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Preface

The theory of operator algebras in a Hilbert space was initiated by von
Neumann [126] in 1929. In the introduction to the paper [119] in 1936,
Murray and von Neumann stated that the theory seems to be important
for the formal calculus with operator-rings, the unitary representation
theory of groups, a quantum mechanical formalism and abstract ring
theory. These predictions have been completely verified. Furthermore
the theory of operator algebras is now becoming a common tool in a
number of fields of mathematics and theoretical physics beyond those
mentioned by Murray and von Neumann. This is perhaps to be expected,
since an operator algebra is an especially well-behaved infinite-dimen-
sional generalization of a matrix algebra. Therefore one can confidently
predict that the active involvement of operator algebra theory in various
fields of mathematics and theoretical physics will continue for a long
time.

Another application of the theory is to the study of a single operator
in a Hilbert space (see, for example, [99]). Nowadays we may add
further the theory of singular integral operators and K-theory as other
applications. Such diversifications of the theory of operator algebras
have already made a unified text book concerning the theory virtually
impossible. Therefore I have no intention of giving a complete coverage
of the subject. I will rather take a somewhat personal stand on the selec-
tion of material—i. €., the selection is concentrated heavily on the topics
with which 1 have been more or less concerned (needless to say, there
are many other very important contributors to those topics. The reader
will find the names of authors who have made remarkable contributions
to those discussed in the concluding remarks of each section). Con-
sequently parts of the book tend to be somewhat monographic in char-
acter.

Let me explain briefly about the contents. There are essentially two
different ways of studying the operator *-algebras in Hilbert spaces. The
first alternative is to assume that the algebra is weakly closed (called a
W*-algebra). These algebras are also called Rings of operators, and more
recently, von Neumann algebras.
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The earliest study along this line is due to von Neumann in 1929.
In a series of five memoirs beginning with [119], Murray and von Neu-
mann laid the foundation for the theory of W*-algebras. Virtually all
of the later work on these algebras is based directly or indirectly on
their pioneering work.

We call a W*-algebra a factor if its center is just the complex numbers.
Murray and von Neumann concentrated most of their attention on
factors. However, von Neumann [132] obtained a reduction theory by
which the study of a general W*-algebra may be to a large extent reduced
to the case of a factor. At the same time a number of authors have pushed
through the major portions of a global theory for general W*-algebras
(the reader may find a long list of papers by many authors in the biblio-
graphy in [37]).

The second alternative is to assume only that the algebra is uniformly
closed (called a C*-algebra). The earliest study along this line is due
to Gelfand and Naimark [55] in 1943. A notable advantage of the C*-
algebra is the existence of an elegant system of intrinsic postulates,
formulated by Gelfand and Naimark, which gives an abstract charac-
terization of these algebras.

Using this approach, Segal [180] in 1947 initiated a study of C*-
algebras. The subsequent development which contains many beautiful
results (cf. Chapters 1, 3, & 4) has been carried out by a number of authors.

The theory of C*-algebras fits naturally into the theory of Banach
algebras, and in certain respects they are among the best behaved ex-
amples of infinite dimensional Banach algebras.

In chapter 1, the characterization of W*-algebras obtained in [149]
is used to define W*-algebras as abstract Banach algebras, like C*-
algebras, and to develop the abstract treatments of both W*- and C*-
algebras.

Chapter 2 is concerned mainly with the classification and repre-
sentation theory of W*-algebras which are developed along classical
standard lines. Some proofs may be new.

In chapter 3, the reduction theory is discussed. Here, a modern
method, developed recently in [146], [159], [218] (i. e. the decomposition
theory of states) is used. Also discussed are some recent results obtained
by theoretical physicists.

