H R hR H

P 445 7
3 Wiisik

(S23ZhR)

sl © . F
rrt i - _

China Machine Press




¥

B

(ZR3ZhR)

E

&

I

]

)

i

G s R

i e




EREEERS

($h R BT )
I W AEE WM R EK
5 #  HEF Z#% RHE

FHE FFR FRY mAK
e 7 MEA RRH B 184
B & L& FRINC S i e
#RER a8 /R B ER VRS0
fte & 2 ofa AzEa

-

B M



I3

Eﬁ.

R BARERAREES, R2FHLH,
RAB—HEEBRBH BN DL,
—AXH - FEAK

WG —A 4 NBE SR, ERASZ2E. FUATIHRANRAFEAMRHE
EMUHERFRRT 5. ELla TIRANZRANFT SIZE MY, W RIIIZH RS,
EeinfbfapdE, HELNE, TREMKZHS X, filE. AHBCE. FEMEH, BifE.
BREE. MERE—ERNER, HEEHER - BRERRIMARHOHER 2R 3T
BTHRMR, BREMNEXFTHRED, FEFOMRERNF L EAHERL, T EEER T
WHER, LRFMNABCESFERER, URHREIFEMzEESSFAREER,

EARS, ROTRENBLALOEAFHE, M E A — A M4 RE A Bbt B gm
HMBAABRANTRE, HREAXER, BREREANGSSLE. 22 RIMHB LR, 548
R LAVE A o 4 e A B TR IT A 9 IR M BOb BB Bk, ATEARRRA Sifne b A%
Z4. wH, BIOBWHFIULFBRTEM TR, ARERHFRE—ERE, UHFEBEETER
PRI S EE R AMINAREEE .

ABRAMTRG.

BATEEIERBRERE, RRKEER/NMMNERE, SFEFRTXEEOER AN

B 2 B R SRR A

* BIASREBR KRB RRRIOT LR, iR, LSBT RS R aER,

ERBRBNBETEERRESS, G, BEBRELUIRIHERN.

o LR AL BRI EBUAR IR AITRIR AR A, anhitg B ARk,

BRI ARNBEFMFTEE, FEATEN—STRABHRA.

* AEN—ERNTEREENL2RENR.

s BIEISOZANMERL A, WRIERY, ERZRAZSRAENHE.

« EIES00 L EHEL M, WEAEY R THTHNE.

s AAEKRLA000EFHE, FALAGHIASHAIpEL.

» REF RS ZEBRL R KRR £ 3 2Rk .

wn bEFA, FH RN —E80EEHET TIRRNE, MATEMRRENTE. i, R
EABFERETRAE LU EE, HhEERETRANE,

ATHESBOMRARE - BEHEZERTIESE, ROERT REMR, WHLHE
RETHARGIREREBHRARR. B, FHE3—LEEAr 84 9T 4700 CEk i
Mg, BMNFEXMBHRAAESIRIRE, HFHFEX EXA B TIRIEIRE XXM ER, &
BEER P BRARA KL EE Z AR BEEE LU E

-



viii

BEIIEE

ABERTRAEEHERMIANEE, Tid, $AENMEE - CHKEMIR (Flm, &
AWIEHIHEMER), FEEFNENBFRETSY, BERBEKE. HEIBERMLY
EHER. 48, FAEXBGEMEMBDIN, FB¥ERSEMDBL, EEI3ERHFA. B
FICH, FfiTHRHE T — LA A B b,

EBYRONTRS, —SHOBEMABREUSZR, B1-32, B8, B5~128%, %16
B, BUBENBENEUREI3~15%, BISEMIEONSE, TLMESRE RS ELIEEY
BENE., BAE—ENNEHRERICH, BT LUE RS — e LR REse,
BIEEEEAMEOF MR . TS ERNERIRE, FEETE4~122, HEFiE%
XEE AL MANZA,

EPHEBRIOEER, BITAY, EENREERE IR F MY %R,
 RBEINERME A ERABOT RS, RTEELERE 3% b Bk H s H e .

