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PREFACE

This book is a result of the author’s activity in teaching conduction, with an
added element of mass transfer. It provides a suitable text in conduction heat
transfer and aiso includes much material concerning many kinds of mass
diffusion processes. It demonstrates heat conduction and mass diffusion pro-
cesses in terms of many and diverse engineering applications. Many excellent
books have concerned the fundamental aspects of both conduction mechanisms
and analysis. There are also a number of books which principally concern mass
diffusion. These also include good coverage of additional and more diverse
fundamental mechanisms which commonly arise in mass diffusion. A principal
purpose here is to link analysis, application, and heat and mass diffusion.

Heat conduction and mass diffusion are very closely interrelated in both
applied science and in technology. Many of the physical processes and method-
ologies are very similar. Their consideration together is well known to be an
effective teaching strategy. The appropriate rate laws are often similar. Many
direct analogies are commonly used in calculating transport. Considering heat
and mass transfer together is an economy. It is also an advantage for students
whose work will span these fields.

This book brings heat conduction and mass diffusion into a common
treatment. The level is appropriate for a first advanced course. The total
content of this book is beyond coverage in a single course. Choices are to be
made in terms of the objectives of the particular instructor.

Both the content and presentations in this book are often different than
common in past texts. Several objectives are followed throughout. A most
important matter is a careful description of the physics of the many fundamen-
tal processes. For example, diffusion mechanisms are discussed in detail, in
terms of the constituent microscopic processes.

Most solutions demonstrated here were chosen as characteristic of differ-
ent applications. The separation of variables, the Laplace transform, and the
Duhamel methods are given, along with some particularly useful solutions. Most
graduate students are receiving instruction in applied mathematics. Therefore,
the amount of such analysis, and the number of solutions, are considerably
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xviii PREFACE

reduced here. This has made possible a broader representation of the diverse
mechanisms and processes which are of increasing importance in our field.
Abundant references also are given to the more specialized treatments available
in many other excellent books and in the literature.

This book includes useful coverage of many typical and currently impor-
tant processes and applications. Examples are composite materials, composite
insulation, contact resistance, catalysis, moving sources, phase fronts, noncontin-
uum diffusion, effects of thermal stress, and shape factors. Combined and
simultaneous processes of heat and mass diffusion, such as in transpiration
cooling and porous region drying, are also treated.

Chapters 3, 4, and 5 concern steady-state and single and multidimensional
unsteady-state processes. The results are commonly in terms of heat conduction
bounding conditions, since many of the mechanisms do not have simple or
direct mass diffusion analogs. Examples are contact resistance, moving phase
fronts and moving sources.

The simplest treatments of the numerical methods used to generate
approximate solutions are given in Chaps. 3, 4, and 5. These apply, in turn, to
multidimensional steady-state, one-dimensional transients, and multidimen-
sional transient processes. This divided treatment is used to emphasize the
several distinct aspects of numerical modeling. Section 3.9 concerns the subdivi-
sion of a continuous region into the numerical simulation of regular boundary
conditions, in steady state. Section 4.9 is the first consideration of the numerical
simulation of an evolving transient response, including questions of calculational
stability. Section 5.3 then combines these concepts, for multidimensional tran-
sients. Other numerical formulations and methodologies are thereafter consid-
ered in more detail in Chap. 9. Depending on the objectives of the instructor,
and the previous preparation of the students, the material in Secs. 3.9, 4.9, and
5.3 may serve only as an initial review of some of the basic aspects of numerical
representation.