Chapter 4 consists of some special topics from the theories of W*-
algebras and C*-algebras. This chapter is the most personal in the book.
All the topics covered are ones with which I have been more or less
concerned. They are: Derivations and automorphisms on operator
algebras; examples of factors; examples of non-trivial global W*-
algebras; type I C*-algebras and a Stone-Weierstrass theorem for C*-
algebras.
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1. General Theory

1.1. Definitions of C*-Algebras and #*-Algebras

Let & be a linear associative algebra over the complex numbers. The
algebra .« is called a normed algebra if there is associated to each
element x a real number |x||, called the norm of x, with the properties:

I [x|=0 and ||x||=0 ifand onlyif x=0;
I lx+yll<lix)+ixl;

IIT |Ax||=|A]|x]l, A a complex number;

IV lIxyl<lixlt Iyl

If of is complete with respect to the norm (i.e. if o is also a Banach
space), then it is called a Banach algebra. A mapping x—x* of & into
itself is called an involution if the following conditions are satisfied

I (x%)*=x;

II (x+yy*=x*+y*;

I (xy)*=y*x*;

IV (Ax)*=7Zx*, 4 acomplex number.

An algebra with an involution * is called a *-algebra.

1.1.1. Definition. A Banach *-algebra o/ is called a C*-algebra if it
satisfies ||x*x||=||x[|? for xes.

1.1.2. Definition. A C*-algebra # is called a W*-algebra if it is a dual
space as a Banach space ( i.e., if there exists a Banach space M, such
that (H,)*=.HA, where (K,)* is the dual Banach space of #,). We
shall call such a Banach space #, the predual of #A.

Remark. It is not true in general that a dual Banach space is the dual
space of a unique Banach space. For example, c* and c} are isometri-
cally isomorphic to /!, but ¢ is not isometrically isomorphic to c,,
where c is the Banach space of all convergent sequences, ¢, the Banach
space of all sequences convergent to zero, and /' is the Banach space
of all summable sequences. However, we shall show later that a W*-al-
gebra is the dual space of a unique Banach space.
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1.1.3. Definition. The topology defined by the norm | || on a C*-algebra
o is called the uniform topology. The weak *-topology o(#,H#,) on a
W*-algebra .# is called the weak topology or the o-topology on #.

1.1.4. Definition. A subset V of a C*-algebra of is called self-adjoint if
xeV implies x*eV. A self-adjoint, uniformly closed subalgebra of o is
also a C*-algebra. It is called a C*-subalgebra of . A self-adjoint,
a-closed subalgebra & of a W*-algebra # is also a W*-algebra, because
(M /N OV =N, where A° is the polar of N in M,. N is called a W*-
subalgebra of #.

1.1.5. Definition. Let {.szl }acx be a family of C*-algebras. The direct
sum Z @ A, of {Ay}acx is defined as follows: elements of Y @ oA, are

ael

composed of all families (a,),eqy such that a,esf, and sup|a,| < + o,

and the operations: A(a,)=(Aa,) (A a complex number), (a)+(b)=(a,+b,),
(a)(b)=(a,b,), (a)*=(a}) and (@)l =sup lla,|. Y @A, is again a
C*-algebra. ael

Let {#,}.cx be a family of W*-algebras. The direct sum ) @ .#,

is a dual space since ) @ .4, = ( Y& ./l,.)* , where the no;frenl of an
aecl ael Iy

clement (f)(f,e4,) in (3, @A) is defined by (£ = T, 1/l
hence it is a W*-algebra. “=<I " aelk

1.1.6. Lemma. Let of be a C*-algebra; then ||x|j=||x*| for xes.

Proof. ||x||*>=|ix*x[| < ||x*|| |x]|; hence x|l <|\x*|| and analogously
Ix* <la**||=|xl. q.e.d.

1.1.7. Proposition. Let of be a C*-algebra without identity, and let 4,
be the algebra obtained from of by adjoining the identity 1. For xesf,

A
A a complex number, define (A +x| = My—" Then <, is a

il 20 (541
C*-algebra with norm || ||.

Proof. 1t is easy to see that .o, is a Banach *-algebra. Suppose yu is
an arbitrary positive number less than 1. Then there exists a ye.sf
such that |ly|=1 and ui1+x|<|Ay+xy|.

