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INTRODUCTION

Semantics, understood as a formal theory of the relationships between
languages and their models, must involve some means of describing
these domains: some notion of a language, and some notion of a model.
To the extent that the account provides an accurate construal of both no-
tions, to that extent it properly qualifies as “semantics”. And to the ex-
tent that it does not depend on specific constraints upon either notion, to
that extent the account is “universal”, i.e., philosophically neutral and
widely applicable.

It is this general approach that sets the background, and somehow
the foreground, of the present essay. On the one hand, it seems to me
that a broad outlook can still be beneficial to our understanding of a
number of semantic issues, and this can only be achieved by working
with a suitably wide notion of a language. A common limitation of much
work in model-theoretic semantics—including “non-standard” theories—
seems to me to lie in its relative idiosyncrasy. With few notable excep-
tions, proposals have been local rather than taking place within global
linguistic frameworks. And although the resulting variety of theories has
a corresponding variety of merits, how to assess them and to look for
further progress is often subject to the possibility of providing more ex-
tensive accounts of the relevant linguistic structures. On the other hand,
I'am also convinced of the importance of working with a widest possi-
ble notion of a model, free of various conditions that are typically as-
sumed in the context of formal semantics. A severe limitation of most
theories— especially “standard” ones—is their commitment to some
view or other as to what is to count as an “admissible” model for a given
language. And although this way of proceeding has proven to be con-
venient for special purposes, all the same a certain embarrassment arises
when one has to resort to artificial measures to regiment alternative in-
tuitions or intractable phenomena.




2 INTRODUCTION

My anxiety about a general notion of language is chiefly methodo-
logical. However, the need for a general notion of model is more sub-
stantive and arguably central to any semantic project that aims at some
universality. For instance, a major requirement of classical semantics is
that every model be consistent (or coherent) as well as complete (or de-
terminate) relative to the given language. Broadly speaking, this means
that in classical semantics all models are assumed to provide a homo-
morphic interpretation of the language. They are made of well-defined,
clear-cut entities, linked to one another and to the language’s expres-
sions in a univocal way: all singular terms (proper names and the like)
are assumed to have a unique denotation; all general terms (predicates
and the like) must represent properties or relations that are uniquely de-
fined for each object in the domain; all sentences must receive a unique
truth-value; and so on. Now, such an approach is perfectly defensible
and it may well be advantageous for a number of special purposes. (It is
certainly advantageous if we are interested in the semantics of mathe-
matical theories, for instance.) However, when it comes to the general
case the burden of the defense is philosophical—not semantical. There
is no a priori semantic reason to rule out the possibility that (our repre-
sentation of) what a language is about involves “gaps” and “gluts” of
sorts. Indeed, since there is no general criterion for sieving out trou-
blous forms of incompleteness from innocuous ones, there is no general
and effective way of ruling out gaps without discarding many un-
problematic cases as well. And since there is no general antidote against
inconsistency, there is no guarantee that gluts can be ruled out without
also rendering a great deal of perfectly innocent semantic thinking im-
possible.

This theoretical anxiety goes hand in hand with more practical con-
siderations. A model represents the world, or one way in which the
world could be. But a representation may be incomplete, or even incon-
sistent, and yet perfectly adequate for most purposes. Data bases and
works of fiction are models of this sort. A data base need not be able to
answer every possible query that can be formulated in the query lan-
guage. And a novel need not be based on a thorough description of its
imaginary world to make sense. We are only told a few things about the
world of Sherlock Holmes, yet we can understand the Holmes stories
and reason about them. As it turns out, we are also told inconsistent
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things: Watson’s war wound is supposed to be in his shoulder, but also
in his leg. Yet one discrepancy is no logical chaos. Lots of facts are per-
fectly clear about Holmes and Watson, in spite of the gaps and the gluts
involved in the model of their world. These sorts of situation are quite
normal and may arise in any model. It seems to me that a good semantic
theory should be able to handle them.