AHR iR L TEBS RIS TEANEERE, Bk, BRIONKNIZENEALEN
B RAGHRE T &, Rifi, RTEITERELS. 16EHEINAN, EBILTHBELL
EEARMKRERA T RRERRA ., RITMEERXMSE (RAGHEMEASERERY T
SBBEALE) SHRNAEL: Bk, MENHBAREEZMIBRERES, Kk, X5
T5 8 o Y AR A 3 iR A PR A A 5 PR T B UL TR AR HER , FERT LRI Bk %S B i
GEHEOAMBE, R, BREMEGERNSEE LTSS —4f R BB 35 bt
FHOEM, FXL b, FRTASAHSROTEMIR, ROSFHEFILESEFHRNANS
YERBR A — R 5 R b3 A

BRABRGET EREHESE, ATHRARMNBHASNER, BFEETES
VB S R R AR AT, VR AT LA P X BehtRl (B MBI H) AR, BTLLE
kBRI R e,

HEREE

MFRRAKFE, WEHRE. TRE. FEREEELSRAET LA TR & RS
R A RIS, ATUEENBHRESENEL, MALEELS. ABTERBMRBRRY
(RS B FIE) RARAZ, RETLRE XL RRAFTES], ETHELORA,
TR EAB19. 10— RFIEME, Fr R T 40 A BR0 % R R R BERNSX
ERRMRE T2 BPRARREREIG R UM, 0o, 5 Cmays AR A
BEH (SR AMRISCEBREISH) . F1BKB T E iR SR AE A,
FHEMGRIDKMERK S BERE, IHTUERE T ENBF R AR TRNIZESE
BEMXETRIOED. BRGRE, RITEBLEMERANEIRHAESE, EEEERE
B, WAt RSB E O RBIE S, HRIE A A/ HAS R B > 2
R LHAR,



R

XA RBEEALARSEENEBTS, HREEFHELN, ES5ELB2H, &
TMRATHEZANER. BIMNEERTEZAKIEFBHEAMFLERL, FBEHREHR. #H
RistfE BT bt .

Professor James B. Orlin

Sloan School of Management, MIT

Cambridge, MA 02139, USA

e-mail: jorlin@eagle.mit.edu

fax: 617-258-7579

Hrint

WEANEBEHT Rk, ©MNZ2PERMBRNMET X MERNER, FHXEEH
NARHSH THERRIL, ARXARHORERG TRIZHEARBER.

BT RS T AL, B EBRIME. Dinic, Jack Edmonds, Hal Gabow, Fred Glover,
Matsao Iri, Bruce Golden, Richard Karp, A. Karzanov, Darwin Klingman, Eugene Lawler,
Robert Tarjan, Eva Tardos, Richard Wong% A, MMM EZHMERBE, HUBRNFEAT
2 ETREMAZ BRI, 5 George Dantzig, Lester FordffiDelbert FulkersonZ4: 0K %
P Es h, fTe X TENMNIAEFMENNZRESTIR., RNFEABRBEERBE LR
EWHRES, ATEHFBIREABNEEESR, BRN2XTHEERUMEREL, ¥ERE
(HTFAKE, BHRA——FIHT) 3tfEd TBRME ., EREABHBEEEHE, bl
R RAES TIE¥ AWM. Anant BalakrishnanfiJanny Leung %3BT8 £/, S. K.
Gupta, Leslie Hall, Prakash Mirchandanil’} } Steffano Pallottino#Ji¥407: 8 T KB ERS. T
45 BB Steffano Pallottino, Bigifb >t EREMM.OHEIHE T KEALTE, Bill Cunningham
MHAEBEMAEEAH T IFAMRI. ERXEANE TR IGERHR AR F TABH R &R
HHE. BEEXR, BONWFSELADREBRRMSS T RNOEE, K824 (GHEMurali
Kodialam, Yusin Lee, Tim Magee, S. Raghavan, Rina Schneurf¢Jim Walton) #Bhi&it TiF £
B, XBEZEAMFLABAZAE—RRE T FEFRTOBIRFRHBIEEER, Aox—A L,
BMNBEAFBRMMIT 19914 MR LF W FEZHMFEAEN. BIIEE RS Prentice HalllifR 2 7]
FrE8HIR B E MK # A H Leslie Hall, Charu AggarwalflAjay MishrafE i A& R,
BXEBANERMRES I FEE T REMNTIE, FlRbMZFERiRiaigs.

