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Preface

The present book is a new revised and updated version of “Number Theory
I. Introduction to Number Theory” by Yu.l.Manin and A.A.Panchishkin, ap-
peared in 1989 in Moscow (VINITI Publishers) [Ma-PaM], and in English
translation [Ma-Pa] of 1995 (Springer Verlag).

The original book had been conceived as a part of a vast project, “En-
cyclopaedia of Mathematical Sciences”. Accordingly, our task was to provide
a series of introductory essays to various chapters of number theory, lead-
ing the reader from illuminating examples of number theoretic objects and
problems, through general notions and theories, developed gradually by many
researchers, to some of the highlights of modern mathematics and great, some-
times nebulous designs for future generations.

In preparing this new edition, we tried to keep this initial vision intact. We
present many precise definitions, but practically no complete proofs. We try
to show the logic of number-theoretic thought and the wide context in which
various constructions are made, but for detailed study of the relevant materials
the reader will have to turn to original papers or to other monographs. Because
of lack of competence and/or space, we had to - reluctantly - omit many
fascinating developments.

The new sections written for this edition, include a sketch of Wiles’ proof
of Fermat’s Last Theorem, and relevant techniques coming from a synthesis
of various theories of Part II; the whole Part III dedicated to arithmetical
cohomology and noncommutative geometry; a report on point counts on va-
rieties with many rational points; the recent polynomial time algorithm for
primality testing, and some others subjects.

For more detailed description of the content and suggestions for further
reading, see Introduction.
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We are very pleased to express our deep gratitude to Prof. M.Marcolli
for her essential help in preparing the last part of the new edition. We are
very grateful to Prof. H.Cohen for his assistance in updating the book, es-
pecially Chapter 2. Many thanks to Prof. Yu.Tschinkel for very useful sug-
gestions, remarks, and updates; he kindly rewrote §5.2 for this edition. We
thank Dr.R.Hill and Dr.A.Gewirtz for editing some new sections of this edi-
tion, and St.Kiihnlein (Universitit des Saarlandes) for sending us a detailed
list of remarks to the first edition.

Bonn, July 2004 Yu.I.Manin
A A Panchishkin



Contents

Part I Problems and Tricks

1 Elementary Number Theory ...............................

1.1

1.2

1.3

1.4

Problems About Primes. Divisibility and Primality ..........
1.1.1 Arithmetical Notation .............................
1.1.2 Primes and composite numbers .....................
1.1.3 The Factorization Theorem and the Euclidean
Algorithm ... ... ... ... L
1.1.4 Calculations with Residue Classes ...................
1.1.5 The Quadratic Reciprocity Law and Its Use ..........
1.1.6 The Distribution of Primes ........................ .
Diophantine Equations of Degree One and Two..............
1.21 The Equationar +by=c..........................
1.2.2 Linear Diophantine Systems ........................
123 Equationsof Degree Two ...........................
1.2.4 The Minkowski-Hasse Principle for Quadratic Forms. . .
125 PellsEquation....................................
1.2.6 Representation of Integers and Quadratic Forms by
Quadratic Forms ............. ... . oot
1.2.7 AnalyticMethods ............ ... ... ... ... .......
1.2.8 Equivalence of Binary Quadratic Forms ..............
Cubic Diophantine Equations .............................
1.3.1 The Problem of the Existence of a Solution...........
1.3.2 Addition of Points on a Cubic Curve.................
1.3.3 The Structure of the Group of Rational Points of a
Non-Singular Cubic Curve .........................
1.3.4 Cubic Congruences Modulo a Prime .................
Approximations and Continued Fractions . ..................
1.41 Best Approximations to Irrational Numbers ..........
1.42 Farey Series ........... i,
1.4.3 Continued Fractions ...............................