There is, moreover, a general and widespread concern that a se-
mantic theory based on the requirement of a perfect homomorphism
between languages and models will be inapplicable to ordinary language.
Vagueness, ambiguity, open texture, presupposition failure, sortal in-
correctness—these are all common features of the language we ordinar-
ily speak (but also the language of the exact sciences and the language of
philosophy) that seem at odds with the requirements of standard seman-
tics. For each of these “problems”—and for many others indeed-—there
is by now one or more corresponding “solutions” within some more or
less standard framework. However, the resulting accounts are admit-
tedly severe—sometimes ad hoc, sometimes ingenious, but rarely natu-
ral, and there is a growing consensus that a more liberal attitude towards
those recalcitrant phenomena could yield a better overall theory. At any
rate, it seems to me that even a successful regimentation of these phe-
nomena would not diminish the value of semantic theories capable of
taking them at face value—theories in which those “problems” are part of
the data to be taken into account, rather than accidents to be explained
away.

With all this, the last three decades have featured a great deal of
work under the rubric of “going general” in model-theoretic semantics,
sometimes with excellent results. Especially in the areas of natural lan-
guage semantics and philosophical logic (but also in computer science
and certain branches of mathematical logic), there has been a remarkable
outgrowth of new semantic theories and frameworks. However, most
of this work has arisen out of specific needs and for specific purposes—
for instance, to account for one or another of the linguistic phenomena
mentioned above, or to establish a completeness result for some logical
calculus. Not much work has been done in the direction of a “general”
generalization. Also, gaps have played a leading role in this trend: gluts
have been ostracized for a much longer time, and the intrinsic duality
between the two notions has not been given much consideration. This
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essay is an attempt to overcome these limitations. My approach will be
top-down rather than bottom-up. (This is why I want to start with a rea-
sonably abstract notion of language.) And the upshot will be a frame-
work within which a large variety of semantic theories naturally fall and
from which the semantics of a wide class of logics (standard and non-
standard) may be obtained as special cases. There is no claim to com-
plete universality, of course. But my hope is that the approach, if not the
framework as a whole, may shed new light on some important issues in
formal semantics.

The details of the framework form the core of the first chapter,
Foundations. 1 first define languages and models, and then suggest a
general technique for constructing semantic evaluations (of a language .
on a model M). Very roughly, the main idea is grounded on some
structural properties of the class of all models and may be viewed as im-
plementing a form of “supervaluationism™: the value of an expression
relative to a given model is a function of the values of that expression
relative to various ways of “sharpening” the model (by filling in its gaps
and weeding out its gluts, if any). The working of this account is illus-
trated in connection with some examples of increasing complexity. In
the second chapter, Developments, 1 turn to the main properties of the
resulting apparatus. Here again the emphasis is on the general picture;
but I am also concerned with a study of the specific conditions under
which some major results of standard semantics can be extended to our
more general account. While this concern might at times appear scholas-
tic, I hope it will help to provide a better understanding of the strengths
and weaknesses of the approach pursued here, as well as offer new in-
sights into why those results hold in the standard case. In particular, it
is shown that the notion of logical validity as applied to single expres-
sions is rather standard, and in fact reduces to the corresponding classi-
cal notion when this is available. Thus, gaps and gluts can be explained
away as local phenomena that do not metastasize throughout the frame-
work. However, when it comes to the general notion of logical entail-
ment the picture is more intricate, and the notion of argument validity
does not appear to be recursively specifiable except in very special cases.
To shed light on this picture, a cost-benefit analysis of the framework—
along with some general philosophical reflections—is offered in the
Concluding Remarks.
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Just about every technical notion in the following is construed, or
assumed to be construed, in set-theoretic terms. The precise content of
the underlying system of set theory will only rarely be of any impor-
tance, and I shall make little effort to exhibit the details of my discourse
within it. At places, however, some explicit commitment on such mat-
ters is wanted, so I have included an Appendix which sorts these things
out and also explains all necessary notational and terminological con-
ventions. This should make the exposition self-contained. Certain pas-
sages, such as the proofs of the basic facts and examples in Section-1.3
fin square brackets], may be omitted by those who are prepared to take
them on trust. In the main, however, the conceptual apparatus is in-
tended as a whole and frequent use will be made at later stages of mate-
rial introduced earlier.







