Complex
Analysis 2

Riemann Surfaces, Several Complex
Variables, Abelian Functions, -
Higher Modular Functions

B2

Z LR E S )
www.wpcbj.com.cn

Springer .



Eberhard Freitag

Complex Analysis 2

Riemann Surfaces, Several Complex Variables,
Abelian Functions, Higher Modular Functions

-
127

U S R T
CERYNTARRE

""_ —j\ _’3‘_?'4. i
;}ﬁ 4'3 A
b

@_ Springer



‘EYErhdid Freitdg”

Universit4t Heidelberg
Mathematisches Institut

Im Neuenheimer Feld 288
69120 Heidelberg

Germany
freitag@mathi.uni-heidelberg.de

Editorial board:

Sheldon Axler, San Francisco State University

Vincenzo Capasso, Universita degli Studi di Milano
Carles Casacuberta, Universitat de Barcelona

Angus J. MacIntyre, Queen Mary, University of London
Kenneth Ribet, University of California, Berkeley

Claude Sabbah, CNRS, Ecole Polytechnique

Endre Silli, University of Oxford

Wojbor A. Woyczynski, Case Western Reserve University

ISSN 0172-5939 ISSN 2191-6675 (eBook)

ISBN 978-3-642-20553-8 ISBN 978-3-642-20554-5 (eBook)
DOI 10.1007/978-3-642-20554-5

Springer Heidelberg Dordrecht London New York

Library of Congress Control Number: 2011930840
Mathematics Subject Classification (2010): 30, 31, 32

© Springer-Verlag Berlin Heidelberg 2011

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting,
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication or
parts thereof is permitted only under the provisions of the German Copyright Law of September 9, 1965, in
its current version, and permission for use must always be obtained from Springer. Violations are liable to
prosecution under the German Copyright Law.

The use of general descriptive names, registered names, trademarks, etc. in this publication does not imply,
even in the absence of a specific statement, that such names are exempt from the relevant protective laws and
regulations and therefore free for general use.

Reprint from English language edition:

Complex Analysis 2

by Eberhard Freitag

Copyright © Springer Berlin Heidelberg 2011

Springer Berlin Heidelberg is a part of Springer Science+Business Media

All Rights Reserved )

This reprint has been authorized by Springer Science & Business Media for distribution in China
Mainland only and not for export therefrom.



EBER%E (CIP) iR

43T 2 = Complex Analysis 2. 3L/ () FpiERE (Freitag, E. ) 3.
—HEHA . . HHFREBHRARILRAR, 2015.6
ISBN 978 -7 —5100 -9792 -8

1.0%- 1I.0O%- I OEH4HH—KL N.D0174.5

P E A B 45 6R CIP Bt (2015) 58 121010 5

Complex Analysis 2

52
= # . Eberhard Freitag
BEHE: X B EAHE
Fhigit: EEm
HARZAT: A B RARIERAF
M bk dEET RSN R 137 5
BB %: 100010
;2 i%: 010 —64038355 (&47) 64015580 (F&R) 64033507 (fashm=)
7| ik http://www. wpchj. com. cn
HB #: wpchjst@ vip. 163. com
& RS
B Rl =W EENFSAERAR
Fr Z&: 711mm %1245 mm 1/24
Ep g, 22
=P ¥, 422.4 T
i W: 2015487 A% 1R 2015 427 A5 1 ERRI
RRAR 8 : 01 -2015 - 2531
ISBN 978 —7 - 5100 -9792 -8 Efr: 79.00 7T

AR BELR
(wRAPEREFM, HEATMEBAERTHKRAR)



e, B B 5E #EPDFIE V7 0] ;. www. ertongbook. com



Universitext

For other titles published in this series, go to
www.springer.com/series/223






for Hella






Introduction

This book is intended for readers who are familiar with the basics of elementary
complex function theory, i.e. the topics that are usually covered in an intro-
ductory course on the theory of complex functions. Additionally, it would be
useful for the reader to be familiar with the theory of elliptic functions and the
theory of elliptic modular functions. These theories were treated in detail in
the textbook Complex Analysis by Rolf Busam and the present author ([FB|
in the reference list of the present book). There will be many cross-references
to that book.

