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Preface to
the Second Edition

In the thirteen years since the first edition of this book
appeared there have been numerous advances in the practice of structural
crystallography. Furthermore, many users of the first edition have suggested
ways in which the book might have been improved. In this revision, we have
endeavored to incorporate those suggestions and to describe the most signif-
icant advances in practice. The major changes include a considerable elab-
oration of the treatment of direct methods, a new chapter on anomalous dis-
persion and absolute configuration, a more detailed treatment of biological
macromolecules, a reorganization and expansion into a separate chapter of
the discussion of microcrystalline and non-crystalline materials, enlargement
of the section on experimental methods to include discussion of area detec-
tors and synchrotron radiation, and a new appendix on molecular geometry.
The bibliography has been expanded by more than 50 percent, and the glos-
sary doubled in length.

Our aim is to explain how and why the detailed three-dimensional archi-
tecture of molecules can be determined by an analysis of the diffraction pat-
terns produced when X rays (or neutrons) are scattered by the atoms in sin-
gle crystals. As with the first edition, the book is intended primarily for those
who want to understand the fundamental concepts on which crystal struc-
ture determination is based without necessarily themselves becoming spe-
cialists in crystallography—an audience that includes advanced undergrad-
uates who have studied some physics and chemistry, as well as graduate
students and other research workers.

The book is divided, as before, into three parts; each has been expanded,
the last two significantly. Part I, comprising the first four chapters, deals
with the nature of the crystalline state, certain relevant facts about diffrac-
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tion generally and diffraction by crystals in particular, and the experimental
procedures used. Part II, consisting of Chapters 5 through 10, examines the
problem of converting the experimentally obtained data (directions and
intensities of diffracted beams) into a model of the atomic arrangement that
scattered these beams—in other words, the problem of determining the
approximate structure of this scattering matter, a “trial structure” suitable
for refinement. Part III (Chapters 11 through 14) is concerned with tech-
niques for refining this approximate structure to the degree warranted by
the experimental data and with discussions of the structural parameters and
other information that can be derived from a careful structure determina-
tion. It also includes a discussion of microcrystalline materials and glasses,
and an overall summary of the various stages in structure analysis.

We wish to thank those who have helped us in this endeavor, particularly
Bill Stallings and John Stezowski, who read through our manuscript and
made most helpful comments, and Jack Dunitz who helped us with the glos-
sary. We are also grateful to Margaret J. Adams, Bob Bryan, Bud Carrell,
Philip Coppens, Dick Dickerson, Jose Donnay, David Eisenberg, Doris
Evans, Setsuo Kashino, Henry Katz, Lisa Keefe, Bill Parrish, Eileen Pytko,
Miriam Rossi, Christopher Smart, Verner Schomaker and David Zacharias
for their help. One of us (J.P.G.) acknowledges financial support from the
National Institutes of Health, U.S.P.H.S. (grant CA-10925).

Finally, we appreciate the help of all of you who have encouraged us
through the years with your comments and constructive criticisms.

Philadelphia J.P.G.
Los Angeles K.N.T.
April 1985



Preface to
the First Edition

This book, which developed from a talk to the California
Association of Chemistry Teachers at Asilomar in 1966, is designed to serve
as an introduction to the principles underlying structure analysis by X-ray
diffraction from single crystals. It is intended both for undergraduates who
have had some previous chemistry and physics and for graduate students
and other research workers who do not intend to become specialists in crys-
tallography but who want to understand the fundamental concepts on which
this widely used method of structure determination is based. We have
included many illustrations, with legends that form an important part of the
text, a rather detailed glossary of common terms, an extensive annotated
bibliography, and a list of the symbols used.

Our aim is to explain how and why the detailed three-dimensional archi-
tecture of molecules can be determined by an analysis of the diffraction pat-
terns produced when X rays (or neutrons) are scattered by the atoms in sin-
gle crystals. Part I, consisting of the first four chapters, deals with the nature
of the crystalline state, certain relevant facts about diffraction generally and
diffraction by crystals in particular, and, briefly, the experimental proce-
dures that are used. Part II comprises an examination of the problem of con-
verting the experimentally obtained data (directions and intensities of dif-
fracted beams) into a model of the atomic arrangement that scattered these
beams, that is, the problem of determining the approximate structure of this
scattering matter. Part III is concerned with techniques for refining this
approximate structure to the degree warranted by the experimental data,
and also includes a brief discussion of some of the auxiliary information,
beyond the geometric details of the structure, that can be learned from mod-
ern structure analysis. Most mathematical details have been relegated to sev-
eral Appendices.
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We are indebted to D. Adzei Bekoe, Helen Berman, Herbert Bernstein,
Carol Ann Casciato, Anne Chomyn, Joyce Dargay, David Eisenberg, Emily
Maverick, Walter Orehowsky, Jr., Joel Sussman, and David E. Zacharias for
their help in suggesting revisions of earlier drafts, and to all those writers on
crystallography whose ideas and illustrations we have included here.

