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PREFACE

Tr1s monograph is addressed mainly to technicaily minded
readers.Its principal aim is to discuss the solutions of the ordi-
nary differential equations with assigned boundary conditions
which oceur in the theory of beams by means of. integral trans-
forms, now called the ¢ Laplace integrals” or “Laplace trans-
formation”. ;

This method of solving linear differentlai equations was
originally published by Lapmce nearly one hundred and fifty
yearsago (1812), and has been used by mathematicians alongside
the other methods as a zegular training in higher mathematies for
a good many years. Engmeers on the other hand, whose mathe-

_matical training, of necessity, covers a more restricted range are
3'— still not very familiar with the method. But following the natural
‘evolution of events, the engineer finds nowadays that he is %
continuously requiring more and more mathematical knowledge.
i.e. more powerful mathematical toolsto be able to solve the
. more comphcated problems in ever expandmg ﬁelds of engmeermg
séience. And so the engineer came in recent yeare to realize the
. usefulness of the Laplace transformation method. : S
i k% The method provides a form of shorthand by means of which
very quick and elegant solutions of a great many engineering
problems may be obtained. often saving muchof the laborious cal-
~ culationsinvoived inthe classical approach. It may be objected that
- these solutions are in a rather symbolic form and in fact require
- conversion into the more practical form in ovder to he divectly
~ amenable to physical mtexpxetatmgl and this, in turn, may be

\
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eithér_ a difficult or }aboriohs process. However, the sblutibns can
be given in standardized forms, e.g. arranged as tables similar,

. say, to those of logarithms or other specific functions, thus

grea’t.ly' simplifying the actual procedure of analysis. And once
" the technique has been mastered, the method of solution becomes
more direct and straightforward than the “classical” methods.

_ : Lol E.P.B. .
Sheffield, September 1957. | '
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SUMMARY DR S g

Tais monograph is the first part of a major project on the
* -application of the Laplace transformation method to static
~ problems in theory of structures and deals with heams on two
and more supports under various conditions of loading.

Beams of constant rigidity or composed of sections of con-
 stant rigidity are diseussed first. Starting with the differential
equation of the deflexion curve and with a uniformly distributed
loading, the solution of the equation is obtained by means of the
Laplace transformation. Then, by means of a suitable defiﬁiticn ;
of concentrated forees and couples, the author generalizes the
solution to include the case of simultaneous loading by concent-
rated forces and couples as well as distributed loads (uniform and
non-uniform). ; ; : oo

Tt is shown that the'elgstib curve of a beam loaded in such
& general manner and resting on two or more supports is givén
by the relation y = W(x) + S(z), where W(x) and S(z) are step
functions defined and briefly discussed in the introduction. The
function W (x)is a polynomial whose coefficients depend entirely -
upon the nature of the supports and can be evaluated from the
boundary conditions, while the second function S(z). called by.
the auther the load function, depends solely upon the loading of
the beam. 1f the load distribution is known, the load function
cam be determined beforehand independently of ‘the step poly-
" “1iomial W(x) either by direct application of the Laplace transfor-
malion or by means of tables of the Laplace transforms.
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Le 10 , SUMMARY

- In this way the problem of finding the deflexion curve is
transformed fror the problem of solving a differential equation

to that of solving algebraic equations. In short, it reduces to' -

finding the coefficients of the polynomial W(:c) by solving a
system of simultaneous algebram equations. Moreover the use of
this' method does away with the necessity of different treatment
of the iso-and hyper-static beams since the same general relation
holds in both cages, : :

Solutions are obtained for beams on two support under var-
ious conditions of end fixing (freely supported, built-in, etc.) as
well as for continuous beams both with rigid and-elastic supports.
Finally, the author derives a solution of the differential equation
of the elastic curve for the case of a beam with variable rigidity
and defines the load function for t}ns case.




I. INTRODUCTORY INFORMATION
Swp ﬁmenona and &mﬂﬁ-ctey functions

Suppose We are glven two functions : f{) whmh is defmed ;
and continuous in the open reglon (@ ¢), and f,!x) whlch is
defined and continuous in the open region (¢, b}, where 2<c< b.
Assuming that these functions are finite at both ends of their
respective’ regions, a new function over the wholer ‘region (a, b) '
can now be- defmed by means-of them as follows :

7 __[fl(x)! a<x<0¢!' - g
. ,f(x) lf,.(x), “c/x<‘b SR O

Altematxvely eq (LY. l) may be ertten in a mom nonvement
form for our purposes as : ; it

-

n

o= Chio) +<f=<x>>c (112>'

The i'unctmn f(:tz) S0 defme% will be ealled the step func— ;

tion, and the terms such as ¢ [l(at))a and {fo(2)) ! will be referred -

to as its ~ elements. Such a function is still to- be defired - at

the three points-(a, b, ¢). eorrespondmg to the ends of the inter-

- wals (u, c) and (c b). Thls”can be done in several ways However,
7 ,
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a cotivenient method is to make use of the left and right end
" limits of the elements, i.e. fy(@ + 0), fi{c — 0) and fy(c +0),
fo(b — 0), and to ascribe to the function f(z) at the ends of the -
_ regioni (a, b) the outer limits f;(a + 0) and fy(b — 0), while at the
intermediate point ¢ to treat f(z) as double-valued, i. e. either
f,lc. — 0) or fo(c + 0) depending whether the interval (a, c) or '
“(¢, b) is considered. \ : SRR el
" The need for such a double-valued step function at certain
points arises, for example, when considering the distribution of
the shear force in a-transversely loaded beam. At the points of
. application of the concentrated loads or at the supports, the
shearing foree is double-valued. : A
The graph of the step function :