Then,

EAL+x)2 < [|[Ay+xp|2 = Ay +xy)*(Ay +x )|
=[y*(A1+x)* A1+ X)) < [(A1+x)*A1+x)].
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Hence p2[|A1+x||2 < (A1+x)*(A1+x)| and so
A1 +x[2< (A1 +x)*(A1+x)];
this implies A1+ x|2<|l(A1+x)*|| |41+ x| and so
fAL+ x| <HA1+x)*];
therefore ||(A1+x)*|| <|[(A1+x)**||=||A1+x]|}; finally
121 +x|2= A1+ x)*(A1+x)|. q.e.d.

Let o be a C*-algebra with identity 1. The spectrum Sp (a) of an
element ¢ in & is the set of all complex numbers A such that x—A1 is
not invertible.

If o is a C*-algebra without identity, the spectrum Sp(a) of an
element ¢ in o/ is the spectrum of a as an element of the C*-algebra &,
obtained from &/ by adjoining the identity 1. In general, Sp(a) is a closed
subset in the complex field.

An element a in &/ is called normal (resp. self-adjoint, unitary), if
a*a=aa* (resp. a*=a, a*ta=aa*=1).

A self-adjoint element e in &/ is called a projection if e*’=e. An
element v is called a partial isometry if v*v is a projection.

1.1.8. Proposition. Sp(ab)u(0) = Sp(ba)u(0) and Sp(a*)= Sp(a).

Proof. It is clear that Sp(a*)=Sp(a). Suppose that 1#0 and ab—A1
has the inverse u; then

(ba— A1) (bua—1)=babua—ba—Abua+Ai1
=blab—Al)ua+Abua—ba—Abua+ il
=ba—ba+il1=211.

Analogously, (bua—1)(ba—A1)=211. Hence, (ba—A1) is invertible
and so Sp(ab)u(0) > Sp(ba)u(0); proof of the reverse inclusion is
analogous. g.e.d.

1.1.9. Corollary. Let v be a partial isometry. Then vv* is also a projection.
v*v is called the initial projection of v and vv* is called the final projection
of v.

Remark. A C*-algebra &f can be defined by the following weaker
condition: |x*x| = |lx*|| |x|| for xesf (cf. [61], [136]).

References. [8], [17], [26], [28], [55], [124], [141], [149].

1.2. Commutative C*-Algebras

Let o, # be C*-algebras, and let & be a homomorphism of & into %
(i.e., P(Ax)=AD(x), D(x+y)=P(x)+P(y), P(xy)=P(x)P(y) for a com-
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plex number A and x, yesf). P is called a *-homomorphism if
d(x*)=D(x)*; @ is called an isomorphism (resp. a *_jsomorphism) if
it is a one-to-one homomorphism (resp. *-homomorphism). We say
that a C*-algebra o is *-isomorphic to a C*-algebra # if there exists
a *-isomorphism of & onto %#.

Let K be a compact Hausdorff space, and let C(K) be the algebra,
under pointwise multiplication, of all complex valued, continuous
functions on K. Define |af = sugla(t)l, and a*()=a(?) for aeC(K).

te
Then C(K) is a commutative C*-algebra.

1.2.1. Theorem. Let of be a commutative C*-algebra with identity. Then
o is *-isomorphic to the C*-algebra C(K) of all complex valued, con-
tinuous functions on K, where K is the compact Hausdorff space of all
maximal ideals of o (called the spectrum space of ) therefore we can
identify of with C(K).

Proof. By the commutative normed algebra theory of Gelfand
(cf. [54]), there exists a homomorphism & of & into C(K).

o2 = 1Y ()] = e 207
= )=

+1
= e* x| *" = x>

Hence |x|| =lim J/x] = sup |A|=®()|. Therefore, & is iso-
" AeSp(x)

metric; hence it is one-to-one. Let 4 be a self-adjoint element in <. Then
(exp ihy*=exp(—ih) and so (expih)(expih)*=1. Hence

liexp ih)*|| llexp i) =1;

also Sp((exp ih)*)=Sp(expih); therefore AeSp(expih) implies {A|=1.
Hence Sp(h) is a subset of the real numbers. Let a=h+ik (hk self-

adjoint); then ®(a*)=P(h—ik)=P(h)—i®P(k) andso &(a)=P(a*). q.e.d.
As a corollary.

