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Kinematics

1-1 Core Material and Study Guide

1. Position

One general way of locating a particle is with a position vector. As shown in
Fig. 1-1,the location of a particle relative to the origin of a coordinate system is
given by a position vector r,which in unit-vector notation is

r=xi+yj+zk,

y where xi,yj and zk are the vector components of r,and the coefficients x,y,and
' P(x.y.2) z are its scalar components.
The magnitude of position vector is defined as the distance between the
/ ) location P of the particle and the origin,that is
r=lrl =5 +9y° +2.
() ¥ The dimensions of length is [ L], with SI units of meters ( m). The

z

direction of the position vector can be represented by the direction cosines

J

Fig. 1-1 The position vector of a x ;
particle. cosq = T,cosB = . ,CO8y = o

where a,f8 and -y are the angles between the position vector r and the positive

%-,y- and z-axes respectively. They are called direction angles.
2. Displacement

As a particle moves,in Fig. 1-2,its position vector changes from r, to r,,then

the particle’s displacement is

Plx,p1,2)

\ Q0x3,v2.2)

Ar=r, -r,.
We can rewrite this displacement as
Ar = (%0 +y,j +2,k) — (x,i +y,j +z,k)
= Axi + Ayj + Azk,

where coordinates (x,,¥,,z, ) correspond to position vector r; and coordinates

(%,,%,,2,) correspond to the position vector r,.

Fig. 1-2 The displacement vector of C e . .
We need to make a distinction between the distance an object has
a particle. . . L . ..
P traveled , and its displacement ,which is defined as the change in position of the
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object. That is,displacement is how far the object is from its starting point.

3. Average Velocity and ( Instantaneous) Velocity

If a particle moves through a displacement Ar in a time interval At, then its

"average velocity v, is

. _Ar
avg At.
As At—0,v,, reaches a limit called the velocity or instantaneous velocity ;
v = limM _dr
a—0 At - di’

which can be rewritten in unit-vector notation as
v =vi+vj+uk,
where v, =dx/dt,v, = dy/dt,v, = dz/ds. The direction of the velocity is always
directed along the tangent to the particle’s path at the particle’s position.
The terms velocity and speed are often used interchangeably in ordinary
language. But in physics we make a distinction between the two. Speed is
simply a positive number , with its units. Velocity, on the other hand, is used to

signify both the magnitude ( numerical value) of how fast an object is moving

and the direction in which it is moving.
There is a second difference between speed and velocity: namely, the

average velocity is defined in terms of displacement, rather than total distance
traveled.

Average speed and average velocity have the same magnitude when the

motion is all in one direction. In other cases,they may differ.

4. Average Acceleration and ( Instantaneous) Acceleration

If a particle’s velocity changes from v, to v, in time interval At, its average

acceleration during At is

_ U -v, Av
anvg_ At - At

The instantaneous acceleration (or simply acceleration) is the limit of

Av /At as time interval At goes to zero.
a= limA—v = d_v
a0 At dt
In unit-vector notation,
a=ai+aj+ak,
where a, =dv,/dt,a, =dv,/dt,a, =dv,/dt.
Note carefully that acceleration tells us how fast the velocity changes,

whereas velocity tells how fast the position changes.



Fig.1-3 Projectile motion.

Fig. 1-4 The acceleration

for a circular motion.

Chapter 1 Kinematics 3

5. Projectile Motion

A particle moves in a vertical plane with some initial velocity v, but its

acceleration is always the free-fall acceleration g (in the absence of air

resistance ) , which is downward. The projectile is launched with an initial

velocity 9, and an angle 6§, ,the particle’s equation of motion and velocity are
x = (vgcosfy)t,

y = (vysindy ) ¢ ——;—gt2 ,

v, =vycosf,,
v, =1,8ing, - gt.
The equation of the path of a particle in projectile motion is given by

2

_ (&
y = (tanfy ) x (2v(2,cos200)x

We can see that projectile motion is parabolic.
The horizontal range of the projectile is the horizontal distance the
projectile has traveled when it returns to its initial (launch) height.
_ vasin26,
T g
We can see that the maximum range,for a given initial velocity v, is obtained

when the sine takes on its maximum value of 1.0,which occurs for 26, =90°.
6. Circular Motion

In a circular motion, we use tangential acceleration to describe the change in

magnitude of the velocity of the moving particle,

That is the rate of change of the speed.

