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Preface

This book provides an introduction to complex analysis for students with
some familiarity with complex numbers from high school. Students should
be familiar with the Cartesian representation of complex numbers and with
the algebra of complex numbers, that is, they should know that i = —1. A
familiarity with multivariable calculus is also required, but here the funda-
mental ideas are reviewed. In fact, complex analysis provides a good train-
ing ground for multivariable calculus. It allows students to consoclidate
their understanding of parametrized curves, tangent vectors, arc length,
gradients, line integrals, independence of path, and Green’s theorem. The
ideas surrounding independence of path are particularly difficult for stu-
dents in calculus, and they are not absorbed by most students until they
are seen again in other courses.

The book consists of sixteen chapters, which are divided into three parts.
The first part, Chapters I-VII, includes basic material covered in all un-
dergraduate courses. With the exception of a few sections, this material is
much the same as that covered in Cauchy’s lectures, except that the em-
phasis on viewing functions as mappings reflects Riemann’s influence. The
second part, Chapters VIII-XI, bridges the nineteenth and the twentieth
centuries. About half this material would be covered in a typical under-
graduate course, depending upon the taste and pace of the instructor. The
material on the Poisson integral is of interest to electrical engineers, while
the material on hyperbolic geometry is of interest to pure mathematicians
and also to high school mathematics teachers. The third part, Chapters
XII-XVI, consists of a careful selection of special topics that illustrate the
scope and power of complex analysis methods. These topics include Julia
sets and the Mandelbrot set, Dirichlet series and the prime number theo-
rem, and the uniformization theorem for Riemann surfaces. The final five
chapters serve also to complete the coverage of all background necessary
for passing PhD qualifying exams in complex analysis.

Note to the instructor
There is a glut of complex analysis textbooks on the market. It is a beauti-
ful subject, so beautiful that a large number of experts have been moved to
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write their own accounts of the area. In spite of the plethora of textbooks,
I have never found an introduction to complex analysis that is completely
suitable for my own teaching style and audiences.

The students in each of my various audiences have begun the course with
a wide range of backgrounds. Teaching to students with disparate back-
grounds and preparations has posed a major teaching challenge. I respond
by including early some topics that can be treated in an elementary way and
yet are usually new and capture the imagination of students with already
some background in complex analysis. For example, the stereographic pro-
jection appears early, the Riemann surface of the square root function is
explained early at an intuitive level, and both conformality and fractional
linear transformations are treated relatively early. Exercises range from the
very simple to the quite challenging, in all chapters. Some of the exercises
that appear early in the book can form the basis for an introduction to a
more advanced topic, which can be tossed out to the more sophisticated
students. Thus for instance the basis is laid for introducing students to
the spherical metric already in the first chapter, though the topic is not
taken up seriously until much later, in connection with Marty’s theorem in
Chapter XII.

The second problem addressed by the book has to do with flexibility
of use. There are many routes through complex analysis, and many in-
structors hold strong opinions concerning the optimal route. I address this
problem by laying out the material so as to allow for substantial flexibil-
ity in the ordering of topics. The instructor can defer many topics (for
instance, the stereographic projection, or conformality, or fractional linear
transformations) in order to reach Cauchy’s theorem and power series rel-
atively early, and then return to the omitted topics later, time permitting.

There is also flexibility with respect to adjusting the course to under-
graduate students or to beginning graduate students. The bulk of the
book was written with undergraduate students in mind, and I have used
various preliminary course notes for Chapters I-XI at the undergraduate
level. By adjusting the level of the lectures and the pace I have found the
course notes for all sixteen chapters appropriate for a first-year graduate
course sequence.

One of my colleagues wrote in commenting upon the syllabus of our
undergraduate complex analysis course that “fractional powers should be
postponed to the end of the course as they are very difficult for the stu-
dents.” My philosophy is just the reverse. If a concept is important but
difficult, I prefer to introduce it early and then return to it several times, in
order to give students time to absorb the idea. For example, the idea of a
branch of a multivalued analytic function is very difficult for students, yet it
is a central issue in complex analysis. I start early with a light introduction
to the square root function. The logarithm function follows soon, followed
by phase factors in connection with fractional powers. The basic idea is
returned to several times throughout the course, as in the applications of
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residue theory to evaluate integrals. I find that by this time most students
are reasonably comfortable with the idea.