vi Contents

1.44 SLy-Equivalence ....................... ... ....... 53
1.4.5 Periodic Continued Fractions and Pell’s Equation. .. ... 53
1.5 Diophantine Approximation and the Irrationality ............ 55
1.5.1 Ideas in the Proof that (3) is Irrational .............. 55
1.5.2 The Measure of Irrationality of a Number ............ 56
1.5.3 The Thue-Siegel-Roth Theorem, Transcendental
Numbers, and Diophantine Equations ................ 57
1.5.4 Proofs of the Identities (1.5.1) and (1.5.2) ............ 58
1.5.5 The Recurrent Sequences a,, and b,, ................. 59
1.5.6 Transcendental Numbers and the Seventh Hilbert
Problem......... ... ... ... .. . ... 61
1.5.7 Work of Yu.V. Nesterenko on €™, [Nes99] ............. 61
2 Some Applications of Elementary Number Theory ......... 63
2.1 Factorization and Public Key Cryptosystems................ 63
2.1.1 Factorization is Time-Consuming ................. ... 63
2.1.2 One-Way Functions and Public Key Encryption. . .. ... 63
2.1.3 A Public Key Cryptosystem ........................ 64
2.1.4 Statistics and Mass Production of Primes............. 66
2.1.5 Probabilistic Primality Tests........................ 66
2.16 The Discrete Logarithm Problem and The
Diffie-Hellman Key Exchange Protocol ............ ... 67
2.1.7 Computing of the Discrete Logarithm on Elliptic
Curves over Finite Fields (ECDLP).................. 68
2.2 Deterministic Primality Tests ............................. 69
221 Adleman-Pomerance-Rumely Primality Test: Basic
Ideas ....... ... i 69
2.2.2 Gauss Sums and Their Use in Primality Testing . . .. ... 71
2.2.3 Detailed Description of the Primality Test ............ 75
224 PrimesisinP ... . 78

2.2.5 The algorithm of M. Agrawal, N. Kayal and N. Saxena. 81
2.2.6 Practical and Theoretical Primality Proving. The
ECPP (Elliptic Curve Primality Proving by F.Morain,

see [AtMo93b]) . .................. 81
2.2.7 Primes in Arithmetic Progression.................... 82
2.3 Factorization of Large Integers .......................... .. 84
2.3.1 Comparative Difficulty of Primality Testing and
Factorization ................ ... ... ... ... . ... ... 84
2.3.2 Factorization and Quadratic Forms ................ .. 84
2.3.3 The Probabilistic Algorithm CLASNO ............... 85
2.3.4 The Continued Fractions Method (CFRAC) and Real
Quadratic Fields . .............................. ... 87

2.3.5 The Use of Elliptic Curves...................... .. .. 90



Contents vii

Part I1 Ideas and Theories

3 Induction and Recursion............. ... ... ... ... ... .. ... 95
3.1 Elementary Number Theory From the Point of View of Logic . 95
3.1.1 Elementary Number Theory ........................ 95
312 LogiC oot e 96
3.2 Diophantine Sets ............ .. .. .. . .. .. 98
3.2.1 Enumerability and Diophantine Sets ................ 98
3.2.2 Diophantineness of enumerablesets .................. 98
3.2.3 First properties of Diophantine sets ................. 98
3.2.4 Diophantineness and Pell’s Equation ................. 99
3.2.5 The Graph of the Exponent is Diophantine ........... 100
3.2.6 Diophantineness and Binomial coefficients ............ 100
3.2.7 Binomial coeflicients as remainders .................. 101
3.2.8 Diophantineness of the Factorial..................... 101
3.2.9 Factorial and Euclidean Division .................... 101
3.2.10 Supplementary Results............................. 102
3.3 Partially Recursive Functions and Enumerable Sets ....... ... 103
3.3.1 Partial Functions and Computable Functions ......... 103
3.3.2 The Simple Functions . .. ........................... 103
3.3.3 Elementary Operations on Partial functions........... 103
3.3.4 Partially Recursive Description of a Function ......... 104
3.3.5 Other Recursive Functions.......................... 106
3.3.6 Further Properties of Recursive Functions ............ 108
337 LinkwithLevel Sets................ccovviiinniinn, 108
3.3.8 Link with Projections of Level Sets .................. 108
3.3.9 Matiyasevich’s Theorem . ........................... 109
3.3.10 The existence of certain bijections ................... 109
3.3.11 Operations on primitively enumerablesets ............ 111
3.3.12 Godel’sfunction........... . ... ... . . . 111
3.3.13 Discussion of the Properties of Enumerable Sets . ... ... 112
3.4 Diophantineness of a Set and algorithmic Undecidability. . . ... 113
3.4.1 Algorithmic undecidability and unsolvability .......... 113
3.4.2 Sketch Proof of the Matiyasevich Theorem ........... 113
4 Arithmetic of algebraic numbers . ........................ .. 115
4.1 Algebraic Numbers: Their Realizations and Geometry . ....... 115
4.1.1 Adjoining Roots of Polynomials ..................... 115
4.1.2 Galois Extensions and Frobenius Elements............ 117
4.1.3 Tensor Products of Fields and Geometric Realizations
of Algebraic Numbers.............................. 119
4.1.4 Units, the Logarithmic Map, and the Regulator . ...... 121