And we introduce centripetal acceleration ( radial acceleration ) to

describe the change in direction of the velocity of the moving particle,

2
or a, =rw".

The magnitude of the total acceleration is given by

a=.ad +d.
As shown in Fig. 1-4 ,the direction of the total acceleration is expressed by

tanf) = a,/a, ,where @ is the angle between a and v.

7. Uniform Circular Motion

3

In uniform circular motion ,the speed v and the angular speed @ are constant,
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Frame S’
(R0

X

0

Frame §

Fig. 1-5 Relative motion.

and the period is given by

Because tangential acceleration a, =0, total acceleration a =a, = %

An object moving in a circle of radius r with constant speed v has an
acceleration whose direction is toward the center of the circle and whose
magnitude is v”/r. It is not surprising that this acceleration depends on v and r.
For the greater the speed v, the faster the velocity changes direction; and the
larger the radius,the less rapidly the velocity changes direction.

The acceleration vector points toward the center of the circle. But the
velocity vector always points in the direction of motion, which is tangent to the
circle. Thus the velocity and acceleration vectors are perpendicular to each other

at every point in the path for uniform circular motion.
8. Relative Motion

When two frames of reference S and S’ are moving relative to each other at
constant velocity #,as in Fig. 1-5, the velocities of a particle P as measured
from the two frames have relation
v=v'+u,

in which v, and v' are the velocities of particle relative to S and §’
respectively.

Both observers measure the same acceleration :

a=a'

It is often useful to remember that for any two objects or reference frames,

A and B, the velocity of A relative to B has the same magnitude, but opposite

direction, as the velocity of B relative to A

Vps = —Oyup

1-2 Problem-Solving Tactics

1. Read and reread the whole problem carefully before trying to solve it.

2. Draw a diagram or picture of this situation, with coordinate axes wherever
applicable. ( You can choose to place the origin of coordinates and the axes
wherever you like,so as to make your calculations easier. )

3. Write down what quantities are “known” or “given” , and then what you
want to know.

4. Consider which equations { and/or definitions ) relate the quantities
involved. Before using equations, be sure their range of validity includes your

problem. Solve the equations for the desired unknown.
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5. A very important aspect of doing problems is keeping track of units. An

equals sign implies the units on each side must be the same, just as the

numbers must. If the units do not balance,a mistake has been made. This can

serve as a check on your solution.

1-3 Typical Samples

Sample 1-1 The position of a particle is given in a
certain coordinate system by the vector.

r(t) =4cos{ wt/T)i —dsin( mt/T)j.
(a) Find the displacement vector at time ¢t = T/3,¢t =
772 ,and t =2T. In each case compute the distance to the

origin.

SOLUTION: By substituting these values of time, we
can directly calculate the displacements corresponding to

each value of time respectively,

r=2i-2.3j, for t=31. ( Answer)
, T

r=-4j, for 1 =5 ( Answer)

r=4i, for t=2T. ( Answer)

(b) What is the angle that the position vector makes with

the + x-axis for arbitrary?

SOLUTION: For this
position vector can be expressed as

r(t) =xi+yj.
And the angle that the position vector makes with the +

two-dimentional motion, the

x-axis is defined as

tanf = L ,
x
where x =4cos(mwt/T),
and y= —4sin(m/T).
Therefore
_ _4sin(wt/T) m
tang = 4cos(mwt/T) ~ tan( T)’
__m
6= T ( Answer)

Sample 1-2 A particle moves with the velocity v = (4
+22)i + (10 —41)j.
(a) What are the particle’s position and velocity after

3 s5,assuming that it starts at origin?

SOLUTION: From the definition of velocity,

, dr
T dr
Multiplied by dt for both sides of this equation,we obtain
dr =v dt.

Taking the definite integral for two sides of this relation

corresponding to the motion’s initial and final conditions,

[(ar = [ od.