A solid core for the one-semester undergraduate course is as follows:

Chapter 1

Chapter II

Sections II1.1-5

Sections IV.1-6

Sections V,1-7

Sections VI.1-4

Sections VII.1-4

Sections VIII.1-2

Sections IX.1-2

Sections X.1-2

Sections XI.1-2
To reach power series faster I would recommend postponing 1.3, 11.6-7,
IT1.4-5, and going light on Riemann surfaces. Sections I1.6-7 and IIT.4-5
should be picked up again before starting Chapter IX.

Which additional sections to cover depends on the pace of the instructor
and the level of the students. My own preference is to add more contour
integration (Sections VIL.5 and VII.8) and hyperbolic geometry (Section
IX.3) to the syllabus, and then to do something more with conformal map-
ping, as the Schwarz reflection principle (Section X.3), time permitting. To
gain time, I mention some topics (as trigonometric and hyperbolic func-
tions) only briefly in class. Students learn this material as well by reading
and doing assigned exercises. Finishing with Sections XI.1-2 closes the cir-
cle and provides a good review at the end of the term, while at the same
time it points to a fundamental and nontrivial theorem (the Riemann map-
ping theorem).

Note to the student

You are about to enter a fascinating and wonderful world. Complex analysis
is a beautiful subject, filled with broad avenues and narrow backstreets
leading to intellectual excitement. Before you traverse this terrain, let me
provide you with some tips and some warnings, designed to make your
journey more pleasant and profitable.

Above all, give some thought to strategies for study and learning. This
is easier if you are aware of the difference between the “what,” the “how,”
and the “why,” (as Halmos calls them). The “what” consists of defini-
tions, statements of theorems, and formulae. Determine which are most
important and memorize them, at least in slogan form if not precisely. Just
as one maintains in memory the landmark years 1066, 1453, and 1776 as
markers in the continuum of history, so should you maintain in memory
the definition of analytic function, the Cauchy-Riemann equations, and the
residue formula. The simplest of the exercises are essentially restatements

of “what.”
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The “how” consists in being able to apply the formulae and techniques
to solve problems, as to show that a function is analytic by checking the
Cauchy-Riemann equations, or to determine whether a polynomial has a
zero in a certain region by applying the argument principle, or to evaluate
a definite integral by contour integrafion. Before determining “how” you
must know “what.” Many of the exercises are “how” problems. Working
these exercises and discussing them with other students and the instructor
are an important part of the learning process.

The “why” consists in understanding why a theorem is true or why a
technique works. This understanding can be arrived at in many different
ways and at various levels. There are several things you can do to under-
stand why a result is true. Try it out on some special cases. Make a short
synopsis of the proof. See where each hypothesis is used in the proof. Try
proving it after altering or removing one of the hypotheses. Analyze the
proof to determine which ingredients are absolutely essential and to deter-
mine its depth and level of difficulty. The slogan form of the Jordan curve
theorem is that “every closed curve has an inside and an outside” (Section
VIIL.7). What is the level of difficulty of this theorem? Can you come up
with a direct proof? Try it.

Finally, be aware that there is a language of formal mathematics that is
related to but different from common English. We all know what “near”
means in common English. In the language of formal mathematics the
word carries with it a specific measure of distance or proximity, which is
traditionally quantified by £ > 0 or a “for every neighborhood” statement.
Look also for words like “eventually,” “smooth,” and “local.” Prepare to
absorb not only new facts and ideas but also a different language. Develop-
ing some understanding of the language is not easy — it is part of growing
up and becoming mathematically sophisticated.

Acknowledgments

This book stems primarily from courses I gave in complex analysis at the
Interuniversity Summer School at Perugia (Italy). Each course was based
on a series of exercises, for which I developed a computer bank. Gradually
I deposited written versions of my lectures in the computer bank. When 1
finally decided to expand the material to book form, I also used notes based
on lectures presented over the years at several places, including UCLA,
Brown University, Valencia (Spain), and long ago at the university at La
Plata (Argentina). I have enjoyed teaching this material. I learned a lot,
both about the subject matter and about teaching, through my students.
I would like to thank the many students who contributed, knowingly or
unknowingly, to this book.

The origins of many of the mathematical ideas have been lost in the
thickets of the history of mathematics. Let me mention the source for one
item. The treatment of the parabolic case of the uniformization theocrem
follows a line of proof due to D. Marshall, and I am grateful for his sharing



Preface xi

his work. As far as I know, everything else is covered by the bibliography,
and I apologize for any omissions.

Each time I reread a segment of the book manuscript I found various
mathematical blunders, grammatical infringements, and stylistic traves-
ties. Undoubtedly mistakes have persisted into the printed book. I would
appreciate receiving your email about any egregious errors you come across,
together with your comments about any passages you perceive to be par-
ticularly dense or unenlightening. My email address, while I am around, is
twg@math.ucla.edu. I thank you, dear reader, in advance.