Ghanshyam Hoshing, Karen Martelll }zLaura TerrellZF 3 AR B ER T RBB T BB E
I TAE, JHH R Ghanshyam Hoshingfy A . LFIH-RHEE T BHAIkEs XAME L.

e —H RS EE THRRERE T 5EH TR R LR B B T 220 0 R 2 B
MBEHEFFL, RITARIMRET - RO ARKZKAE, HERTABHEYE, 38
BAMXEEXFEELS. XERERRAD. EEXEWMCTERRE, B4 MBI RIGH
RIENIHE, REEES,



BN EREMIRNIMAEE, M1 Kailashf1Ganesh Das Ahuja, FlorencefiLee Magnanti,
RoslynfiAlbert Orlin, BREHBIIFIRXRBFSE), RMOGIIEFTRIKMHKE., &E, RINE
M#FAIWETF (Smita Ahuja, Beverly Magnanti, Donna Orlin) f1#% ¥ (SaumyafiShaman
Ahuja; Randy Magnanti; Jenna, BenFCaroline Orlin) F;RN.ORISE, RiMHEMIERNEE
FHEFRMNERAHAZNER, EESESRBZH, RIOVMEE TXTERWIRE, HRNOKE
BB B R B AT A BIFE T etk £ W RIFIRE . B, XEESS B TR,
HE T #hf1!

X 4eds K. P42
B L HhR
B0 B, Kk



EMRE OIS

XEEMUKE, FZRKOFHEBHMESHERNVEARTE, El5FEREARPENE
AGUREAE T 2 AR, DERXBENES, HEXEAGEREREBANTZERLRE
H, MEIAE, ERLerHERS, EENTLRASHERBRBEEEHES, HEHLER P
HIYF 2 B WAL R S AP F B4 A Bal £k, W= SR P R 5, AOUBERITHR
RITERs, BRETEROEE, REEFERME, NAFEEM:, KNMEHRALSEEANRK
AR .

A, E2REBMLAHMOEDT, REMHELSLERBE, HELAAWERA LR
@Y, ZXMHENEERMBEABERIE, bRER, HELEMOBIZEHFTRIELE
BREnE. FREZEEARZRMNARE. ALARRSHIRT, XREREERELIT
BHRER RO T ERBRENZABEHNAE L EBELE L. Rk, SIE—#EMET
BEMBHBEETENEE RN BEBRARINER, hl25HAEN. BITEEAH
R—WRPENLHZE,

ﬂﬁlﬂ&ﬁﬁﬁﬁ@iﬁ@ﬁmﬁjﬁ$ﬁﬂﬂ“&ﬁ%ﬁﬂﬁﬁ%” H 199845744,
LA TR LIEE SRE Tk, ﬁﬁ@%ﬁt%ﬁﬂ.ﬁ e )LENLAWSE H, Bi15
Prentice Hall, Addison-Wesley, McGraw-Hill, Morgan KaufmannZEtt R E L HEA TR TR
HHIAEXR, NWEMBLA NS E #8438 % HTanenbaum, Stroustrup, Kernighan, Jim
GrayB KM AKH— L HES, LU “HHEIFENAE” HE8RNR, #igEes. BRARE
. KEALENHE, WEERLTXEABHRMLMERE,

“HEHBHEAS” HHERIESE TENIMEENRHEE, BANTRAEREE TS
HEEES, EASFEHBEETRIENEROLTE, mEBHESLEYXERERETE
HIEHE, AREEIRARPEHRERER, €4, “HEIRENE E8HRTEEAH
XEHBHEEREFRL T REFVOR, #ﬁﬁ%%&*ﬁﬁEﬁﬁﬁﬂ%%%ﬁ Hyitk— iﬁ
I"ESRBITF T RELAIER,