4.1.5 Lattice Points in a Convex Body .................... 123



viii Contents

4.2

4.3

4.4

4.5

4.1.6 Deduction of Dirichlet’s Theorem From Minkowski’s

Lemma ...... .. . 125
Decomposition of Prime Ideals, Dedekind Domains, and
Valuations . . ... ... e e 126
4.2.1 Prime Ideals and the Unique Factorization Property ... 126
4.2.2 Finiteness of the Class Number ..................... 128
4.2.3 Decomposition of Prime Ideals in Extensions.......... 129
4.2.4 Decomposition of primes in cyslotomic fields .......... 131
4.2.5 Prime Ideals, Valuations and Absolute Values......... 132
Local and Global Methods................................ 134
431 padicNumbers................ ... ... .. ... ...... 134
4.3.2 Applications of p-adic Numbers to Solving Congruences 138
4.3.3 TheHilbert Symbol ............................... 139
4.3.4 Algebraic Extensions of Q,, and the Tate Field. ... .... 142
4.3.5 Normalized Absolute Values ... ..................... 143
4.3.6 Places of Number Fields and the Product Formula. .. .. 145
437 AdelesandIdeles...................... e 146

The Ring of Adeles. ............................... 146

Theldele Group .................................. 149
4.3.8 The Geometry of Adelesand Ideles .................. 149
Class Field Theory ......... ... ... .. ... . . . ... 155
4.4.1 Abelian Extensions of the Field of Rational Numbers .. 155
4.4.2 Frobenius Automorphisms of Number Fields and

Artin’s Reciprocity Map............................ 157
4.4.3 The Chebotarev Density Theorem ................... 159
4.4.4 The Decomposition Law and

the Artin Reciprocity Map ......................... 159
4.4.5 The Kernel of the Reciprocity Map .................. 160
446 TheArtinSymbol................................. 161
4.4.7 Global Properties of the Artin Symbol ............... 162
4.4.8 A Link Between the Artin Symbol and Local Symbols. . 163
4.4.9 Properties of the Local Symbol...................... 164

4.4.10 An Explicit Construction of Abelian Extensions of a

Local Field, and a Calculation of the Local Symbol . . .. 165

4.4.11 Abelian Extensions of Number Fields ................ 168
Galois Group in Arithetical Problems ...................... 172
4.5.1 Dividing a circle into n equal parts .................. 172
4.5.2 Kummer Extensions and the Power Residue Symbol ... 175
4.5.3 Galois Cohomology . ....oovviviieii e 178
4.5.4 A Cohomological Definition of the Local Symbol . ... .. 182
4.5.5 The Brauer Group, the Reciprocity Law and the

Minkowski-Hasse Principle ........ .. e 184



Contents ix

5 Arithmetic of algebraic varieties .................. ... ... .. 191
5.1 Arithmetic Varieties and Basic Notions of Algebraic Geometry 191
5.1.1 Equationsand Rings................ ..o, 191
5.1.2 The set of solutions of asystem ..................... 191
5.1.3 Example: The Language of Congruences.............. 192
5.1.4 Equivalence of Systems of Equations................. 192
5.1.5 Solutions as K-algebra Homomorphisms.............. 192
5.1.6 The Spectrumof ARing ....................... . ... 193
5.1.7 Regular Functions .......... ... ... ... ... ... ... 193
5.1.8 A Topology on Spec(A) ..., 193
519 Schemes....... ... ... .. ... .. i, 196
5.1.10 Ring-Valued Points of Schemes...................... 197
5.1.11 Solutions to Equations and Points of Schemes......... 198
5.1.12 Chevalley’s Theorem . .............................. 199
5.1.13 Some Geometric Notions ........................... 199
5.2 Geometric Notions in the Study of Diophantine equations . ...202
5.21 BasicQuestions ................. ... i, 202
5.2.2 Geometric classification ............... ... .. ... L 203