Julie Honig and Mary Edwards helped with the preparation of class notes
that were used for parts of the book, and for this I thank them. Finally,
I am happy to acknowledge the skilled assistance of the publishing staff,
wha turned my doodles into figures and otherwise facilitated publication
of the book.

T.W. Gamelin
Pacific Palisades February 2001



Introduction

Complex analysis is a splendid realm within the world of mathematics,
unmatched for its beauty and power. It has varifold elegant and often-
times unexpected applications to virtually every part of mathematics. It
is broadly applicable beyond mathematics, and in particular it provides
powerful tools for the sciences and engineering.

Already in the eighteenth century Euler discovered the connection be-
tween trigonometric functions and exponential functions through complex
analysis. (It was he who invented the notation eio.) However, it was not
until the nineteenth century that the foundations of complex analysis were
laid. Among the many mathematicians and scientists who contributed,
there are three who stand out as having influenced decisively the course of
development of complex analysis. The first is A. Cauchy (1789-1857), who
developed the theory systematically along the lines we shall follow, with
the complex integral calculus, Cauchy’s theorem, and the Cauchy inte- -
gral formula playing fundamental roles. The other two are K. Weierstrass
(1815-1897) and B. Riemann (1826-1866), who appeared on the mathe-
matical scene about the middle of the nineteenth century. Weierstrass
developed the theory from a starting point of convergent power series, and
this approach led towards more formal algebraic developments. Riemann
contributed a more geometric point of view. His ideas had a tremendous
impact not only on complex analysis but upon mathematics as a whole,
though his views took hold only gradually.

In addition to the standard undergraduate material, we shall follow sev-
eral strands and obtain several poster theorems, which together with the
more elementary material cover what might be called the “complex anal-
ysis canon,” the part of complex analysis included in the syllabus of the
typical PhD qualifying exam.

One of the strands we shall follow culminates in the prime number theo-
rem. Already Euler in the eighteenth century had written down an infinite
product for the zeta function, connecting the prime numbers to complex
analysis. In the 1830°s Dirichlet used variants of the zeta function to prove
the existence of infinitely many primes in arithmetic progressions. Riemann
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did fundamental work connecting the zeta function to the distribution of
prime numbers. And finally just before the close of the nineteenth century
J. Hadamard and C.J. de la Vallée Poussin independently proved the prime
number theorem using techniques of complex analysis.

Another strand we shall follow is the conforinal mapping of domains
in the plane and more generally of Riemann surfaces. We shall aim at
two poster results: the Riemann mapping theorem and the uniformization
theorem for Riemann surfaces. The definitive version of the Riemann map-
ping theorem, which one finds in all complex analysis textbooks today, was
proved by W. Osgood in 1900. The uniformization theorem for Riemann
surfaces was proved independently in 1907 by P. Koebe and H. Poincaré,
thereby solving Hilbert’s 22nd problem from his famous address to the
International Mathematical Congress in 1900.

The first quarter of the twentieth century was one of rapid development
of the foundations of complex analysis. P. Montel put his finger on the
notion of compactness in spaces of meromorphic functions and developed
the theory of normal families. P. Fatou and G. Julia used Montel’s theorem
in their seminal work around 1914-1921 on complex iteration theory. On
another front, O. Perron developed in 1923 a powerful method for solving
the Dirichlet problem.

By the end of the first quarter of the twentieth century, the complex anal-
ysis canon had been established, and nearly all the main results constituting
the undergraduate and first-year graduate courses in complex analysis had
been obtained. Nevertheless, throughout the twentieth century there has
been much exciting progress on the frontiers of research in complex anal-
ysis, and meanwhile proofs of the most difficult foundational results have
been gradually simplified and clarified. While the complex analysis canon
has remained relatively static, the developments at the frontier have led
to new perspectives and shifting emphases. For instance, the current re-
search interest in dynamical systems and the advent of computer graphics
contributed to elevating the work of Fatou and Julia to a more prominent
position.

What lies before you is the distillation of the essential, the useful, and
the beautiful, from two centuries of labor. Enjoy!



Undergraduate Texts in Mathematics

(continued from page ii)

Frazier: An Introduction to Wavelets
Through Linear Algebra

Gamelin: Complex Analysis.

Gordon: Discrete Probability.

Hairer/Wanner: Analysis by Its History.

Readings in Mathematics.

Halmos: Finite-Dimensional Vector
Spaces. Second edition.