One of us (J.P.G.) acknowledges financial support from the National Insti-
tutes of Health, U.S.P.H.S. (grants CA-10925, CA-06927 and RR-05539), and
an appropriation from the Commonwealth of Pennsylvania. This book is
Contribution No. 2609 from the Department of Chemistry, University of
California, Los Angeles.

Finally, we want to express our gratitude to Miss Doris E. Emmott for her
patient, painstaking, and precise typing of the manuscript and to Miss Leona
Capeless of Oxford University Press for her help through the stages of
publication.

Philadelphia J.P.G.
Los Angeles K.N.T.
December 1971



Symbols Used in This Book

a
A
A, B, A(hkD,
B(hkl), A;, B;

A', B/, A”, B”,
Ad1 Bd

a, b, ¢
a, b e
a*, b*, c*
al' bQ' cl

a,be,n,d g

Abs
Bism By

blb b221 b339 b129
b237 b31, bijv b]lj

C
C*
IC]

An additional undetermined sign (+ or —) used in analytical
phase determination in a centrosymmetric structure.

The width of each of a series of (or single) diffracting slits.

Amplitude of a wave.

Values of |F| cos a and |F| sin « respectively; that is, the
components of a structure factor F = A + iB. The subscript

J denotes the atom j.

Values of A and B taking into account Af’ (to give A’ and
B’), Af and Af” (to give A” and B”), and the anomalously

scattering atom alone (4, and By).
Unit cell axial lengths.

Unit cell vectors of the direct lattice.

Lengths of the unit cell edges of the reciprocal lattice.

Unit cell vectors in reciprocal space.

Glide planes. The row parallel to the translation is desig-
nated; it is the side of the net (a, b, or ¢) or its diagonal (n in
a primitive net, d in a centered net). In two dimensions a

glide-reflection line is represented by g.

Absorption factor.

Isotropic vibration parameter.

Six anisotropic vibration parameters representing aniso-
tropic temperature motion; a third subscript j denotes the

atom j.

A complex number C = x + iy.
The complex conjugate of C, where C* = x — jy.

The magnitude of a complex number |C| = (CC*)? =

(x2 + y2)1/2.
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Ci, C1y €, Cy
d

i, d
das

E, Epu, En

F
F(hkl), F, F(000)

|F(hkD)|, | F|
[Fol, | F

FP’ FPHI, FPH2!
FHD FHZ) FM1 FM'a

FRvFT)FT’

F

Fnovib
F,,F

f(hRD), f, f;

G(r)
G, H

H

H, K

H, K

Rkl —h, —k, =1,
hkl, hkil

(hkl)

Wave amplitudes (see Chapter 5)

The distance between two diffracting slits

The spacing between the lattice planes (hkl) in the crystal.
Bond distance between atoms A and B.

Values of F corrected to remove thermal motion and scatter-
ing factor effects. These are called “normalized structure
factors.”

Face-centered lattice.

The structure factor for the unit cell, for the reflection hkl. It
is the ratio of the amplitude of the wave scattered by the
entire contents of the unit cell to that scattered by a single
electron. A phase angle for the scattered wave is also
involved. F(000) is thus equal to the total number of elec-
trons in the unit cell.

The amplitude of the structure factor for hk! with no phase
implied.

Amplitudes of structure factors observed (|F,|), that is,
derived from measurements of the intensity of the diffracted
beam, and calculated (| F,|) from a postulated trial structure.
Structure factors for a given value of hk! for a protein (P),
two heavy-atom derivatives (PH1 and PH2), the parts of F
due to certain atoms (M, M’, H1 and H2) and the rest of the
molecule (R), and for the total structure (T and T").
Structure factor when represented as a vector.

Value of F for a structure containing only non-vibrating
atoms.

Values of F(hkl) and F(hkl) when anomalous dispersion
effects are measurable.

Atomic scattering factor, also called atomic form factor, for
the hkl reflection relative to the scattering by a single elec-
tron. The subscript j denotes atom j.

Radial distribution function.

Values of Ay and By with the scattering factor contribution
(f + Af + Af”) removed (Appendix 10).

Reciprocal lattice vector.

Indices of two “reflecting planes.”

H=hkLK=h k1.

Indices of the reflection from a set of parallel planes; also the
coordinates of a reciprocal lattice point. If h, k, or [ are neg-
ative they are represented as —h, —k, —! or hkl. In hexag-
onal systems a fourth index, i = —(h + k) may be used (see
Appendix 1).

Indices of a crystal face, or of a single plane, or of a set of
parallel planes.

Body-centered lattice.
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SYMBOLS USED IN THIS BOOK xv

Intensity (on an arbitrary scale) for each reflection.
Value of I corrected for Lp and Abs.