5.2.3 Existence of Rational Points and Obstructions to the
Hasse Principle .............. ... ... ... ............ 204
5.2.4 Finite and Infinite Sets of Solutions.................. 206
5.2.5 Number of points of bounded height ................. 208
5.2.6 Height and Arakelov Geometry...................... 211
5.3 Elliptic curves, Abelian Varieties, and Linear Groups......... 213
5.3.1 Algebraic Curves and Riemann Surfaces.............. 213
532 EllipticCurves............... ... ... .. ... ......... 213
5.3.3 Tate Curve and Its Points of Finite Order ............ 219
5.3.4 The Mordell - Weil Theorem and Galois Cohomology . . 221
5.3.5 Abelian Varieties and Jacobians ..................... 226
5.3.6 The Jacobian of an Algebraic Curve ......... e 228
5.3.7 Siegel’s Formula and Tamagawa Measure ............. 231
5.4 Diophantine Equations and Galois Representations .......... 238
5.4.1 The Tate Module of an Elliptic Curve................ 238
5.4.2 The Theory of Complex Multiplication ............... 240
5.4.3 Characters of [-adic Representations ................. 242
5.4.4 Representations in Positive Characteristic ............ 243
5.4.5 The Tate Module of a Number Field ................. 244

5.5 The Theorem of Faltings and Finiteness Problems in

Diophantine Geometry ................................... 247

5.5.1 Reduction of the Mordell Conjecture to the finiteness
Conjecture ............ ... ... .. . ... 247

5.5.2 The Theorem of Shafarevich on Finiteness for Elliptic
CUrves . ... 249
5.5.3 Passage to Abelian varieties ........................ 250

5.5.4 Finiteness problems and Tate’s conjecture ............ 252



Contents

5.5.5 Reduction of the conjectures of Tate to the finiteness

properties for isogenies . .. ......... ... ... ... 253
5.5.6 The Faltings—Arakelov Height . ...................... 255
5.5.7 Heights under isogenies and Conjecture T ......... ... 257
Zeta Functions and Modular Forms .................... . ... 261
6.1 Zeta Functions of Arithmetic Schemes...................... 261
6.1.1 Zeta Functions of Arithmetic Schemes ............... 261
6.1.2 Analytic Continuation of the Zeta Functions .......... 263
6.1.3 Schemes over Finite Fields and Deligne’s Theorem. .. .. 263
6.14 Zeta Functions and Exponential Sums ... ... ... .. .. 267
6.2 L-Functions, the Theory of Tate and Explicite Formulae. .. . .. 272
6.2.1 L-Functions of Rational Galois Representations .. ..... 272
6.2.2 The Formalism of Artin ............................ 274
6.2.3 Example: The Dedekind Zeta Function............... 276
6.2.4 Hecke Characters and the Theory of Tate ............ 278
6.2.5 Explicit Formulae ............................... .. 285
6.2.6 The Weil Group and its Representations ............. 288
6.2.7 Zeta Functions, L-Functions and Motives............. 290
6.3 Modular Forms and Euler Products . ....................... 296
6.3.1 A Link Between Algebraic Varieties and L-Functions. . 296
6.3.2 Classical modular forms............................ 296
6.3.3 Application: Tate Curve and Semistable Elliptic Curves 299
6.3.4 Analytic families of elliptic curves and congruence
Subgroups . .......... .. 301
6.3.5 Modular forms for congruence subgroups ............. 302
6.3.6 Hecke Theory.............. ... o .. 304
6.3.7 Primitive Forms............................. ... ... 310
6.3.8 Weil's Inverse Theorem ............................ 312
6.4 Modular Forms and Galois Representations ............. .... 317
6.4.1 Ramanujan’s congruence and Galois Representations. . . 317
6.4.2 A Link with Eichler-Shimura’s Construction.......... 319
6.4.3 The Shimura-Taniyama-Weil Conjecture . . .. ... ... ... 320
6.44 The Conjecture of Birch and Swinnerton-Dyer ........ 321
6.4.5 The Artin Conjecture and Cusp Forms ............... 327
The Artin conductor............................... 329
6.4.6 Modular Representations over Finite Fields........... 330
6.5 Automorphic Forms and The Langlands Program............ 332
6.5.1 A Relation Between Classical Modular Forms and
Representation Theory ............................. 332
6.5.2 Automorphic L-Functions .......................... 335
Further analytic properties of automorphic L-functions . 338
6.5.3 The Langlands Functoriality Principle ............... 338