Replacing v by (4 +2¢£*)i + ( =10 —4¢t)j, and by some

calculations , we have
r= [[(4+20)0+ (- 10 - 40)j1ds
- (4t + %,3)1' + (= 10¢ - 28)).
Substituting ¢ =3 s into the position vector

r=(4t +%t3)i+( -101 - 24,
we have
r=(12+18)i+( -30 -18)j =30i —48;. ( Answer)
Alike , substituting t =3 s into the velocity vector
v =(4+22)i+( -10-41)j,
obtains,

v =(4+18)i+( -10-12)j=22i -22j. (Answer)
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(b) What is the particle’s moving direction with respect

to the x-axis at time ¢t =3 s?

SOLUTION: Because the particle’s moving direction
depends on its velocity, and the velocity for the two-
dimentional motion can be expressed as

v =vl+v ],

here v, =22,v, = =22,
Therefore the particle’s moving direction with respect to
the x-axis at time ¢t =3 s is given by

tan@ = tan o = tan —232

= -1,

( Answer)

Sample 1-3  Figure 1-6 shows a massless pulley
mounted on a fixed axel on the bank of a lake ,which has
a vertical distance h above the surface of water. A boat is
at rest in the lake, which is fastened by a cord that is
wrapped around the rim of the pulley. Suppose that a
person is pulling the cord at a constant speed of v,.
Calculate the velocity and the acceleration of the boat
when the horizontal distance between the boat and bank

is s.

SOLUTION: Set up a coordinate system as shown in
Fig. 1-6. At t =0, the boat locates at x, ,the length of the
cord between the boat and the pulley is [, ; At time ¢, the
boat locates at x,the length of the cord between the boat
and the pulley is /. Then
=1, —v,t.
The motion of equation for the boat is given by
x= P =k = /(I —vet)” - K.

The velocity of the boat at time ¢ is

2.2
kv,

For x =s,the velocity and the acceleration of the boat are

vy Vs" +h,
v=-—"-—-1i,
s

( Answer)

2.2
Vo,

and -—i. ( Answer)

It shows that the acceleration increases with s decreasing

as the boat approaches the bank of the lake.

Sample 1-4 In Fig. 1-7,a river with width of d,which
has an zero current speed at the shore and v, in the
middle way of the river. Suppose the speed of current
varies linearly with the distance between the shore and
the middle way of the river. A person rows a boat at a
constant speed of u perpendicularly to the current of the
river toward the center of the river. Find ( a) the motion
of equation of the boat and (b) the path equation of the
boat.

, 1

Fig.1-7 Sample 14,

SOLUTION: (a)Take the bank as the. reference frame
and set up the coordinate system as shown in Fig. 1-7.

The components of the velocity of the boat are given by



v, =ky,
v, =u,

where k is a positive constant.

d
For y = o »Yx =¥, We can get
pole 2%
y d°
2y,
Therefore v, = =27
From v, =u,we have
dy _
de ="
then y = Ludt = ut.

2y
Substituting y with ut in equation v, = Foy,obtains

x

_2v
v, = dut.

Chapter 1 Kinematics 7

Therefore
2v,ut Voll
= dt = =+
* d d
Then the motion of equation of the boat is given by
r= %zzi + utf. ( Answer)
SOLUTION: (b)Eliminating ¢ in equations
x=%&2 and y=ut,
we can get the path equation of the boat
= 2
x=—7, ( Answer)

which shows that the boat moves at constant acceleration

in the xy-plane;its path is a parabola in the range of

0$y$i.

2

Sample 1-5 The Moon’s nearly circular orbit about the
Earth has a radius of about 3. 84 x10* m and a period T
of 27. 3 days. Determine the acceleration of the Moon
toward the Earth.

SOLUTION: In orbit around the Earth,the Moon travels
a distance 2mr, where r =3. 84 x 10® m is the radius of
its eircular path.

The speed of the Moon in its orbit about the Earth is

27r
-

v =

The period T in seconds is
T=27.3 x24 x3600 =2. 46 x 10° s.
Therefore the centripetal acceleration of the Moon toward

the ‘Earth is given by
2
a, =—=""-"—=2.72x10"° m/s’.

( Answer)
We can write this in terms of g = 9. 80 m/s? ( the
acceleration of gravity at the Earth’s surface) as

-3
a,=212x10 "¢ 729"8100 =2.78 x 10 ~*g.

Sample 146 A particle is fired horizontally at speed of
vg. Calculate the particle’s tangential acceleration, radial
acceleration ,and the radius of curvature at time ¢. Ignore

the resistance of air.