Chapter 6 concerns many important mass diffusion mechanisms and pro-
cesses which do not have very common or direct analogs in heat conduction.
Section 6.1 concerns the equation transformations characteristic of mass diffu-
sion, the concept of porous region permeability and the fundamental diffusion
mechanisms of chemical species in gases, liquids, and solids. Section 6.2 exam-
ines the effects of changing mass diffusivity, D, over a region, due to its
sensitivity to both local concentration and to region inhomogeneity. Section 6.3
treats transients, variable diffusivity, surface processes, and the measurement of
diffusivity. Section 6.4 concerns interfaces and moving boundaries, in terms of
surface region processes, such as surface oxidation layers and moving locations,
or fronts, of abruptly changing diffusivity. Section 6.5 concerns distributed
internal chemical reactions. Both chemically irreversible and reversible reac-
tions are analyzed, to determine sorption and desorption rates. Section 6.6
concerns several kinds of combined heat transfer and mass diffusion mecha-
nisms. These include the frequent thermal effects of internal species adsorption,
chemical species diffusion in a flame front and the transpiration cooling of a hot
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surface. Non-Fickian transport, due to both noncontinuum and to surface-dif-
fusion effects, is also analyzed.

The formulations and analyses in this book do not include either the Soret
or Dufour effects. The Soret effect is the concentration gradient which some-
times arises from an imposed temperature gradient, as in saline water. The
Soret effect would then cause saline diffusion. The Dufour effect is the inverse
kind of process, thermal diffusion arising from an imposed concentration
gradient. Similar simpler kinds of coupled processes arise in the mechanisms
discussed in Sec. 6.6.

Chapter 7 concerns composite regions. Thermal transport contact resis-
tance is quantified in detail, in recognition of its importance in many and
diverse applications. It is also a good physical example of the interaction of
parallel and series processes. The conductivity mechanisms of composite materi-
als are discussed. The last section concerns composite insulation, and superinsu-
lation in particular.

Chapter 8 is related to a group of important conduction-mediated applica-
tions. Extended surface heat transfer is treated in Sec. 8.2. Section 8.3 concerns
welding, in terms of the internal conduction responses to concentrated moving
energy sources. Thermal stresses, which arise in many processes, are also
considered for several simple examples, in Sec. 8.4. Section 8.5 concerns the
average heat conduction rate in randomly disturbed conduction environments.
Section 8.6 concerns fluid flows in which the convection transport field is
actually analyzed as a purely conductive process. The examples are liquid films
and internal flows.

The treatment of numerical analysis in Chap. 9 presumes the background
given in Secs. 3.9, 4.9, and 5.3. Section 9.1 contrasts the finite difference and
finite element methods. Then finite difference formulations are given, in Sec.
9.2, along with the resulting errors due to truncation, discretization, and
round-off. Examples of general higher-order estimates are also given. Section
9.3 concerns truncation errors and considerations of stability in transients.
Common numerical methods are summarized. Section 9.4 treats important
additional aspects of calculation techniques, including numerical iteration and
the treatment of irregular boundaries. Section 9.5 concerns the effects of
variable properties. Section 9.6 formulates the finite-element method of numeri-
cal analysis and gives a simple example.

This book covers a relatively wide diversity of heat and mass transfer
processes, over a broad range of applications. The objective is to bring these
considerations together in a consistent way, in a book of reasonable size. On the
other hand, this material includes the treatment of many important mechanisms
not commonly treated in text material concerning the heat and mass transfer
mechanisms. Examples include moving phase interfaces, contact resistance,
cryogenic insulation, composites, chemical processes, thermal stress, and ran-
dom conduction effects.

The result here has been that the coverage of some commonly important
matters is less detailed. One example is the material concerning finite-difference
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and finite-element implementation, in Chap. 9. Another is the relatively smaller
scope given to classical analytical solution techniques. However, these treat-
ments, along with many others, are widely available in the other literature
referenced here.

A large number of problems are given. These cover most aspects of the
material in the book. Appendix A gives conversion factors. Appendixes B, C,
and D concern thermal properties, and E tabulates mass diffusivities for gases,
liquids, and solids. Appendixes F, G, and H concern the error function, Laplace
transform pairs, and piping and tubing dimensions. Both English and SI units
are used in this book, since practice continues to indicate that the wide use of
both systems is a continuing reality in our field.