Halmos: Naive Set Theory.

Hémmerlin/Hoffmann: Numerical
Mathematics.
Readings in Mathematics.

Harris/Hirst/Mossinghoff:
Combinatorics and Graph Theory.

Hartshorne: Geometry: Euclid and
Beyond.

Hijab: Introduction to Calculus and
Classical Analysis.

Hilton/Holton/Pedersen: Mathematical
Reflections: In a Room with Many
Mirrors.

Hilton/Holton/Pedersen: Mathematical
Vistas: From a Room with Many
Windows.

Tooss/Joseph: Elementary Stability
and Bifurcation Theory. Second
edition.

Irving: Integers, Polynomials, and Rings:

A Course in Algebra

Isaac: The Pleasures of Probability.
Readings in Mathematics.

James: Topological and Uniform
Spaces.

Jénich: Linear Algebra.

Jénich: Topology.

Jénich: Vector Analysis.

Kemeny/Snell: Finite Markov Chains.

Kinsey: Topology of Surfaces.

Klambauer: Aspects of Calculus.

Lang: A First Course in Calculus.
Fifth edition.

Lang: Calculus of Several Variables.
Third edition.

Lang: Introduction to Linear Algebra.
Second edition.

Lang: Linear Algebra. Third edition.

Lang: Short Calculus: The Original
Edition of “A First Course in
Calculus.” '

Lang: Undergraduate Algebra. Third
edition

Lang: Undergraduate Analysis.

Laubenbacher/Pengelley: Mathematical
Expeditions.

Lax/Burstein/Lax: Calculus with
Applications and Computing.
Volume 1.

LeCuyer: College Mathematics with
APL. '

Lidl/Pilz: Applied Abstract Algebra.
Second edition.

Logan: Applied Partial Differential
Equations, Second edition.

Lovisz/Pelikin/Vesztergombi: Discrete
Mathematics.

Macki-Strauss: Introduction to Optimal
Control Theory.

Malitz: Introduction to Mathematical
Logic.

Marsden/Weinstein: Calculus I, II, II1.
Second edition.

Martin: Counting: The Art of
Enumerative Combinatorics.

Martin: The Foundations of Geometry
and the Non-Euclidean Plane.

Martin: Geometric Constructions.

Martin: Transformation Geometry: An
Introduction to Symmetry.

Millman/Parker: Geometry: A Metric
Approach with Models. Second
edition.

Moschovakis: Notes on Set Theory.

Owen: A First Course in the
Mathematical Foundations of
Thermodynamics.

Palka: An Introduction to Complex
Function Theory.

Pedrick: A First Course in Analysis.

Peressini/Sullivan/Uhl: The Mathematics
of Nonlinear Programming.



Undergraduate Texts in Mathematics

Prenowitz/Jantosciak: Join Geometries.

Priestley: Calculus: A Liberal Art.
Second edition.

Protter/Morrey: A First Course in Real
Analysis. Second edition.

Protter/Morrey: Intermediate Calculus.
Second edition.

Pugh: Real Mathematical Analysis.

Roman: An Introduction to Coding and
Information Theory.

Roman: Introduction to the Mathematics
of Finance: From Risk Management to
Options Pricing.

Ross: Differential Equations: An
Introduction with Mathematica®.
Second edition.

Ross: Elementary Analysis: The Theory
of Calculus.

Samuel: Projective Geometry.

Readings in Mathematics.

Saxe: Beginning Functional Analysis

Scharlauw/Opolka: From Fermat to
Minkowski.

Schiff: The Laplace Transform: Theory
and Applications.

Sethuraman: Rings, Fields, and Vector
Spaces: An Approach to Geometric
Constructability.

Sigler: Algebra.

Silverman/Tate: Rational Points on
Elliptic Curves.

Simmonds: A Brief on Tensor Analysis.
Second edition.
Singer: Geometry: Plane and Fancy.
Singer/Thorpe: Lecture Notes on
Elementary Topology and
Geometry.
Smith: Linear Algebra. Third edition.
Smith: Primer of Modern Analysis.
Second edition.
Stanton/White: Constructive
Combinatorics.
Stillwell: Elements of Algebra: Geometry,
Numbers, Equations.
Stililwell: Elements of Number Theory.
Stillwell: Mathematics and Its History.
Second edition.
Stillwell: Numbers and Geometry.
Readings in Mathematics.
Strayer: Linear Programming and Its
Applications.
Toth: Glimpses of Algebra and Geometry.
Second Edition.
Readings in Mathematics.
Troutman: Variational Calculus and
Optimal Control. Second edition.
Valenza: Linear Algebra: An Introduction
to Abstract Mathematics.
Whyburn/Duda: Dynamic Topology.
Wilson: Much Ado About Calculus.