SOLUTION: As shown in Fig. 1-8 ,suppose the velocity
of the particle at time ¢ is v,then
v, =v,,0, = —gt,

v =1)(2)+gt.

y

Fig.1-8 Sample 1-6.
The speed of the particle is given by

v=Jv} +g° 1.

From the definition of tangential acceleration ,we have
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( Answer)

The total acceleration is g, and a, and @, are
perpendicular to each other,then

g =d’ +d’.
Therefore a, = g2 -a = £% ( Answer)

M —
,\/'I)(Z) +g252

Suppose the radius of curvature is p, then from the
2
. v
relation a, =—,we have

_ﬁ_(v(z) +g2t2)3/2

( Answer)
r gv()

p

]

Supplementary Problems _

1.If a body moves at a constant speed » along a closed
path , its average speed in comparison to v is ( a) greater;
(b) less;

sometimes less; (e)none of these.

(c) the same; ( d) sometimes greater,
2. On a distance —time graph, the slope at any point is
(a)the distance traveled; (b)the time elapsed; (c)the
average speed; (d)the instantaneous speed; (e)none of
these.

3. A body moving with an acceleration having a constant
magnitude must experience a change in ( a) velocity;
(b) speed; (c) average speed; (d) acceleration; (e)
none of these.

4. The speed of a body traveling in a straight line with a
constant positive acceleration increases linearly with (a)
distance; (b) time; (c) displacement; (d) distance
squared; ( e)none of these.

5. Given the position vector r = xi + yj + zk, write the
expression for the unit vector 7.

6. A remote-controlled vehicle climbs a winding road
whereupon its path-length, measured from the starting
point (I =0 at t =0) ,is given by the equation [ (t) =
10.0 +5.0:*. Write an expression for the scalar value of
its tangential acceleration as a function of time.

7. The equation of motion of a particle moving in three
dimensions within an experimental test setup is [(t) =
2.0t -5. 08 +3.0¢ +0. 5. Write an expression for the
scalar value of the tangential acceleration and evaluate it
numerically at t =3.0 s.

8. A small bright lamp hangs from the celling at a height

of h, meters above the floor of a large hall. A man ( who
is h_, meters tall) walking at a constant velocity o across
the hall passes directly under the lamp at ¢t =0. Write an
expression for the speed at which the very end of its
shadow subsequently sweeps across the floor in front of
him as he walks. What happens to the speed as h_ gets
smaller.

9. A football is kicked at ground level with a speed of
18.0 m/s at an angle 32.0° to the horizontal. How much
later does it hit the ground?

10. A projectile is fired with an initial speed of 51.2 m/s
at an angle of 44.5° above the horizontal on a long flat
firing range. Determine ( a)the maximum height reached
by the projectile, (b) the total time in the air, (c) the
total horizontal distance covered (that is,the range) ,and
(d) the velocity of the projectile 1.50 s after firing.

11. Suppose the space shutile is in orbit 400 km from the
Earth’s surface,and circles the Earth about once every 90
minutes. Find the centripetal acceleration of the space
shuttle in its orbit. Express your answer in terms of g, the
gravitational acceleration at the Earth’s surface.

12. The position of a particle moving in the xy plane is
given by r = 2. Ocos3. 0ti + 2. Osin3. 04, where r is in
meters and # is in seconds. (a) Show that this represents
circular motion of radius 2. 0 m centered at the origin.
(b) Determine the velocity and acceleration vectors as
the

magnitude of the acceleration. (d) Show that a = v*/r.

functions of time. ( ¢ ) Determine

speed and



(e) Show that the acceleration vector always points
toward the center of the circle.

13. Two cars approach a street cormer at right angles
to each other. Car 1 travels at 30 km/h and car 2 at
50 km/h. What is the velocity of car 1 as seen by car 27
What is the velocity of car 2 relative to car 1?7

14. An ocean current has a northward velocity given by

Chapter 1 Kinematics 9

(4.80 km/h)j. A boat capable of traveling at a top
speed with respect to the water of 18.0 km/h must cross
the current always traveling due east (i.e., in the
direction of i). What must be the boar’s maximum
velocity with respect to the water? At what speed is the

boat approaching the shore?