The goal of this book is to outline the new epoch of classical complez analy-
sis, which was shaped decisively by Riemann. More than a half of this volume,
Chaps. I-IV, is devoted to the theory of Riemann surfaces.

The theory of Riemann surfaces provides a new foundation for complex
analysis on a higher level. As in elementary complex analysis, the subject
matter is analytic functions. But the notion of an analytic function will have
now a broader meaning. The domains of definition are not exclusively open
parts of the complex plane or the Riemann sphere, but more general surfaces.
Such functions automatically come up when one wants to describe an a priori
multivalued function such as f(z) = V2% + 1 completely by a single-valued
function. The natural domain of definition of this function f will turn out to
be a twofold covering of the sphere which has the shape of a torus.

This example shows in outline that, in the theory of Riemann surfaces, we
have to struggle with topological problems. The notion of “topology” here has
a double meaning.

First, in the present-day mathematical world, topology is a universal lin-
guistic tool for addressing questions of convergence in a context that is as broad
as possible. This purpose is served by the notion of a topological space and de-
rived notions such as “open set”, “closed set”, “neighborhood”, “continuity”,
“convergence”, and “compactness”, just to give a few important examples,
similarly to set theory, which is also a universally valid linguistic tool in math-
ematics. Readers of the first volume of our book have probably gained more
mathematical experience in the meantime, so we can assume that they are fa-
miliar with the language of topological spaces. For the sake of completeness,
we nevertheless introduce the fundamental terms of this language in an intro-
ductory section (I.0). This contains, very briefly, all of what we need. Most of
the simple proofs will be skipped.
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A second aspect of topology is that it is a mathematical discipline for in-
vestigating nontrivial geometric problems. For example, it is an important
geometric fact that every compact, orientable surface is homeomorphic to a
sphere with p handles. The number p is a topological invariant of the sur-
face which determines its topological type. Topological theorems of significant
mathematical substance will be derived completely in this book. Besides the
topological classification of compact oriented surfaces, we shall also give an
outline of covering theory. In particular, the universal covering and its relation
to the fundamental group will be treated.

By the way, the development of topology was related to the fact that it is
advantageous in the theory of Riemann surfaces, as well as providing a linguistic
tool and means to attack serious geometric problems in the theory.

One of the main achievements of the theory of Riemann surfaces was that it
enabled a proof of the Jacobi inversion theorem and, moreover, opened a deep
understanding of it. We shall give a complete proof of the inversion theorem
in this volume.

In a similar way to that in which meromorphic functions with two indepen-
dent periods, called elliptic functions, arise in the inversion of elliptic integrals,
we shall be led to meromorphic functions of several complex variables z1,. .. zp
with 2p independent periods. Such functions are called abelian functions.

The inversion theorem is the prelude to a new mathematical development.
It is necessary now to fix the notion of a meromorphic function of several
complex variables. So, we are forced to establish a theory of complex functions
of several variables. We can then introduce the notion of an abelian function
and develop a theory of them which generalizes the theory of elliptic functions.
One of the main results of this theory is that the field of abelian functions
is finitely generated. It is an algebraic function field of transcendental degree
m < p. Unlike the case p = 1, we can have m = p in the case p > 1 only under
very restrictive conditions. The Riemann period relations must hold. These
relations are satisfied for the abelian functions which arise from the inversion
of abelian integrals. It is not only for this reason that the case m = p is the
most interesting one.

By studying the manifold of all lattices L C C, we are led to the elliptic
modular functions. In the same manner, abelian functions lead us to a theory
of modular functions of several complez variables. In the last chapter of this
book, we give an introduction to this theory, which has been kept as simple as
possible but nevertheless leads to quite deep results.

Therefore this book is a continuation of [FB| on a higher level. The usual
Cauchy—Weierstrass theory of complex functions corresponds to the theory of
Riemann surfaces and to the foundation of some basics of the theory of com-
plex functions of several complex variables. The theory of elliptic functions is
replaced by the theory of abelian functions, and the theory of elliptic modular
functions by the theory of Siegel’s modular functions.
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We have tried to proceed in as elementary a way as possible, to give com-
plete proofs and to develop all that is needed. Even small excursions into
algebra to develop the necessary algebraic tools are included.

It is a great pleasure for me to thank the co-author of the first volume, Rolf
Busam, for his help with the figures and with the general foundations of the
theory.
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