McGraw-Hill and the author would like to thank the following reviewers
for their many helpful comments and suggestions: Douglas Baines, University of
Toronto; Christopher Beckermann, University of Iowa; Ralph Greif, University
of California—Berkeley; Yogesh Jaluria, Rutgers—The State University of New
Jersey; David Lilley, Oklahoma State University; John Lloyd, Michigan State
University; Richard Pletcher, Iowa State University; and J. R. Thomas, Virginia
Polytechnic Institute.

Benjamin Gebhart



CONTENTS

Preface

Introduction

1.1

1.2

1.3

14

Diffusion Processes in Solids

1.1.1 Heat Conduction and Thermal Conductivity
1.1.2 Thermal Conduction Mechanisms
1.1.3 Mass Diffusion and Diffusivity

Heat Conduction Equations

1.2.1 The Conduction Equation

1.2.2 Simpler Forms

1.2.3 Transformations

1.2.4 Other Coordinates

Mass Diffusion Equations

1.3.1 The Diffusion Coefficient

1.3.2 The Mass Diffusion Equation

1.3.3 Distributed Sources and Sinks

1.3.4 Equation Transformations
Bounding Conditions and Analysis

1.4.1 Temperature Boundary Conditions
1.4.2 Concentration Boundary Conditions
1.4.3 Initial Conditions

1.4.4 Subsequent Analysis

1.4.5 Similarity Analysis

Problems
References

Steady-State Processes in One Dimension

21

Plane, Cylindrical, and Spherical Regions

2.1.1 The Differential Equations

2.1.2  Uniform Conductivity and Diffusivity

2.1.3 Composite Regions

2.1.4 Contact Resistance

2.1.5 Infinite-Region One-Dimensional Conduction

W NN =

11

18
19
21
22
23
24
26
28
29
30
35
36
36
37
40
41

43
43
43
45
48
51
56

ix



X CONTENTS

22

23
2.4

25

Variable Conductivity

2.2.1 Temperature-Dependent Conductivity

2.2.2 Location-Dependent Conductivity

2.2.3 Temperature-Center and Location-Dependent
Conductivity

Variable Conductivity

Internal Energy Generation

2.4.1 A Uniform Internal Distributed Energy Source, g"”

2.4.2 Spatially Varying Distributed Internal Energy Sources, ¢”

2.43 Temperature-Dependent Energy Generation, g (¢)

2.4.4 Conductivity and Source Strength Both Variable
with Temperature and Location

Mass Transfer in One Dimension

Problems
References

3 Steady-State Processes in Several Dimensions

3.1

32

33

3.4
35

3.6

3.7

3.8
3.9

Methods of Analysis

3.1.1 Steady-State Processes and Example Solutions

3.1.2 Separation of Variables for Rectangular, Cylindrical,
and Spherical Regions

Rectangular Regions

3.2.1 Thin Strips

3.2.2 Long Rectangular Rods

3.2.3 Rectangular Paralielepipeds

Cylindrical Regions

3.3.1 Short Cylinders

3.3.2 Circumferential Temperature Variation

3.3.3 A Disk-Shaped Input Condition at a Region Boundary

Spherical Regions

Conduction Shape Factors

3.5.1 Shape Factor Formulation

3.5.2 Some Shape Factor Solutions

3.5.3 Other Shape Factor Information

Distributed Energy Sources

3.6.1 Multidimensional Distributed Energy Sources

3.6.2 Flat Plate with Surface Convection

Variable and Directional Conductivity and Diffusivity

3.7.1 Temperature-Dependent Conductivity

3.7.2 Conduction in an Orthotropic Region

Contact Resistance in Multidimensional Regions

Numerical Modeling of Steady-State Processes

3.9.1 The Finite-Difference Equations

3.9.2 The Relaxation Method

3.9.3 Temperature-Dependent and Orthotropic Conductivity

3.9.4 Numerical Modeling of Contact Resistance

3.9.5 Numerical Formulation of Surface Conditions

Problems
References

58
58
61

64
66
68
69
73
75

81
82
86
91

93

93
95

101
104
104
107
114
116
116
119
119
121
123
125
127
132
133
134
138
139
140
141
142
143
144
151
155
157
159
164
172