BEXFRIENOS ZEMBM R ENREHEL, FFxEMENBHIERFRA
BEA—AFRNE. Ak, EEATHBMASHEBEMOHE, F “LEHF” VAHRZT
MR =EARFIB T ENEM : B “HEABENS” 25, HRENRA Sk, T8 %I R H
‘BRIFRBE" ; R, SHELFBTHHFEH S “Schaum’s Outlines” RIIAK “@EB
REAW|IRI, ATRIEX=ZEABHREYE, RIEQAT EFHAEEMBIFIRS, %
HEAFRETHER SR, betk, Bk EPREKRE. EAERE, LEBERELE.
BMRA%E, LK%, PEBHEKE. WRRIIL A%, BEERE. PEARKE. LK
ZMRAE, ALRIRRXE, FIlUkE, MEEET K%, BMNKE, BTk, +EE



iv

KI5 BZLMFNEF OZENEARFNBFIAETELNE N SIRNE L2 AR “F
KIESBRL", ABNTREEEENMHREE.

X Z 20 F R R 3 B R A FAMEEH IS B, A E BRI LR AR T
HEESITEN., Ehir 28T AM. L T., Stanford, U.C. Berkeley, C. M. U. F L5}
KEFRA, FMURETRFIRT. KESH. BERSL. WENGREH, SORE. RiFR
B, ORAETRE. B, SE5WE. SEEFERNASTHENLY LERFIROZOEE,
TiH%& Bt —AOHAESRHE2ZT. ANFRSHETAR, ANEBLHRMALE
FiERRE., EXERRERNLH AN 2T, BE B ET R0 SRR E
TAE,

RRNEE . SROEM . —KOEE. FENER. BanGE, SSREERNNE
FH T REMORIE, EROGEFERERE, HKBHELERRITAIX—&4E BIRME
B, B RRBRNGEERSORA, (258N TWOD - IH A% RN TR H
BKATRE, RITWBEREFSEWT:

B, Fhpfk . hzedu@hzbook.com
CBRAHIE: (010) 68995264

BeARubhl . LR PEIRE G L EREELS
HR B 4ES . 100037



CONTENTS

VN

]

il
§

1 INTRODUCTION, 1

Introduction, [/

Network Flow Problems, 4
Applications, ¢
Summary, 18

Reference Notes, 19
Exercises, 20

1.
1.
1.
1.

E AV N S

2 PATHS, TREES, AND CYCLES, 23

2.1 Introduction, 23

Notation and Definitions, 24
Network Representations, 3/
Network Transformations, 38
Summary, 46

Reference Notes, 47
Exercises, 47

NN
hh Wi

3 ALGORITHM DESIGN AND ANALYSIS, 53

Introduction, 53

Complexity Analysis, 56

Developing Polynomial-Time Algorithms, 66
Search Algorithms, 73

Flow Decomposition Algorithms, 79
Summary, &4

Reference Notes, 85

Exercises, 86

3.
3.
3.
3.
3.
3.

NN DN e

4 SHORTEST PATHS: LABEL-SETTING ALGORITHMS,

4.1 Introduction, 93

4.2 Applications, 97

4.3 Tree of Shortest Paths, 106 .

4.4 Shortest Path Problems in Acyclic Networks, 107
4.5 Dijkstra’s Algorithm, /08

4.6  Dial’s Implementation, /13

4.7 Heap Implementations, /15

4.8 Radix Heap Implementation, 116

83



xii Contents

49  Summary, 121
Reference Notes, 722
Exercises, 124

8 SHORTEST PATHS: LABEL-CORRECTING ALGORITHMS, 133

Introduction, 133

Optimality Conditions, 135

Generic Label-Correcting Algorithms, 136

Special Implementations of the Modified Label-Correcting Algorithm, 141
Detecting Negative Cycles, 143

All-Pairs Shortest Path Problem, 144

Minimum Cost-to-Time Ratio Cycle Problem, 150

Summary, 154

Reference Notes, 156

Exercises, 157

LML LG
OO N d W =

6 MAXIMUM FLOWS: BASIC IDEAS, 166

Introduction, 166

Applications, 169

Flows and Cuts, 177

Generic Augmenting Path Algorithm, /80

Labeling Algorithm and the Max-Flow Min-Cut Theorem, 184
Combinatorial Implications of the Max-Flow Min-Cut Theorem, /88
Flows with Lower Bounds, 191/