1.2.2. Corollary. Let o be a commutative C*-algebra without identity.
Then o is *-isomorphic to the C*-algebra Co(R) of all complex valued
continuous functions which vanish at infinity on a locally compact Haus-
dorff space Q(Q is called the spectrum space of A ).

1.2.3. Corollary. Let o/ be a commutative C*-algebra generated by a
single self-adjoint element a, and let Q be the spectrum space of <. Then
Qu (o0) is homeomorphic to Sp(a) v (0). Moreover, o =Co(Sp(a) u(0)),
where Co(Sp(a)w(0)) is the C*-algebra of all complex valued continuous
functions which vanish at O on the compact space Sp(a) U (0).
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Proof. Let Q be the spectrum space of .o, and let ze£. Consider the"
mapping ¢ of Qu (o) onto Sp(a) u(0) defined by &(H)=a(r) and
£(00)=0. ¢ is one-to-one, since of is generated by a. £ is continuous, and
so it is a homeomorphism. q.e.d.

1.2.4. Theorem. Let o/ be a commutative C*-algebra, || ||, another norm
on of under which o is a normed algebra. Then |a| < |a|, for acf.

Proof. It suffices to prove the assertion in case &/ has an identity.
Let of =C(K). Each point te K will give a character of &/. Let K, be
the set of all || ||,-continuous characters on «; then K, K. Let K, be
the closure of K, in K. Suppose that K, < K and take an open set G
such that G < K%, where K5 is the complement of K. Then there exists
a continuous function b on K such that b(f)=1 on K, and b(#)=0 on
G. Let o/ be the commutative Banach algebra obtained by the || |, -
completion of =/. '

Suppose 4 is not invertible in o7; then there exists a || ||,-continuous
character x, of o/ such that b(x,)=0. The restriction of x, on & will
define a character ¢, belonging to K. Hence, b(¢,)=0, a contradiction.
Hence b is invertible in 7.

On the other hand, there exists an element ¢ in & such that ¢#0
and the support of ¢ = G; bc=0 and so ¢=0. Hence K, =K. Therefore

laly zlim /[, = suplati=lal.  q.e.d

1.2.5. Corollary. Along with the assumptions of 1.2.4, suppose that
la*ally=ali. Then |a|=|al, forall acs.

Proof. lal, =lim 1/[a”; = supla(d=la] . q.e.d.

1.2.6. Corollary. Let o/, B be C*-algebras and let & be a *-homomorphism
of o into #. Then |P(x)| <|x|| for xes. If D is a *-isomorphism, &
is an isometry.

Proof. Consider the direct sum of @% and the *-isomorphism ¥ of
o into ADB defined as follows; ¥(a)=(a,P(a)) for acs/. Then

1#@)* = P(a)* ¥(a)| = | ¥(a* @) <||a*a]
(by 1.2.5, since ||b]|, =max(||b], | P®)|) for beof satisfies
\b*blj,=bl?). q.e.d.

Concluding remarks on 1.2

Theorem 1.2.1 is due to Gelfand [54]; Theorem 1.2.4 is due to
Kaplansky [92].

References. [54], [92].
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1.3. Stonean Spaces

Let K be a compact Hausdorff space. K is called a Stonean space if the
closure of every open set is open.

1.3.1. Proposition. Let K be a Stonean space. Then every element a in
C(K) can be uniformly approximated by finite linear combinations of
projections.

Proof. Let ae C(K). It suffices to assume that q is a positive function
on K. For £>0, consider the finite division 4 of the interval
[O,]la +1]:0=Ag<A; <Ay < <A, =|laj+1
and 4;,,—A4;<e(i=1,2,...,n—1). By induction, we shall define a finite
family {G;};-,.,,.... . of open and closed sets.

G, =the closure of {t|a(t)<1,,teK},

i-1
G, =the closure of{t|a(t)<}.,-, teK - | G,-}

(i=2,3,...,n). =1

Then G; nG;=(@) if i#j. Let x; be the characteristic function of G;;
then it is continuous and a projection.