4 Unsteady Processes in One Dimension

4.1

4.2

43

4.4

45

4.6

4.7

4.8

4.9

Methods of Analysis

4.1.1 Separation of Variables

4.1.2 Laplace Transformations

Transients in Plane Regions

4.2.1 Transients in Plane Layers

4.2.2 Convection at Both Surfaces of a Plane Layer

4.2.3 Transients in Half-Infinite and Infinite Regions

4.2.4 A Distributed Source in a Plane Layer

Transients in Cylindrical and Spherical Regions

4.3.1 Cylindrical Regions with Temperature Conditions

4.3.2 Spherical Regions with Temperature Conditions

4.3.3 Surface Convection Conditions

Periodic Processes

4.4.1 Periodics in a Half-Infinite Region

44.2 A Periodic in a Plane Layer

Transients in Interacting Conduction Regions

4.5.1 The Effect of a Surface Layer

4.5.2 Composite Barrier Transients

Freezing and Melting Fronts

4.6.1 One Region of Temperature Gradient during Phase
Change

4.6.2 Temperature Gradients in Both Phases

4.6.3 Additional Considerations

Moving Sources

The Integral Method Approximation

4.8.1 The Formulation

4.8.2 Results in Semiinfinite Regions

Numerical Methods in Unsteady Processes

4.9.1 Numerical Formulations

4.9.2 Explicit-Method Results

4.9.3 The Implicit Method

4.9.4 Surface Conditions in Numerical Form

Problems
References

§ Multidimensional Time-Dependent Processes

51

52

5.3

Methods of Analysis

5.1.1 Multidimensional Product Solutions

5.1.2 Several General Methods

Other Multidimensional Transients

5.2.1 Rectangular Region Transients

5.2.2 Cylindrical Region Transients

Numerical Methods in Multidimensional Transients

5.3.1 Numerical Stability in Purely Conductive Processes
5.3.2 Surface Point Equations

5.3.3 Stability Limits

Problems
References

CONTENTS

xi

173

173
175
177
181
182
184
190
201
204
204
206
208
215
216
220
222
224
224
228

231
234
236
237
241
241
244
248
249
252
257
258
259
273

274

274
276
281
286
286
289
292
293
295
297
299
303



xii coNTENTS

6 Other Mass Diffusion Processes

6.1

6.2

6.3

6.4

6.5

6.6

Mass Diffusion Mechanisms

6.1.1 Variable Diffusivity and Transformations

6.1.2 Permeable Regions

6.1.3 Heat Conduction and Mass Diffusion Analogies

6.1.4 Diffusivity Mechanisms

Variable Diffusion Coefficients in Steady State

6.2.1 Concentration-Dependent Diffusivity

6.2.2 Location-Dependent Diffusivity

6.2.3 Diffusivity Dependent on Both Concentration
and Location

Transient Mass Diffusion in Plane Layers

6.3.1 Transients with Diffusivity Constant and Uniform

6.3.2 Concentration-Dependent Diffusivity

6.3.3 Some Additional Mechanisms

Interfaces and Moving Boundaries

6.4.1 Concentrated Effects as Moving Boundaries

6.4.2 Other Heterogeneous Effects

Some Effects of Chemical Reactions

6.5.1 Reaction Mechanisms

6.5.2 Irreversible Reactions

6.5.3 Reversible Reactions

Interacting Diffusion and Conduction, and Other Effects

6.6.1 Coupled Heat and Mass Diffusion

6.6.2 Diffusion-Controlled Reactions

6.6.3 Transpiration Cooling

6.6.4 Non-Fickian Diffusion in Porous Media

Problems
References

7 Composite Transport Regions

71
7.2

73

7.4

15

Mechanisms

Contact Resistance Processes

7.2.1 The Components of Contact Resistance
7.2.2 Characteristics of Contact Regions
Analysis of Contact Resistance

7.3.1 The Contact Region Resistance Model
7.3.2 Roughness and Deformation

7.3.3 Constriction Resistance

7.3.4 Gap Region Heat Transfer and Other Effects
Composite Materials

7.4.1 General Considerations

7.4.2 Small Inclusions

7.4.3 Other Geometries and Considerations