Summary, 196

Reference Notes, 197

Exercises, 198

rrOORRO
00 ~J N PN -

'Y MAXIMUM FLOWS: POLYNOMIAL ALGORITHMS, 207

7.1 Introduction, 207

7.2 Distance Labels, 209

7.3  Capacity Scaling Algorithm, 210

7.4  Shortest Augmenting Path Algorithm, 213
7.5 Distance Labels and Layered Networks, 221
7.6  Generic Preflow-Push Algorithm, 223

7.7 FIFO Preflow-Push Algorithm, 23!

7.8  Highest-Label Preflow-Push Algorithm, 233
7.9  Excess Scaling Algorithm, 237

7.10 Summary, 24/

Reference Notes, 241
Exercises, 243

8 MAXIMUM FLOWS: ADDITIONAL TOPICS, 250

Introduction, 250

Flows in Unit Capacity Networks, 252
Flows in Bipartite Networks, 255

Flows in Planar Undirected Networks, 260
Dynamic Tree Implementations, 265

90,90 99 00 00
(VI VAR S N



Contents xiii

Network Connectivity, 273

All-Pairs Minimum Value Cut Problem, 277
Summary, 285

Reference Notes, 287

Exercises, 288

% 00 %0
00 ~3 N

9 MINIMUM COST FLOWS: BASIC ALGORITHMS, 294

Introduction, 294

Applications, 298

Optimality Conditions, 306

Minimum Cost Flow Duality, 310

Relating Optimal Flows to Optimal Node Potentials, 315
Cycle-Canceling Algorithm and the Integrality Property, 317
Successive Shortest Path Algorithm, 320

Primal-Dual Algorithm, 324

Out-of-Kilter Algorithm, 326

Relaxation Algorithm, 332

Sensitivity Analysis, 337

Summary, 339

Reference Notes, 34/

Exercises, 344

——t et \D QO NN WN =

101010101010 0 010 0 0 0
(S ]

10 MINIMUM COST FLOWS: POLYNOMIAL ALGORITHMS, 357

10.1 Introduction, 357

10.2 Capacity Scaling Algorithm, 360

10.3 Cost Scaling Algorithm, 362

10.4  Double Scaling Algorithm, 373

10.5 Minimum Mean Cycle-Canceling Algorithm, 376

10.6  Repeated Capacity Scaling Algorithm, 382

10.7 Enhanced Capacity Scaling Algorithm, 387

10.8 Summary, 395 ;
Reference Notes, 396
Exercises, 397

11 MINIMUM COST FLOWS: NETWORK SIMPLEX ALGORITHMS, 402

11.1 Introduction, 402
11.2  Cycle Free and Spanning Tree Solutions, 405 -
11.3 Maintaining a Spanning Tree Structure, 409
11.4 Computing Node Potentials and Flows, 41/
11.5 Network Simplex Algorithm, 415
11.6 Strongly Feasible Spanning Trees, 42/
11.7 Network Simplex Algorithm for the Shortest Path Problem, 425
11.8  Network Simplex Algorithm for the Maximum Flow Problem, 430
11.9 Related Network Simplex Algorithms, 433
11.10  Sensitivity Analysis, 439
11.11 Relationship to Simplex Method, 44!
11.12  Unimodularity Property, 447
11.13 Summary, 450
Reference Notes, 451
Exercises, 453



xiv Contents

12 ASSIGNMENTS AND MATCHINGS, 461

12.1 Introduction, 4617
12.2  Applications, 463
12.3  Bipartite Cardinality Matching Problem, 469
12.4 Bipartite Weighted Matching Problem, 470
12.5  Stable Marriage Problem, 473
12.6  Nonbipartite Cardinality Matching Problem, 475
12.7 Matchings and Paths, 494
12.8  Summary, 498
Reference Notes, 499
Exercises, 501