6.5.4 Automorphic Forms and Langlands Conjectures . . . . ... 339



Contents

7 Fermat’s Last Theorem and Families of Modular Forms. . ..
7.1 Shimura-Taniyama—Weil Conjecture and Reciprocity Laws . ..

7.2

7.3

74

7.5

7.1.1
7.1.2
713
714
7.1.5
7.1.6
7.1.7
7.18

Problem of Pierre de Fermat (1601-1665).............
G.Lamé’s Mistake . ........ .. ... .. ... L
A short overview of Wiles’ Marvelous Proof. .. ...... ..
The STW Conjecture . ........ooiiiiiiiinnenn...
A connection with the Quadratic Reciprocity Law .. ...
A complete proof of the STW conjecture .............
Modularity of semistable elliptic curves ..............
Structure of the proof of theorem 7.13 (Semistable

STW Conjecture) .........covviiiriniininnnnenn.

Theorem of Langlands-Tunnell and
Modularity Modulo 3 . ... ... ... ... ... ... ... .. ... .. ...

7.2.1
722
723

724

Galois representations: preparation ..................
Modularity modulop .......... ... ... L.
Passage from cusp forms of weight one to cusp forms
of weight two ....... ... ... ...
Preliminary review of the stages of the proof of
Theorem 7.13 on modularity . .......................

Modularity of Galois representations and Universal
Deformation Rings ......... ... ...,

7.3.1
73.2
7.3.3
734
735

Wiles’

Rings
74.1
742
74.3
744

745
7.4.6
74.7

Wiles’

Galois Representations over local Noetherian algebras . .
Deformations of Galois Representations ..............
Modular Galois representations .....................
Admissible Deformations and Modular Deformations . . .
Universal Deformation Rings. .......................
Main Theorem and Isomorphism Criteria for Local
Strategy of the proof of the Main Theorem 7.33 . ......
Surjectivity of oy . ... .
Constructions of the universal deformation ring Ry . ...
A sketch of a construction of the universal modular
deformationring Tx . ...... ... oo,
Universality and the Chebotarev density theorem. . . ...
Isomorphism Criteria for local rings. .. ...............
J--structures and the second criterion of isomorphism
oflocalrings.......... . ... . . ...
Induction Step: Application of the Criteria and Galois

Cohomology . ....... ..o

7.5.1

7.5.2
7.5.3
7.54
7.5.5

Wiles’ induction step in the proof of

Main Theorem 7.33 ... .............................
A formula relating #®g, and #&g - ° preparation. . ...
The Selmer group and P, ... i
Infinitesimal deformations ..........................
Deformations of type Dy . ........ ...



xii  Contents

7.6 The Relative Invariant, the Main Inequality and The Minimal

G0 . oottt 382
7.6.1 The Relative invariant ............................. 382
7.6.2 The Main Inequality . ......... ... ... .. ... ... .... 383
763 TheMinimal Case........... ... ... .. ... ... .. .. 386

7.7 End of Wiles’ Proof and Theorem on Absolute Irreducibility . . 388
7.7.1 Theorem on Absolute Irreducibility . ................. 388
772 Fromp=3top=>5 ... ... .. . i 390
7.7.3 Families of elliptic curves with fixed o5, ............. 391
774 Theendoftheproof............ ... ... .. ... ..... 392