Insulation

7.5.1 Insulation performance

7.5.2 Heat Transfer Mechanisms in Insulation

305

305
307
309
311
312
316
317
323

325
326
327
333
342
347
349
353
359
359
360
363
367
369
373
375
378
391
397

399

399
401
402
405
406
407
408
412
419
426
426
428
432
436
438
440



CONTENTS

7.5.3 Heat Transfer Components across a Multilayer Barrier
7.5.4 Multilayer Overall Heat Transfer

Problems

References

Other Applications
8.1 Introduction
8.2 Fins and Extended Surfaces
8.2.1 Fin Performance Measures
8.2.2 A Fin of Uniform Cross Section
8.2.3 Radiation and Other Effects at High Temperatures
8.2.4 Tapered Fins
8.2.5 Bond or Contact Resistance
8.3 Concentrated Moving Sources
8.3.1 Quasi-Static Analysis
8.3.2 A Uniform Moving Line Source
8.3.3 A Moving Point Source
8.4 Thermal Stresses
8.4.1 Thermal Stress in a Plane Region
8.4.2 Stresses in Radial Geometries
8.5 Diffusion Subject to Random Disturbances and Effects
8.5.1 The Formulation for a Surface in a Fluid
8.5.2 Calculated Heat Conduction during a Time Interval
8.5.3 Calculation of the Nusselt Number
8.5.4 The Effect of Random Events on Condensate Films
8.5.5 Summary
8.6 Conduction Models of Convection
8.6.1 Laminar Films
8.6.2 Flow Between Parallel Surfaces
8.6.3 Flow in Circular Passages
Problems
References

Numerical Analysis
9.1 Numerical Procedures
9.1.1 The Finite-Difference Representation
9.1.2 The Finite-Element Representation
9.1.3 The Use of the Methods
9.2 Finite-Difference Methods
9.2.1 First-Order Estimates of Derivatives
9.2.2 Cylindrical and Spherical Regions
9.2.3 Truncation Errors in Cartesian Coordinates
9.24 Approximations, Errors, Convergence, and Stability
9.2.5 Other and Higher-Order Estimates
9.3 Transient Processes
9.3.1 Total Truncation Error
9.3.2 Stability in Transients

xiii

441
447
451
454

457
457
459
459
462
468
471
472
473
474
475
477
478
480
483
487
488
490
493
495
496
497
499
504
509
515
519

522

522
523
524
524
525
525
528
530
531
533
538
538
539



XiV  CONTENTS

9.3.3 Other Explicit and Implicit Formulations 541
9.3.4 Summary 544
9.4 Other Aspects of Finite Differences 545
9.4.1 Calculations for Steady State 546
9.4.2 Conditions at Other Kinds of Boundaries 548
9.5 Variable Physical Properties 552
9.5.1 Numerical Procedures 553
9.5.2 A transformation for a Semiinfinite Solid 556
9.6 The Finite-Element Method 557
9.6.1 Finite-Element Formulation 558
9.6.2 Steady-State Conduction 562
Problems 568
References 572
Appendixes 575
A Conversion Factors 575
A.1  SI to Other Units 575
A.2  English to Metric Units 576
A.3 Heat Flux, ¢” 576
A.4 Heat Transfer Coeflicient, A 577
A.5 Thermal Conductivity, & 577
A.6  Viscosity, p 577
A.7 Kinematic Viscosity, v 578
B  Properties of Solids 579
B.1  Structural and Insulating Materials 580
B.2  Other Materials 584
B.3  Metals 586
B.4  Some Nonmetallic Solids 589
B.5 Thermal Properties of Several Glass Products 590
B.6  Thermal Conductivity of Metals at Cryogenic
Temperatures 591
B.7  Properties of Cryogenic Insulation 593
C  Properties of Liquids 595
C.1  Pure Water at Atmospheric Pressure 595
C.2  Other Common Liquids 596
C3 Liquid Metals 597
D  Properties of Gases and Vapors 599
D.1  Air in SI Units 599
D.2  Air in English Units 602
D.3  Other Gases and Vapors 605
D.4  Properties of Steam 607
E Diffusivities of Chemical Species 608
E.1 The Temperature Dependence of Water Vapor Diffusion
into Air 608
E.2  Gases and Vapors into Air 609
E.3  Measured Diffusion Coefficients in Gases at 1 atm 610