Contents

Preface vii
Introduction xvii

FIRST PART

Chapter 1 The Complex Plane and Elementary Functions

PN A AW

Complex Numbers 1

Polar Representation 5

Stereographic Projection 11

The Square and Square Root Functions 15
The Exponential Function 19

The Logarithm Function 21

Power Functions and Phase Factors 24
Trigonometric and Hyperbolic Functions 29

Chapter IT  Analytic Functions 33

C

NSO

E Noohkwoe

Review of Basic Analysis 33

Analytic Functions 42

The Cauchy-Riemann Equations 46
Inverse Mappings and the Jacobian 51
Harmonic Functions 54

Conformal Mappings 58

Fractional Linear Transformations 63

apter III  Line Integrals and Harmonic Functions 70

Line Integrals and Green’s Theorem 70
Independence of Path 76

Harmonic Conjugates 83

The Mean Value Property 85

The Maximum Principle 87
Applications to Fluid Dynamics 90
Other Applications to Physics 97



xiv

Chapter IV Complex Integration and Analyticity 102

NN

Complex Line Integrals 102

Fundamental Theorem of Calculus for Analytic Functions
Cauchy’s Theorem 110

The Cauchy Integral Formula 113

Liouville’s Theorem 117

Morera’s Theorem 119

Goursat’s Theorem 123

Complex Notation and Pompeiu’s Formula 124

Chapter V  Power Series 130

1.

NootewN

Infinite Series 130

Sequences and Series of Functions 133

Power Series 138

Power Series Expansion of an Analytic Function 144
Power Series Expansion at Infinity 149
Manipulation of Power Series 151

The Zeros of an Analytic Function 154

Analytic Continuation 158

Contents

107

Chapter VI  Laurent Series and Isolated Singularities 165

1.

o oo

The Laurent Decomposition 165

Isolated Singularities of an Analytic Function 171
Isolated Singularity at Infinity 178

Partial Fractions Decomposition 179

Periodic Functions 182

Fourier Series 186

Chapter VII The Residue Calculus 195

PN DA W

The Residue Theorem 195

Integrals Featuring Rational Functions 199
Integrals of Trigonometric Functions 203
Integrands with Branch Points 206
Fractional Residues 209

Principal Values 212

Jordan’s Lemma 216

Exgerior Domains 219

SECOND PART
Chapter VIII The Logarithmic Integral 224

I A

The Argument Principle 224

Rouché’s Theorem 229

Hurwitz’s Theorem 231

Open Mapping and Inverse Function Theorems 232
Critical Points 236

Winding Numbers 242



Contents

7. The Jump Theorem for Cauchy Integrals 246
8. Simply Connected Domains 252

Chapter IX The Schwarz Lemma and Hyperbolic Geometry
1. The Schwarz Lemma 260
2. Conformal Self-Maps of the Unit Disk 263
3. Hyperbolic Geometry 266

Chapter X  Harmonic Functions and the Reflection Principle
1. The Poisson Integral Formula 274
2. Characterization of Harmonic Functions 280
3. The Schwarz Reflection Principle 282

Chapter XI  Conformal Mapping 289

1. Mappings to the Unit Disk and Upper Half-Plane 289
2. The Riemann Mapping Theorem 294
3. The Schwarz-Christoffel Formula 296
4. Return to Fluid Dynamics 304
5. Compactness of Families of Functions 306
6. Proof of the Riemann Mapping Theorem 311
THIRD PART

Chapter XII Compact Families of Meromorphic Functions
1. Marty’s Theorem 315
2. Theorems of Montel and Picard 320
3. Julia Sets 324
4. Connectedness of Julia Sets 333
5. The Mandelbrot Set 338

Chapter XIII Approximation Theorems 342
1. Runge’s Theorem 342
2. The Mittag-Leffler Theorem 348
3. Infinite Products 352
4. The Weierstrass Product Theorem 358

Chapter XIV Some Special Functions 361
1. The Gamma Function 361
2. Laplace Trapsforms 365
3. The Zeta Function 370
4. Dirichlet Series 376
5. The Prime Number Theorem 382

Chapter XV The Dirichlet Problem 390
1. Green’s Formulae 390
Subharmonic Functions 394
Compactness of Families of Harmonic Functions 398
The Perron Method 402
The Riemann Mapping Theorem Revisited 406

o o

260

274

315