13 MINIMUM SPANNING TREES, 510

13.1 Introduction, 510
13.2  Applications, 512
13.3 Optimality Conditions, 516
13.4  Kruskal’s Algorithm, 520
13.5 Prim’s Algorithm, 523
13.6  Sollin’s Algorithm, 526
13.7  Minimum Spanning Trees and Matroids, 3528
13.8  Minimum Spanning Trees and Linear Programming, 530
13.9 Summary, 533
Reference Notes, 535
Exercises, 536

14 CONVEX CcOST FLOWS, 543

14.1 Introduction, 543
14.2  Applications, 546
14.3 Transformation to a Minimum Cost Flow Problem, 55/
14.4  Pseudopolynomial-Time Algorithms, 554
14.5  Polynomial-Time Algorithm, 556 -
14.6 Summary, 560
Reference Notes, 561
Exercises, 562

18 GENERALIZED FLOWS, 566

15.1  Introduction, 566
15.2  Applications, 568
15.3 Augmented Forest Structures, 572
15.4  Determining Potentials and Flows for an Augmented Forest Structure, 577
15.5 Good Augmented Forests and Linear Programming Bases, 582
15.6  Generalized Network Simplex Algorithm, 583
15.7 Summary, 59!
Reference Notes, 591
Exercises, 593



Contents xv

16 LAGRANGIAN RELAXATION AND NETWORK OPTIMIZATION, 598

17

18

19

16.1
16.2
16.3
16.4
16.5
16.6

Introduction, 598

Problem Relaxations and Branch and Bound, 602
Lagrangian Relaxation Teghnique, 605

Lagrangian Relaxation and Linear Programming, 6/5
Applications of Lagrangian Relaxation, 620
Summary, 635

Reference Notes, 637

Exercises, 638

MULTICOMMODITY FLOWS, 649

17.1
17.2
17.3
17.4
17.5
17.6
17.7
17.8
17.9

Introduction, 649

Applications, 653

Optimality Conditions, 657
Lagrangian Relaxation, 660
Column Generation Approach, 665
Dantzig-Wolfe Decomposition, 671
Resource-Directive Decomposition, 674
Basis Partitioning, 678

Summary, 682

Reference Notes, 684

Exercises, 686

COMPUTATIONAL TESTING OF ALGORITHMS, 695

18.1
18.2
18.3
18.4

Introduction, 695

Representative Operation Counts, 698
Application to Network Simplex Algorithm, 702
Summary, 713

Reference Notes, 713

Exercises, 715

ADDITIONAL APPLICATIONS, 717

19.1
19.2
19.3
19.4
19.5
19.6
19.7
19.8
19.9
19.10

Introduction, 717

Maximum Weight Closure of a Graph, 719
Data Scaling, 725

Science Applications, 728

Project Management, 732

Dynamic Flows, 737

Arc Routing Problems, 740

Facility Layout and Location, 744
Production and Inventory Planning, 748
Summary, 755

Reference Notes, 759

Exercises, 760



xvi Contents

APPENDIX A DATA STRUCTURES, 765

Al Introduction, 765

A2 Elementary Data Structures, 766
Al d-Heaps, 773

A4 Fibonacci Heaps, 779 -

Reference Notes, 787

APPENDIX B N®-COMPLETENESS, 788

B.1 Introduction, 788
B.2 Problem Reductions and Transformations, 790
B.3 Problem Classes @, NP, N®-Complete, and NP-Hard, 792
B.4 Proving N®-Completeness Resuits, 796
B.5 Concluding Remarks, 800
Reference Notes, 801/

APPENDIX C LINEAR PROGRAMMING, 802

1 Introduction, 802

2 Graphical Solution Procedure, 804

3 Basic Feasible Solutions, 805

4 Simplex Method, 810

5 Bounded Variable Simplex Method, - 814
6 Linear Programming Duality, 816
Reference Notes, 820

REFERENCES, 821

INDEX, 840




1
INTRODUCTION

Begin at the beginning . . . and go on till you come to the end:
then stop.
—Lewis Carroll