The most important insights. .................... ... 393

Part III Analogies and Visions

II1-0 Introductory survey to part III: motivations and

description ..... ... ... .. ... e 397
I1I.1 Analogies and differences between numbers and functions:
oo-point, Archimedean propertiesetc. ...................... 397
III.1.1 Cauchy residue formula and the product formula ... ... 397
I11.1.2 Arithmetic varieties............. ... .. coiivieinaon, 398
I11.1.3 Infinitesimal neighborhoods of fibers ......... ... ... 398
I11.2 Arakelov geometry, fiber over oo, cycles, Green functions
(d’aprés Gillet-Soulé) ......... ... . . i 399
IT1.2.1 Arithmetic Chow groups ...................coovn. 400
I11.2.2 Arithmetic intersection theory and arithmetic
Riemann-Roch theorem ................. ... ...... 401
I11.2.3 Geometric description of the closed fibers at infinity ... 402
I11.3 {-functions, local factors at co, Serre’s Ifactors............. 404
111.3.1 Archimedean L-factors ............................. 405
I11.3.2 Deninger’s formulae ............... .. .. iaiinn... 406
II1.4 A guess that the missing geometric objects are
NONCOMMULALIVE SPACES . .. .. vu' ittt et e, 407

I11.4.1 Types and examples of noncommutative spaces, and
how to work with them. Noncommutative geometry

and arithmetic .................. .. ... 0. 407
Isomorphism of noncommutative spaces and Morita

equivalence ........... ... ... ... ... ..., 409

The tools of noncommutative geometry .............. 410

I11.4.2 Generalities on spectral triples ...................... 411

I11.4.3 Contents of Part III: description of parts of this program412



Contents xiii

8 Arakelov Geometry and Noncommutative Geometry. ... ... 415
8.1 Schottky Uniformization and Arakelov Geometry ............ 415
8.1.1 Motivations and the context of the work of
Consani-Marcolli .................................. 415
8.1.2 Analytic construction of degenerating curves over
complete local fields ................... ... .. ... ... 416
8.1.3 Schottky groups and new perspectives in Arakelov
BEOMNELIY . .ottt e e i 420
Schottky uniformization and Schottky groups ......... 421
Fuchsian and Schottky uniformization. .......... ... .. 424
8.1.4 Hyperbolic handlebodies ........................... 425
Geodesics in Xy .. ... ... 427
8.1.5 Arakelov geometry and hyperbolic geometry .. ... ... .. 427
Arakelov Green function ................ ... ... ..... 427
Cross ratio and geodesics . .......................... 428
Differentials and Schottky uniformization.......... ... 428
Green function and geodesics ....................... 430
8.2 Cohomological Constructions ............................. 431
8.2.1 Archimedean cohomology........................... 431
OPperators .. ......... oot 433
SL(2,R) representations . . .......................... 434
8.2.2 Local factor and Archimedean cohomology ........... 435
8.2.3 Cohomological constructions ........................ 436
8.2.4 Zeta function of the special fiber and Reidemeister
BOISION . . ... i e 437
8.3 Spectral Triples, Dynamics and Zeta Functions . ............. 440
8.3.1 A dynamical theory at infinity ................. .. ... 442
8.3.2 Homotopy quotion.....................coovuuon. ... 443
833 Filtration ........ ... .. ... .. ... 444
8.3.4 Hilbert space and grading .......................... 446
8.3.5 Cuntz—Krieger algebra .......................... ... 446
Spectral triples for Schottky groups.................. 448
8.3.6 Arithmetic surfaces: homology and cohomology ....... 449
8.3.7 Archimedean factors from dynamics ................. 450
8.3.8 A Dynamical theory for Mumford curves ........... .. 450
Genus twoexample ................................ 452
8.3.9 Cohomology of W{A/I)r ...... .. ... .00 ... 454
8.3.10 Spectral triples and Mumford curves................. 456
84 Reductionmod 0o .......... ... ... 458
8.4.1 Homotopy quotients and “reduction mod infinity” .. ... 458
8.42 Baum-Conmesmap ................................ 460
References......... ... ... .. . . . . ... 461