Moreover

a(t) — ), A4x(2)

i=1

<e for tek,;

hence <g. gq.ed.

n
a— Y Ax;
i=1

1.3.2. Proposition. Let K be a compact Hausdorff space. Suppose every
bounded increasing directed set of real valued, non-negative functions
{fo} in C(K) (i.e. a<B implies fy<fz, and | f |l <k for all a with
a fixed k) has a least upper bound in C(K). Then K is Stonean

Remark. The converse is also true (cf. [192]).

Proof. Let G be an open set in K, and let (f,) be the set of all continuous
functions on K such that 0<f,<1 and the support of f, = G. Then
{f.} is a bounded increasing directed set under the order <.

Put f=lub.f, in C(K) and g()=1lu.b.f (1) for teK. Since
Jo<f, g(t)< f(¢) for all teK.

For teG, there exists an f, such that f,(f)=1; hence g(f)=1 and
so f(f)=1 on G, since f A 1> f, for all «, where (f A 1)(#)=min(f(¢),1).
Therefore f(f)=1 on G, where G is the closure of G. Suppose that there
exists @ toe K —G such that f(¢,)>0. Take a positive kin C(K) such that
h=1on G and h(ty)=0. Then f,<f A h<f, a contradiction. q.e.d.
References. [31], [192].
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1.4. Positive Elements of a C*-Algebra

Let h be a self-adjoint element of the C*-algebra .«¢. h is said to be
positive if Sp(h) is contained in the non-negative reals. We shall denote
this by A>0 or 0<h. Let Cy(£2) be the commutative C*-subalgebra of
o generated by h. Then by 1.2.3, QU(00)=Sp(h)u(0)<[O0,|A||]. Let
Co([0, llA]|]) be the C*-algebra of all complex valued continuous func-
tions vanishing at 0 on the closed interval [0, |4[]. For feCy([0, (4] ],
let flsof be the restriction of f to Sp(h)u(0). Then f|o/eof/. We shall
denote f|of by f(h). Clearly the mapping ®:f— f(h) of Co([0,[Al])
into o is a *-homomorphism and ®(Co([0, [|#]|])= Co(€), since an
arbitrary complex valued continuous function g on the closed subset
Sp(h)u(0) of [0,]lk|], which vanishes at 0, can be extended to an ele-
ment of Co([0, 4[]

fiy=h if f()=A for Ae[0,}h|].

1.4.1. Proposition. Let h be a positive element in sf. Then for an arbitrary
positive integer n, there exists a unique positive element k in sf such that
k"=h. This unique k is denoted by J/h or h*/.

Proof. In the above considerations, we shall consider a continuous
function f (A)=W on [0,lA]|]. Then f(hy'=(f")(h)=h. Now suppose
that kf =A for some positive k, in .o/. By the Stone-Weierstrass theorem,
the function W can be uniformly approximated by polynomials p of
4 such that p(0)=0; hence f(h) is a uniform limit of polynomials p(#).

Since kyh=hk,, ky f(h)=f(R)k,.

Now let Co(€2) be the commutative C*-subalgebra of & generated by
ky and f(h). Then k,(z), f(h)(£)=0 and k,(t)"= f(h)(2)* for teR. Hence
ki(t)= f(R)(t) for teQ. q.e.d.

1.4.2. Theorem. Let P be the set of all positive elements in of. Then P
is a convex cone.

Proof. We may assume that o/ has an identity. Let k be a self-
adjoint element of & with k| <1.

By representing the commutative C*-subalgebra of o/ generated by
1 and k as C(K), we easily see that k is positive if and only if ||1—k| < 1.
Clearly keP implies 1keP (1>0). Let k,,k,eP; then

< Ml [1—keu/ Wy ]| + Nz [ =Ko/ llka | <1
ey Il + 11k

kgl + Nkl

Hence k; +k,eP. q.e.d.
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Let o/* be the set of all self-adjoint elements in <. By using P we
can define a partial ordering < in &/° as follows: a<b (or b>a) if
b—aeP.

If aeof®, we can easily see, by representing the C*-subalgebra
generated by a as a Cy(£2), that a can be written as follows: a=a, —a,
with ag,-a,=0 and a,,a,>0. Moreover such a decomposition is
unique—in fact, let a=a; —a, where a;-a,=0 and 4),ad;>0; then

2yt
(@} =d, +a,=a, +a,. Hence a+t(@)

=a,=d; andso a;=a,.