Chapter Outline

1.1 Introduction

1.2 Network Flow Problems
1.3 Applications

1.4 Summary

1.1 INTRODUCTION

Everywhere we look in our daily lives, networks are apparent. Electrical and power
networks bring lighting and entertainment into our homes. Telephone networks per-
mit us to communicate with each other almost effortlessly within our local com-
munities and across regional and international borders. National highway systems,
rail networks, and airline service networks provide us with the means to cross great
geographical distances to accomplish our work, to see our loved ones, and to visit
new places and enjoy new experiences. Manufacturing and distribution networks
give us access to life’s essential foodstock and to consumer products. And computer
networks, such as airline reservation systems, have changed the way we share in-
formation and conduct our business and personal lives.

In all of these problem domains, and in many more, we wish to move some
entity (electricity, a consumer product, a person or a vehicle, a message) from one
point to another in an underlying network, and to do so as efficiently as possible,
both to provide good service to the users of the network and to use the underlying
(and typically expensive) transmission facilities effectively. In the most general
sense, this objective is what this book is all about. We want to learn how to model
application settings as mathematical objects known as network flow problems and
to study various ways (algorithms) to solve the resulting models.

Network flows is a problem domain that lies at the cusp between several fields
of inquiry, including applied mathematics, computer science, engineering, manage-
ment, and operations research. The field has a rich and.long tradition, tracing its
roots back to the work of Gustav Kirchhof and other early pioneers of electrical
engineering and mechanics who first systematically analyzed electrical circuits. This
early work set the foundations of many of the key ideas of network flow theory and
established networks (graphs) as useful mathematical objects for representing many

1



physical systems. Much of this early work was descriptive in nature, answering such
questions as: If we apply a set of voltages to a given network, what will be the
resulting current flow? The set of questions that we address in this book are a bit
different: If we have alternative ways to use a network (i.e., send flow), which
alternative will be most cost-effective? Our intellectual heritage for answering such
questions is much more recent and can be traced to the late 1940s and early 1950s
when the research and practitioner communities simultaneously developed optimi-
zation as an independent field of inquiry and launched the computer revolution,
leading to the powerful instruments we know today for performing scientific and
managerial computations.

For the most part, in this book we wish to address the following basic questions:

1. Shortest path problem. What is the best way to traverse a network to get from
one point to another as cheaply as possible?

2. Maximum flow problem. If a network has capacities on arc flows, how can we
send as much flow as possible between two points in the network while honoring
the arc flow capacities?

3. Minimum cost flow problem. If we incur a cost per unit flow on a network with
arc capacities and we need to send units of a good that reside at one or more
points in the network to one or more other points, how can we send the material
at minimum possible cost?

In the sense of traditional applied and pure mathematics, each of these problems
is trivial to solve. It is not very difficult (but not at all obvious for the later two
problems) to see that we need only consider a finite number of alternatives for each
problem. So a traditional mathematician might say that the problems are well solved:
Simply enumerate the set of possible solutions and choose the one that is best.
Unfortunately, this approach is far from pragmatic, since the number of possible
alternatives can be very large—more than the number of atoms in the universe for
many practical problems! So instead, we would like to devise algorithms that are in
a sense ‘‘good,’’ that is, whose computation time is small, or at least reasonable,
for problems met in practice. One way to ensure this objective is to devise algorithms
whose running time is guaranteed not to grow very fast as the underlying network
becomes larger (the computer science, operations research, and applied mathematics
communities refer to the development of algorithms with such performance guar-
antees as worst-case analysis). Developing algorithms that are good in this sense is
another major theme throughout this book, and our development builds heavily on
the theory of computational complexity that began to develop within computer sci-
ence, applied mathematics, and operations research circles in the 1970s, and has
flourished ever since.

The field of computational complexity theory combines both craftsmanship and
theory; it builds on a confluence of mathematical insight, creative algorithm design,
and the careful, and often very clever use of data structures to devise solution meth-
ods that are provably good in the sense that we have just mentioned. In the field of
network flows, researchers devised the first, seminal contributions of this nature in
the 1950s before the field of computational complexity theory even existed as a
separate discipline as we know it today. And throughout the last three decades,
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