1. FOUNDATIONS

I shall set up the basic framework in three steps. First, in Section 1.1,
I shall introduce the notion of a language, regarded as a purely combi-
natorial, uninterpreted system. Next, in Section 1.2, I shall turn to the
relative notion of a model, or interpretation system: this notion will be
characterized in a parallel fashion and will allow for the kind of general-
ity which I am aiming at. Finally, in Section 1.3, I shall turn to the task
of bridging languages and models via the concept of a valuation: this is
the most problematic and controversial part but also—I hope—the most
interesting one.

1.1. LANGUAGES

I shall not be concerned with any specific language, but only with the
bone structure of the concept of a language insofar as this matters for the
purpose of clarifying basic semantic notions. In this sense my charac-
terization will be minimalistic: a language is essentially a system of (well-
formed) expressions generated from a (well-ordered) class of symbols
by means of some (well-grounded) structural operation.

1.1.1. PRELIMINARIES

To spell out the details of the definition in a convenient form (avoiding
all discussion concerning the exact nature of a language’s symbols and
structural operation), we can make use of the auxiliary concept of a
type, or category index. That is, we can suppose that the symbols of
any language form a family of objects (of some sort) indexed by a fixed
set T of types, and we may refer to such an indexing to determine how
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those objects may combine with one another to produce what is to count
as an expression of the language. Besides ontological neutrality and
conceptual simplicity, this procedure will also have some derivative ad-
vantages, which will become clearer as the discussion proceeds.!

The set of all types, I shall assume, is built up recursively from an
initial stock of primitive (or individual) types. Intuitively, such types are
to be associated with those categories of expressions whose grammatical
status need not—or cannot—be analyzed in terms of other categories.
One of these could be, for example, the category Declarative Sentence;
another could be the category Proper Name. In fact, for most purposes
these two basic categories would probably suffice, although someone
would perhaps insist on adding a third one, Common Noun, or on dis-
pensing with Proper Name in favor of an alternative basic category
Noun Phrase, or Verb Phrase.? In general, however, I shall make little
effort here to select such primitives with care. What we need to do is
simply to assume a certain number of primitive, undefined types. And to
allow for the greatest generality, it seems convenient to start off with a
potentially infinite number, bypassing the problem of specifying the in-
tuitive status of each of them. Thus, for definiteness I stipulate to iden-
tify the primitive types with the natural numbers

0,1,2,...

taking 0 and 1 to represent the traditionally fundamental categories of
declarative sentences and proper names, respectively. (Nothing of what
follows depends significantly on this specific choice, or on the fact that

1" The syntactic framework developed here is in line with the general approach
of categorial grammar, with some formal simplifications leaning on related insights
in combinatory type theory. For the former, the classical references are Le$niewski
[1929], Carnap [1934], and Ajdukiewicz [1935]. For the latter, the seminal contri-
butions date back to Schonfinkel [1924] and Curry [1929, 1930], though the type hi-
erarchy (the analogue of our T)) was not introduced until Curry {1953] (see Sanchis
[1964]). The two theories, in turn, have been developed under the impact of Husserl
[1900-01] and Russell [1908], respectively. For a general outline, see Casadio [1988]
and Wood [1994]; for a survey of connections between the two disciplines, as they
arise out of recent developments, see van Benthem [1990] and Steedman [1988,
1993]; for an overview of the use of types in semantic analysis, see Carpenter [1996]
and Turner [1997].

2 See, for instance, Lewis [1970] and Cresswell [1973].
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the set @ of all natural numbers is denumerable: all that matters is that
the class of primitive types be isomorphic to some fixed ordinal . Even
the proviso that o 22 is dictated merely by reasons of convenience and
common practice.)