An “imaginary number,” i = V-1

Any integers.

(See hkl.)

A scale factor to bring F? values to an absolute scale (relative
to the scattering by a single electron).

Reciprocal lattice constant (see caption to Figure 3.5).

Lorentz and polarization factors. These are factors that are
used to correct values of I for the geometric conditions of
their measurement.

(See hkl.)

The distance between two points in the unit cell.
A direction cosine.

Molecular weight of a compound.

Atoms or groups of atoms that are interchanged during the
preparation of an isomorphous pair of crystals.

Heavy atoms substituted in a protein, P.

Mirror planes.

The number of experimental observations.

Figure of merit.

The number of X-ray reflections observed for a strzlcture
The number of atoms in the unit cell.

Avogadro’s number. The number of molecules in a mole,
6.02 X 10%,

Used for n-fold rotation axes. Also used as a general constant.

Screw axis designations where n and r are integers (2,3,4,6
and 1, ..., (n — 1), respectively.

Protein (P), also heavy atom derivatives PH1 and PH2.

The Patterson function, evaluated at points of u, v, w in the
unit cell. The P, function is used with anomalous dispersion
data (see Chapter 10).

Lattice symbols. Primitive (P), centered on one set of faces
(4, B, C), or all faces (F) of the unit cell, or body-centered

(D).

Probability that a triple product is positive (see eqn. 8.3).
Path differences.

Total number of parameters to be refined.

The quantity minimized in a least-squares calculation.

Z| (| Fol — ch“l.
[ Fol

Discrepancy index R =
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R
R/S

r

8

s(hkl)

t
Un, Uy, Uy
(u?)

u, v, w

Ve, V, V*
w(hkl)
X Y Z

X, Y, 2 xjr Yis zj; X,
¥,z u

X1, X2, Xja Xy

X, ¥, 2

VA

Z;, Z;

a, B,y

o*, B*, v*

a(hkl)9 &, oM, Xp,
(2371

Qag, dg, &, O

AlF|

NV

Ap

5

Remainder of a structure.

System of Cahn and Ingold for describing the aboslute con-
figuration of a chiral molecule.

The distance on a radial distribution function.
Number of symbolic signs used.

The sign of the reflection hk! for a centrosymmetric
structure.

Crystal thickness.
Anisotropic vibration parameters.
Mean square amplitude of atomic vibration.

The coordinates of any one of a series of systematically
spaced points, expressed as fractions of a, b, and c, in the unit
cell for a Patterson function.

The unit cell volume in direct and reciprocal space.
The weight of an observation in a least squares refinement.
Cartesian coordinates for atomic positions.

Atomic coordinates as fractions of a, b, and c. The subscript
J denotes the atom under consideration. If the system is hex-
agonal a fourth coordinate, u, may be added (see Appendix
1)

Displacements of a wave at a given point. The waves are each
designated 1, 2, j; and r is the resultant wave from the sum-
mation of several waves.

Coordinates of any one of a series of systematically spaced
points, expressed as fractions of a, b, ¢ filling the unit cell at
regular intervals.

Number of molecules in a unit cell.
The atomic number of atoms i and ;.

Interaxial angles between b and ¢, a and ¢, and a and b,
respectively (alpha, beta, gamma).

Interaxial angles in reciprocal space.

Phase angle of the structure factor for the reflection hkl. o =
tan~1(B/A).

Phases of waves 1, 2, j, and r, the resultant of the summation
of waves, relative to an arbitrary origin.

The difference in the amplitudes of the observed and calcu-
lated structure factors, |F,| — | F,| (delta | F|).

When an anomalous scatterer is present the value of f is
replaced by (f + Af) + iAf”.

Difference electron density.
Interbond angle.

An index that is 1 when i = j and 0 elsewhere. i and j are
integers (delta).
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The glancing angle (complement of the angle of incidence) of
the X-ray beam to the “reflecting plane.” 26 is the deviation
of the diffracted beam from the direct X-ray beam (theta).

Wavelength, usually that of the radiation used in the diffrac-
tion experiment (lambda).

Mass absorption coefficient. u linear absorption coefficient. p,
density.

An angular variable, proportional to the time, for a travelling
wave. It is of the form 2xvt, where » is a frequency and ¢ is
the time (phi).

The phase angle of the structure factor.

Angle on spindle axis of goniometer head. See diffractometer
(Figure 4.2).

Angle incident beam makes with lattice rows (see Appendix
3) (psi).

Angle between ¢ axis and diffractometer axis (see Figure 4.2)
(chi).

Electron density, expressed as number of electrons per unit
volume, at the point x, y, z in the unit cell (rho).

Summation sign (sigma).

Listing of triple products of normalized structure factors (see
Chapter 8).

Torsion angle.