E.4 Diffusion of Solutes into Dilute Water Solutions at 20°C 612



CONTENTS

E.5 Diffusion Coefficients at Infinite Dilution in Water
at 25°C
E.6  Diffusion Coefficients at Infinite Dilution in Nonaqueous
Solutions, at 25°C Unless Indicated Otherwise
E.7  Solid-State Diffusion Coefficients
F  The Error Function
G Laplace Transform Pairs
H Standard Dimensions of Pipes and Tubing

Author Index
Subject Index

XV

613

614
615
616
618
621

623
627



CHAPTER

INTRODUCTION

1.1 DIFFUSION PROCESSES IN SOLIDS

The study of heat and mass transport continues to be an increasingly intense
concern in technology and in the earth sciences. In every field concerned with
energy production and exchanges, the need to understand, to predict, and to
optimize has led to increasingly detailed study of how thermal energy and
chemical species are carried, distributed, and diffused in and by material.

This book concerns the rate of heat and chemical species diffusion
through materials, by the mechanism called conduction or diffusion. This is
idealized as a stationary region of material through which heat or chemical
species diffuse. A common example of heat conduction is heating an object in
an oven or furnace. The material remains stationary throughout, neglecting
thermal expansion, as the heat diffuses inward to increase its temperature. A
comparable chemical species diffusion process arises when a dry fibrous mate-
rial is placed in a humid environment, to increase the water content of the fibers
by inward vapor diffusion.

The common feature of both kinds of processes is that both the thermal
and the mass diffusion often take place without an important effect on the
configuration or volume of the material through which the diffusion occurs.
These are simple conduction modes. However, there are many other transport
processes in which both thermal and mass diffusion arise, wherein the material
is flowing or in relative motion. These are convection processes. These are
covered by the formulations developed here only for flow processes in which the
motion does not influence the thermal or mass diffusion. This sometimes occurs
when the flow is essentially parallel and also normal to the imposed gradient of

1



2 HEAT CONDUCTION AND MASS DIFFUSION

temperature or concentration. Then the motion may not affect the diffusion
process.

1.1.1 Heat Conduction and Thermal
Conductivity

The rate of heat conduction through a material may be proportional to the
temperature difference across the material and to the area perpendicular to
heat flow and inversely proportional to the length of the path of heat flow
between the two temperature levels. This dependence was established by
Fourier and is analogous to the relation for the conduction of electricity, called
Ohm’s law. The constant of proportionality in Fourier’s law, denoted by k, is
called the thermal conductivity. It is a property of the conducting material and
of its state. With the notation indicated in Fig. 1.1.1, Fourier’s law is

kA
a=—1(t~1) (1.1.1)

where kA /L is called the conductance of the geometry.

The thermal conductivity k, which is analogous to elcctrical conductivity,
is a property of the material. It is equivalent to the rate of heat transfer between
opposite faces of a unit cube of the material which are maintained at tempera-
tures differing by 1°. In engineering units in the English system, k is expressed
in

Btu

—— — — Btu/hrft °F
e F R o/

in SI units, & is expressed as W/m? K/m, or W/m K.

.12

FIGURE 1.1.1
'<— One-dimensional steady-state heat
1

conduction.