1.4.3. Definition. The above decomposition a=a,—a, with a,"a,=0
and a,,a, >0 is called the orthogonal decomposition of a. a, (resp. —a,)
is called the positive (resp. negative) part of a, and a, (resp. a,) is
denoted by a* (resp. a~). Moreover a, +a, is called the absolute value
of a, denoted by |a|.

1.4.4. Theorem. The following conditions are equivalent:

1. h>0
2. h=x*x forsome xe.

Proof. 1.=2. isclear.
2.=1. We can assume that o/ has an identity.

Suppose x*x is not positive. Let C(K) be the C*-subalgebra of
generated by x* x and 1. There exists a point ¢, in K such that x*x(z,)<0;
hence there is a positive element a in C(K) such that ax*xa<0. Let
xa=h,+ih, (h,,h,esf"). Then

(xa)*(xa)=hi+h3+ih h,—ihyh, and

(xa)(xa)* =hi+hi—ih hy+ihyh,.
Hence (xa)*(xa)+(x a)(xa)* =2(h?+h%)>0, and so

(xa)(xa)* = —(xa)*(xa)+2(h3 + h2)>0.
On the other hand, by 1.1.8, Sp((xa)*(xa))u(0)=Sp((x a)(xa)*)(0);

hence (xa)(xa)* <0, a contradiction. q.e.d.

1.4.5. Proposition. Let of be a C*-algebra with identity. Then every
element of o is a finite linear combination of unitary elements.

h
Proof. Let h be a positive element in o/ ; then Al +il/1—h?/|h|?

are unitary elements. Hence 4 is a finite linear combination of unitary
elements. q.e.d.

Concluding remarks on 1.4.

Theorem 1.4.2 is due to Fukamiya [52] and Kelley and Vaught
[101]. Theorem 1.4.4 is due to Kaplansky [175]. These results are the
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key lemmas which gave the positive answer to the non-commutative
case of Gelfand-Naimark’s query after a decade of mystery (cf. Con-
cluding remarks in 1.16).

References. [52], [101].

1.5. Positive Linear Functionals on a C*-Algebra

Let f be a linear functional on a C*-algebra /. Define f*(x)= fix*)
for xe/. Then f* is also a linear functional on /. f* is called the ad-
joint of 1. If f*=f, we call f self-adjoint.

Every linear functional on & can be represented in the form
f=fi+if,, where f,,f, are self-adjoint. In fact, f,=1/2(f+f%),
f2=172{(f=[*).

A linear functional ¢ on .« is called positive if @(x*x)=>0 for xeo/.
@ is automatically self-adjoint.

We shall denote the positivity of ¢ by ¢>0 (or 0<¢). For two
self-adjoint linear functionals f,,f,, we shall denote f,—f,>0 by
fa2fy (ot f1< 1)

A positive linear functional ¢ satisfies the Schwartz inequality:
lp(* x)* < @(x*x)p(* y) for x,ye .

1.5.1. Proposition. Let of be a C*-algebra with identity. Then a positive
linear functional ¢ is bounded and | ¢| = ¢@(1).

Proof. lo(x) <e(}f p(x*x)!, and |x*x|1—x*x>0; hence
o(*x)<x*x[o(1) and so le(<@(D)ixl. gqed.
1.5.2. Proposition. Ler of be a C*-algebra, and let f be a bounded linear

Sunctional on of such that f(h)=|f||ih]| for some positive h(>0)eo.
Then f is a positive linear functional.

Proof. By the Hahn-Banach theorem we can assume that o/ has an

S h
identity. Put f, = IT){—H and ho:H—h\T' Then fo(ho)=1. First of all

we shall show f(1)=real. Suppose fo(1)=a+if (o, f reals, f#0). Then
for an arbitrary real 4, we have

[fo(l+Aihg)l = la+i(A+ Bl =14+ Bl
On the other hand, .

|foll+Aihg) < 1+ Aiholl < (1+ A2,
Hence
A+ Bl <(1+ A% for all real 4,
and so
A2+2AB+ B2 <1+4* for all real A.