On this basis, an infinite set of derived (or functional) types is ob-
tained by introducing some operation on the set of primitive types, say
the operation ¢ ) of pair formation. More generally, I shall assume that
whenever ¢, and ¢, are any types, primitive or derived, a new derived
type may be formed, which we may identify with the ordered pair

(tl,t2>'

The intuitive idea is to think of such a type as corresponding to those
categories of expressions (functors, in the traditional terminology) that
produce expressions of type #, when combined with expressions of type
t,. Thus, for instance, if 0 and 1 are interpreted as above, then (0,0),
{0,1), {1,0), and (1,1) will be the types of such categories of functors
traditionally referred to as (monadic) Connectives, Subnectives, Predi-
cates, and Operators, respectively; ((0,0),{0,0)), {(0,1),{0,1)), etc., will
be the types of the corresponding (monadic) Modifiers; and so on. Here
are some examples from English:

it is not the case that connective {0,0)

the claim that subnective (0,1)

the husband of operator (1,1)

cries predicate (1,0

is smarter than relational predicate (1,(1,0))
loudly predicate modifier ((1,0),(1,0))

Note indeed that if we introduce derived types by means of a binary
operation, ( ), we can initially speak of “monadic” functors only. How-
ever, this implies no loss of generality, for every functor can eventually
be regarded as a monadic functor of a certain type. The relational predi-
cate ‘is smarter than’ illustrates this point: ‘is smarter than’ is naturally
regarded as a dyadic functor that makes a sentence out of two proper
names (as in ‘Ann is smarter than Bruce’); but it can equally be regarded
as a monadic functor which, when applied to any given proper name
(say ‘Bruce’), produces an expression (‘is smarter than Bruce’) that be-
haves again as a monadic functor: a functor that makes a sentence out of
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a proper name (‘Ann’). We can therefore treat such a relational predicate
as having type (1,(1,0)). Likewise, dyadic connectives, subnectives, op-
erators, etc. may be thought of as having the types (0,(0,0)), (0,{0,1)),
(1,(1,1)), etc. More generally, whenever n> 1 and ¢,,.. ., t,, t,,, are
types, primitive or derived, the type

(tla <t2’ < MR (tm tn+l> v )))

may be used to represent the category of those “n-adic” functors that
combine with n-tuples of expressions of type t,,#,...,1, (in this order)
to produce expressions of type f,,,. In this sense, as long as the second
coordinate of a derived type is allowed to be a derived type itself, it will
appear that our relying on { ) imposes no significant restriction on the
class of possible functors.? The only important thing is that each derived
type be distinct from all primitive types, and that no derived type be
generated in more than one way. (In other words, the set of all types
must be freely generated from the set of primitive types.)

On the intended interpretation, the classification of all types into two
main sorts, individual and functional, reflects of course the traditional
tenet that the linguistic combination of constituents into constitutes
should be regarded not as a concatenation inter pares, but rather as the
result of the application of one constituent upon the other(s). Thus, in
general, two expressions x and y may combine to produce a new ex-
pression z (of a certain type) if and only if x is a functor and y an ex-
pression whose type coincides with the first coordinate of the type of x.
More specifically, the assumption is that the expressions of any lan-

3 The idea goes back to Schonfinkel [1924]. Of course, we could equally well
follow the opposite strategy, allowing for n+2-adic derived types for each ne @ while
requiring their second coordinate to be a basic type. On the intended interpretation,
the equivalence of the two procedures corresponds to the set-theoretic isomorphism
ABXBX.. XBrui = (| ((AB1)B)...)Bn1 (but see infra, note 18). Various authors, follow-
ing in the footsteps of Bar-Hille! [1950], Lambek [1958, 1961], and Geach [1970],
have also considered allowing for greater flexibility in the rules of type assignment or
functional application (see Bach [1984] and Wood [1994] for overviews; see also
Ranta [1994] for extensions obtained by basing the grammar on a constructive type
theory, in the form developed by Martin-L&f [1984]): although such extensions are in
the spirit of further generality, I believe the simpler framework adopted here is suffi-
ciently powerful to induce no dramatic conceptual limitations.
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guage L can be recursively specified on the basis of some assignment of
types to the symbols of .L: for each type ¢, the expressions of .£ will in-
clude a certain (possibly empty) set of expressions of type ¢, and this
will comprise all the symbols initially assigned to ¢ plus all those expres-
sions that result from applying a given structural operation (usually
some form of concatenation or juxtaposition) to pairs of expressions of
type (¢’.t) and ¢’, respectively.