Angle between diffraction vector and plane of x circle on dif-
fractometer (Figure 4.2) (omega).

The mean value of a quantity.
Rotation-axes.
Rotatory-inversion axes.

Screw axes n,.



To those who taught us crystallography, most especially Dorothy Hodgkin, A. L. Patterson,
J. H. Sturdivant, R. B. Corey, and V. Schomaker, and to the memory of AC;, the Advisory
Council on College Chemistry.



Contents

PART1 CRYSTALS AND DIFFRACTION

1. Introduction 3
2. Crystals 8
3. Diffraction 20
4. Experimental Measurements 42

PART II DIFFRACTION PATTERNS AND TRIAL
STRUCTURES

5. The Diffraction Pattern Obtained 63
6. The Phase Problem 77
7. Symmetry and Space Groups 20
8. The Derivation of Trial Structures.

I. Analytical Methods for Direct Phase Determination 102

9. The Derivation of Trial Structures.
I1. Patterson, Heavy Atom, and Isomorphous
Replacement Methods 113

10. Anomalous Dispersion and Absolute Configuration 136

PART III STRUCTURE REFINEMENT AND STRUCTURAL
INFORMATION

11. Refinement of the Trial Structure 151
12. Structural Parameters: Analysis of Results 166



X CONTENTS

13.
14.

Micro- and Noncrystalline Structures
Outline of a Crystal Structure Determination

APPENDIXES

1.

© ® N ®

10.
11.
12.

Some Information About Crystal Systems and Crystal
Lattices

The Reciprocal Lattice

. The Equivalence of Diffraction by a Lattice and the Bragg

Equation

The Determination of Unit-Cell Constants and Their Use in
Ascertaining the Contents of the Unit Cell

Proof that the Phase Difference on Diffraction Is 2x(hx +
ky + 12)

A Second Example of Direct Methods Structure Solution
The Patterson Function

Vectors in a Patterson Map

Isomorphous Replacement (Centrosymmetric Structure)
Diffraction Data Showing Anomalous Dispersion
Molecular Geometry

Some Scattering Data for X Rays and Neutrons

Glossary
Bibliography

Index

181
191

199
202

204

207

208
210
212
215
216
217
218
219

221

243

263



Figure 1.1
Figure 2.1
Figure 2.2
Figure 2.3
Figure 3.1
Figure 3.2
Figure 3.3
Figure 3.4
Figure 3.5
Figure 3.6
Figure 3.7
Figure 3.8
Figure 3.9
Figure 4.1
Figure 4.2
Figure 4.3
Figure 4.4
Figure 4.5
Figure 5.1

Figure 5.2

List of Figures

Analogies Between Light Microscopy and X-ray Diffraction 4
Crystal Being Grown by the Vapor Diffusion Method 10
Some Illustrations of Choices of Unit Cells 12

The Determination of the Probable Shape of the Unit Cell from
Interfacial Angles in the Crystal 16

Diffraction Patterns of Single Narrow Slits 22

Interference of Two Waves 23

Diffraction as the Interference of Waves 25

Diffraction Patterns from Equidistant Paralle!l Slits 29
Schematic Examples of Diffraction Patterns from One- and Two-
Dimensional Arrays. Relation of the Crystal Lattice and the
Reciprocal Lattice 31

X-ray Diffraction Photograph Taken by the Precession

Method 33

The Effect of Different Lattice Samplings on

the Diffraction Pattern 34

The Optical Diffraction Pattern of an Array of Templates Resembling
the Skeleton of a Phthalocyanine Molecule 36

Diagram of “Reflection” of X Rays by Imaginary Planes through
Points in the Crystal Lattice 39

Goniometer Heads and the Centering of Crystals 45
Diffractometry 46

Rotation and Oscillation Methods for Photography

of the Diffraction Pattern 48

The Weissenberg Method for Photography

of the Diffraction Pattern 53

The Precession Method for the Photography

of the Diffraction Pattern 56

The Representation of Waves and Their Superposition

as Two-Dimensional Vectors 64

Atomic Scattering Factors 70



xii LIST OF FIGURES

Figure 5.3 Vector Representation of Structure Factors 72

Figure 6.1 Formation of an Image by a Lens 78

Figure 6.2 Formation of an Electron Density Map from Diffraction
Information 84

Figure 6.3 Comparison of Electron Density Maps When the Phases Are Correct
and When They Are Random 87

Figure 7.1 Some Symmetry Operations 93

Figure 7.2 Part of a Page from International Tables for X-ray Crystallography,
Volume I 98

Figure 7.3 A Structure that Crystallizes in the Space Group P2,2,2, 99

Figure 8.1 Direct Sign Determination by Analytical Methods 104

Figure 8.2 An Excerpt from an E-map 110

Figure 9.1 The Synthesis of a Vector (Patterson) