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PREFACE.

THE more precise definitions and more rigorous methods of
demonstration developed by modern mathematics are looked
. upon by the mass of gymnasium professors as abstruse and
excessively abstract, and accordingly as of importance only
for the small circle of specialists. With a view to counteract-
ing this tendency it gave me pleasure to set forth last summer
in a brief course of lectures before a larger audience than
usual what modern science has to say regarding the possibility
. of elementary geometric constructions. Some time before, I
had had occasion to present a sketch of these lectures in an
Easter vacation course at Gottingen. The audience seemed
to take great interest in them, and this impression has been
confirmed by the experience of the summer semester. I ven-
ture therefore to present a short exposition of my lectures to
the Association for the Advancement of the Teaching of Math-
ematics and the Natural Sciences, for the meeting to be held at
Gottingen. This exposition has been prepared by Oberlehrer
Tagert, of Ems, who attended the vacation course just men-
tioned. He also had at his disposal the lecture notes written
out under my supervision by several of my summer semester
- students. T hope that this unpretending little book may con-
tribute to promote the useful work of the association.

\ : F. KLEIN.
° Gorrineew, Easter, 1895. -



TRANSLATORS PREFACE.

~ Ar the Gottingen meeting of the German Association for
the Advancement of the Teaching of Mathematics and the
Natural Sciences, Professor Felix Klein presented a discus-
sion of the three famous geometric problems of antiquity,
- the duplication of the cube, the trisection of an angle,
and the quadrature of the circle, as viewed in the light of
modern research. ;

This was done with the avowed purpose of bringing the
study of mathematics in the university into closer touch with
he work of the gymnasium. That Professor Klein is likely
succeed in this effort is shown by the favorable reception
orded his lectures by the association, the uniform commen-
ion of the educational journals, and the fact that transla-
ns into French and Italian have already appeared.

he treatment of the subject is elementary, not even a
owledge of the differential and integral calculus being
ired. Among the questions answered are such as these:
er what circumstances is a geometric construction pos-
By what means can it be effected? What are tran-
dental numbers? How can we prove that e and = are
imscendental ?

With the belief that an EnOhSh presentation of so impor-
a work would appeal to many unable to read the original,
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- Professor Klein’s consent to a tra.nslatmn was sought and

readily secured.
In its preparation the authors have also made free use of -
the French translation by Professor J.- Gness, of Algiers,
following its modifications where it seemed advisable.
They desire further to thank Professor Ziwet for assist-
ance in improving the translation and in reading the proofh

sheets.
W. W. BEMAN.

- August, 1897. D. E. SMITH. 2
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WENTWORTH-SMITH MATHEMATICS

TuE Wentworth-Smith mark on a textbook is known to represent
the highest attainment in the art of textbook making. The ability
and experience of the authors combined with their knowledge of
school needs is advance assurance of excellence.

ACADEMIC ALGEBRA. One book

- SCHOOL ALGEBRA. Two books

A one-book or two-book course, constructed on modern lines,
always avoiding extremes.

PLANE AND SOLID GEOMETRY. One-book or two-book course

The best geometry in twenty years, revised by the two leading mathe-
matical textbook writers of the day. Marked for its simplicity of treat-
ment, clearnéss of expression, and symmetry and legibility of page.

TRIGONOMETRY. In four editions
Prane TriconoMETRY. With or without tables
PranE anp SpHERICAL TRIGONOMETRY. With or without tables
TriconoMETRIC AND LoGarrTamic TABLES

A direct and progressive treatment of trigonometry which shows
practical uses wherever possible before the theoretical part of the
subject is introduced.

COMMERCIAL ALGEBRA. Two books

This series by Wentworth, Smith, and Schlauch retains the conven-
tional topics in algebra only in so far as they contribute to the com-
mercial interests of the students. Training and problems are based on
the commercial needs of today:

HIGHER ARITHMETIC

A textbook which may be used in any year of the high school, but
some knowledge of algebra is desirable. It is especially valuable to
prospective teachers and commercial students.

JUNIOR HIGH SCHOOL MATHEMATICS Three books

Arithmetic and, in addition, the principles and everyday applications
of algebrd, geometry, and trigonometry introduced in an informal way
on the basis of intuitional concepts already acquired.
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INTRODUCTION.

Tu1s course of lectures is due to the desire on my part to
bring the study of mathematics in the university into closer
- touch with the needs of the secondary schools. Still it is not
intended for beginners, since the matters under discussion are
treated from a higher standpoint than that of the schoels.
On the other hand, it presupposes but little preliminary work,
only the elements of analysis being required, as, for example,
~in the development of the exponential function into a series.
, ‘We propose to treat of geometrical constructions, and our
5 object will not be so much to find the solution suited to each
- case as to determine the possibility or impossibility of a
- solution.
Three problems, the object of much research in ancient
~ times, will prove to be of special interest. They are

1. The problem of the duplication of the cube (also called
the Delian problem).
2. The trisection of an arbitrary angle.
. The quadrature of the circlegi.e., the construction of ar.

A ‘a.lvl these problems the ancients sought in vain for a
on with straight edge and compasses, and the celebrity
2se problems is due chiefly to the fact that their solution _

In fact, we propose to show that a solution by the use of
edge and compasses is impossible. J

~
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: The impossibility of the solution of the third problem was
demonstrated only very recently. That of the first and second
is implicitly involved in the Galois theory as presented to-day

* in treatises on higher algebra. On the other hand, we find

no explicit demonstration in elementary form unless it be in
Petersen’s text-books, works which are also noteworthy in
other respects. o

At the outset we must insist upon the difference between
practical and theoretical constructions. For example, if we
need a divided circle as a measuring instrument, we construct
it simply on trial. Theoretically, in earlier times, it was
possible (i.e., by the use of straight edge and compasses) only
to divide the circle into a number of parts represented by
27, 8, and 5, and their products. Gauss added other cases
by showing the possibility of the division into parts where
p is a prime number of the form p=2% 41, and the impos-
sibility for all other numbers. No practical advantage is
derived from these results; the significance of Gauss’s de-
velopments is purely theoretical. The same is true of all the
discussions of the present course.

Our fundamental problem may be stated : What geometrical
constructions are, and what are not, theoretically possible? To
define sharply the meaning of the word ¢construction,” we
must designate the instruments which we propose to use in
each case. We shall consider

\ 1. Straight edge and compasses,
.2. Compasses alone,
3. Straight edge alone,
4. Other instruments used in connection with straight edge
and compasses.

The singular thing is that elementary geometry furnishes
no answer to the question. We must fall back upon algebra
and the higher analysis. The question then arises: How
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shall we use the language of these sciences to express the
employment of straight edge and compasses? This new
method of attack is rendered necessary because elementary
geometry possesses no general method, no algorithm, as do
the last two sciences.

In analysis we have first rational operations: addition,
subtraction, multiplication, and division. These operations
can be directly effected geometrically upon two given seg-
ments by the aid of proportions, if, in the case of multiplica-
tion and division, we introduce an auxiliary unit-segment.

Further, there are #rrational operations, subdivided into
algebraic and transcendental. The simplest algebraic opera-
tions are the extraction of square and higher roots, and the
solution of algebraic equations not solvable by radicals, such
as those of the fifth and higher degrees. As we know how to
construct Vab, rational operations in general, and irrational
operations involving only square roots, can be constructed.
On the other hand, every individual geometrical construction
which can be reduced to the intersection of two straight
- lines, a straight line and a circle, or two circles, is equivalent
5\ to a rational operation or the extraction of a square root. In
- the higher irrational operations the construction is therefore
impossible, unless we can find a way of effecting it by the aid
of square roots. In all these constructions it is obvious that
the number of operations must be limited.

We may therefore state the following fundamental theorem :
The necessary and sufficient condition that an analytic expres-
- sion can be constructed with straight edge and compasses is that
it can be derived from the known quantztws by a finite number
- of rational operations and square roots.

Accordingly, if we wish to show that a quantity cannot be
constructed with straight edge and compasses, we must prove
~ that the corresponding equation is not solvable by a finite
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A fortiori the solution is impossible when the problem
has mo corresponding algebraic equation. An expression
which satisfies no algebraic equation is called a transcenden-

_ tal number. This case occurs, as we shall show, with the
number .




PARY 1

THE POSSIBILITY OF THE CONSTRUCTION OF ALGEBRAIC
EXPRESSIONS.

CHAPTER 1.

Algebraic HEquations Solvable by Square Roots.

The following propositions taken from the theory of alge-
braic equations are probably known to the reader, yet to
secure greater clearness of view we shall give brief demon-
strations.

If x, the quantity to be constructed, depends only wpon rational
- expressions and square roots, it is a root of an irreducible equa-
tion f (x) =0, whose degree is always a power of 2.

1. To get a clear idea of the structure of the quantlty X
suppose it, e.g., of the form

i—l—\/e-{—ef-}—\/d—l—\/b_i_p—l—\/—
va+ /b r

.~ where a, b, ¢, d, e, f, p, g, r are rational expressions.

- 2. The number of radicals one over another oceurring in
- any term of x is called the order of the term ; the preceding
i expressmn contains terms of orders 0, 1, 2.

' f-_ 8. Let p designate the maximum order, so that no term
-f - can haye more than u radicals one over another,