Note that, for the reasons explained above, one only needs a binary
operation to generate expressions in this way.4 Not so obvious perhaps
is the fact that one would not achieve greater generality if one allowed
expressions to be built up by means of many different modes of forma-
tion. For instance, languages involving formal variables or variable-
binders (such as integrals, quantifiers, and the like) seem to run afoul of
this simple apparatus, unless a structural operation of functional ab-
straction is assumed in addition to the operation of functional application
described here.> More generally, it might be suggested that functional
abstraction is needed in order to bring out certain important relations
between different levels of linguistic analysis, for instance, between
deep logical structure and surface realizations.6 I don’t know whether
this is indeed so. But the examples given below will show that one can
go a long way (including dealing with various forms of variable bind-
ing) without such extensions. Thus, also in this respect it will appear
that the present approach—though obviously very simplistic and ideal-
ized—imposes no major restriction on the class of admissible languages.

4 By contrast, if we followed the alternative procedure mentioned in note 3, we
would need an n+2-ary structural operation whenever £ involves “n+2-adic” functors,
at the price of considerable complexities in the overall apparatus.

5 This view can be traced back to Ajdukiewicz [1935], Part 2, and is partly sup-
ported by a result of Bar-Hillel, Gaifman & Shamir [1960} (which says that catego-
rial grammars based exclusively on functional application are equivalent to context-
free phrase-structure grammars). See for instance Marsh & Partee [1987]. For an
overview of the issues, see Jacobson [1996], § 5. Some arguments in support of the
simpler approach advocated here may be found in Varzi [1993].

6 Cresswell [1977] conjectures that all “semantically significant” transforma-
tional derivations might be seen as sequences of lambda-conversions, in the sense of
Church [1940, 1941]. Alternatively, some authors have proposed supplementing
functional application with a set of transformation-like rules: this was the gist of
Lewis [1970] or Partee [1975, 1976].
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Let then T be the set of all types, primitive or derived, built up in
the indicated way:

T = the closure of  under ().

Keeping in mind the intuitive roles described above, the general defini-
tion of a language goes as follows. (I shall first give the definition, and
then illustrate its working with some examples.)

1.1.2. DEFINITION

A language is an ordered triple (s, g, E) satisfying the following general
conditions:

(a) sis a one-one function such that Ds: aa— T for some ordinal o

(b) gis a one-one function such that RgnRs= (and Dg as below);

(c) E is the smallest system of sets closed under the properties: (i) if
(B.t)e Ds, then te DE and s(B,H)e E;; and (ii) if t,t'e DE, xe E,,
ye E,, and t=(¢',t"), then t"e DE and g(x,y)e E,-.

(For definiteness, I shall assume that g is the smallest function satisfy-
ing the stated conditions, i.e., g(x,y) is defined only if g(x,y)e URE by
clause (c).)

It is understood that if L=(s,g,E) is any language, then the ele-
ments of Rs are the symbols of £ and | JRE is the class of all expres-
sions generated from those symbols by repeated application of the struc-
tural operation g. The requirement that s and g be one-one functions is
to avoid ambiguities; combined with the requirement that g be well-
grounded on Rs (i.e., RgnRs=0), this will secure that every expres-
sion of L can be uniquely represented either as a symbol or as a com-
pound of the form g(x,y). In particular, by an £L-symbol of type t (where
te RDs) I shall understand any element xe Rs such that x=s(B,z) for
some Be DDs (such a B will simply be called the alphabetic or ordinal
index of x); and an L-expression of type t (where te DE) will be any
element of E,. Since Ds is a function, this assignment of types to sym-
bols and therefore to expressions is sure to be unique: the sets in the
system E are all pairwise disjoint. (This follows immediately by induc-
tion on the number of applications of g.)