Introduction

Among the various branches of mathematics, number theory is characterized
to a lesser degree by its primary subject (“integers”) than by a psychologi-
cal attitude. Actually, number theory also deals with rational, algebraic, and
transcendental numbers, with some very specific analytic functions (such as
Dirichlet series and modular forms), and with some geometric objects (such
as lattices and schemes over Z). The question whether a given article belongs
to number theory is answered by its author’s system of values. If arithmetic
is not there, the paper will hardly be considered as number-theoretical, even
if it deals exclusively with integers and congruences. On the other hand, any
mathematical tool, say, homotopy theory or dynamical systems may become
an important source of number-theoretical inspiration. For this reason, com-
binatorics and the theory of recursive functions are not usually associated
with number theory, whereas modular functions are.

In this book we interpret number theory broadly. There are compelling
reasons to adopt this viewpoint.

First of all, the integers constitute (together with geometric images) one of
the primary subjects of mathematics in general. Because of this, the history
of elementary number theory is as long as the history of all mathematics, and
the history of modern mathematic began when “numbers” and “figures” were
united by the concept of coordinates (which in the opinion of I.R.Shafarevich
also forms the basic idea of algebra, see [Sha87]).

Moreover, integers constitute the basic universe of discrete symbols and
therefore a universe of all logical constructions conceived as symbolic games.
Of course, as an act of individual creativity, mathematics does not reduce
to logic. Nevertheless, in the collective consciousness of our epoch there does
exist an image of mathematics as a potentially complete, immense and pre-
cise logical construction. While the unrealistic rigidity of this image is well
understood, there is still a strong tendency to keep it alive. The last but not
the least reason for this is the computer reality of our time, with its very
strict demands on the logical structure of a particular kind of mathematical
production: software.



2 Introduction

It was a discovery of our century, due to Hilbert and Gédel above all,
that the properties of integers are general properties of discrete systems and
therefore properties of the world of mathematical reasoning. We understand
now that this idea can be stated as a theorem that provability in an arbitrary
finitistic formal system is equivalent to a statement about decidability of a
system of Diophantine equations (cf. below). This paradoxical fact shows that
number theory, being a small part of mathematical knowledge, potentially
embraces all this knowledge. If Gauss’ famous motto on arithmetic *) needs
justification, this theorem can be considered as such.

We had no intention of presenting in this report the whole of number theo-
ry. That would be impossible anyway. Therefore, we had to consider the usual
choice and organization problems. Following some fairly traditional classifica-
tion principles, we could have divided the bulk of this book into the following
parts:

.

. Elementary number theory.

2. Arithmetic of algebraic numbers.

3. Number-theoretical structure of the continuum (approximation theory,
transcendental numbers, geometry of numbers Minkowski style, metric
number theory etc.).

4. Analytic number theory (circle method, exponential sums, Dirichlet series

and explicit formulae, modular forms).

. Algebraic-geometric methods in the theory of Diophantine equations.

6. Miscellany (“wastebasket”).

()]

We preferred, however, a different system, and decided to organize our subject
into three large subheadings which shall be described below. Because of our
incompetence and/or lack of space we then had to omit many important
themes that were initially included into our plan. We shall nevertheless briefly
explain its concepts in order to present in a due perspective both this book
and subsequent number-theoretical issues of this series.

Part 1. Problems and Tricks

The choice of the material for this part was guided by the following principles.

In number theory, like in no other branch of mathematics, a bright young
person with a minimal mathematical education can sometimes work wonders
using inventive tricks. There are a lot of unsolved elementary problems waiting

“... Mathematik ist die Konigin von Wissenschaften und Arithmetik die Ko6ni-
gin von Mathematik. ...in allen Relationen sie wird zum ersten Rank erlaubt.”
-Gauss. ..., cf. e.g. http://www.geocities.com/RainForest/Vines/2977
/gauss/deutsch/quotes.html (“Mathematics is the queen of sciences and arith-
metic the queen of mathematics. She often condescends to render service to as-
tronomy and other natural sciences, but in ali relations she is entitled to the first
rank.” -Gauss. Sartorius von Walterhausen: Gauss zum Gediichtniss. (Leipzig,
1856), p.79.)