\f(z)'=<y1§§+<ys>2, S TR

-

4

_'whéré Ys a.xid Ys ai"e éonstant, is shown in Fig. 1.
¢ '
il } -
]
1) I
g8 :--—r—-“ %
0 Vo e it

Ji'a‘..] : : £

: Fre. 1’

' From the above diseussion it is not to be assumed that a.
_ step function must have points Where it is double-valued ; it
is possible that fy{c'— 0) = fy(c -+ 0). In such-a case, in accord-
ance with the definition; this common limit will be the value of
" the step function f(z) at ¢, and the function is single-valued over
the whole region. =5y
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STEP AND Ml’LTI STEP FU\CTIO'NS : ; ; 13L

As an example of such a smgle -valued step functlon we have

f(x)=<kx}5+_<kx+P(zf-q)§>2 ‘ (0<c<b)
3 : (114)

- Tts graph is glven in Flg 27

il i e
\
L]

b

: F:e:. 2‘

If there are more than two elements, such & functlon w111 be

called multi-step functlon and then we can write

 He) = Z @) Yo (a%ao<al‘<-~’*<an b

=90, .
; N ....(1.1.5)

) It wﬂl be found advantageous to retain the above notatlon -
even for such cases where one of the intervals reduces to a point.

We may write then

The symbol (f, @) o where a; < b;, indicates that the
functien f, () is to be conmdered only within the mtewal (@ b‘)

»

: <f}<x>,>:='f,<c>. AT
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-Keeping t!ns in mind, Jwe may modxfy shght,ly the defmmon of a
atep ﬁmchon given in eq. (1.1 2) a8 ioliows ' >

@)= <fl(x)>a+<f;(z)>° (a<cxb) (LT

Its gmph is given in Fig. 3. 1t is easnly seen that the elements
- of thd step function (1.1.7) overlap Eq. (1.1. 7) of course, reduces
to eq. (1.1.2), viz.: - >

(h? +<fs)"<h> RO T e
=Ch)é +<f1+f.>° s 118)
. When a step function, given in the form {l.l 7), has an

element extending over the whole reglqn under consideration
 Aa, b), we shall leave out the sign { )} writing

1@ = h@+ )y @<e<h). . 110)

Further, if in a step functxon there is a zero-va,lned element
over an interval, e.g. (0)¢, we shall omit it all together ; and
conversely, if -in some interval in the reg:on (a, b) the step




L or alternatively

STEP AND MULTLSTEF FUNCTIONS o 13

-

; iuncuon ia not given, it 1s to be understood that lts value is zero

in that mterval Henee every sum of the form

n s
Z(,f,- L S i (13,10

=1

y denotes a step functlon in the reglon {a, b) ifonlya<<ea <b

ora < b < borif a; < b;, and the functions f; are determined
respectwely in the intervals (@; b;) and have fmlte lnmts 1 (a,+0)
and f; (b, — 0). :

Here are some examples on the apphcatlon of step functions.

1. If a beam of length J, with its neutral axis along the
Oz-axis, has a flexural rigidity B, in the first half of its length
and B, in the second half, then its rigidity over the whole length
can be expressed as

B@)=(B1)¢*+{Ba) g~ = ..<.(1111)

" 2. If the beam given above is acted on by a uniformly
dlstn.)uted load ¢, in the interval (0.3 : 3!} and in add.mon there
is wnother distributed load ,o over the interval -( LY
‘while the remainder of the beam (2 (31,1} ie unloaded, the load ovex

the whole 1ength may be e*:pressed as fuﬂcws

R {x) \01>02+<Q2>ﬁ”‘ vabeb Bl 12)

7@ = Cn )it 4+ (o qedld+ Caa DL .

L1211

."

B o 8 T s ey ~.1 / ,
4 @)= T+ a )i+ o) P+ (0. - (1112.2)

- The graphs of these functions are given in F;g 4,
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3. The reeszocal of the rtgldxty of the above beam is
given by i

Tt 1\ 2 gk g g
B(az} Sk +\§; ee(L118)
oy ' : \
i /"\U& ,,/1\\1 1\314 //I
Tt i el o & W
5 ‘:'J’> \B’ ‘_ o Bl//;‘,‘4 ® \Bﬁ/ i ¥ \ By ws

SRERY

- Using relations (1.1,12.2) and (1 118, 1) the- dlffeientml
eguation of the deflected beam :

A 5 '
Ve @) (B = const.) s (1.1,14)

can be. written-as follows

Y = /gl \"“.‘4'-4_/(11 __Q-!_ 5
K B‘/ 0 1 \\ Bl, / \ Bz ij2

/qa : +< )su4 o
o (LL14T)




