T = t; — ¢, there can be
maximally N measurements of the particle’s configura-
tions possible, where the ratio N/T =1 is the fundamen-
tal constant mentioned before. Each measurement
yields a set of values (r,,¢,) where n = 1,2,...,N. [The
initial (rg, o) can be regarded as the result of a previous
experiment, and the final (r¢, #¢) = (Fyr4 1.ty +1) as that
of the (J + 1)th measurement.] Without any loss of
generality, we may arrange ;,...,ty into an ordered
sequence: £y <ty <... <ty <ty The probability
amplitude of observing such a set (ry,¢,),....(ry, ty)
is proportional to exp(id) with 4 given by eq. (6).

Summing over all possible (r;,¢y),....(ry, t5) we
obtain the overall quantum mechanical amplitude
(f|G0) leading from (rg, tg) to (rg, t5):

N
#1610 = [ 7 exptia) I a, &, an
n=
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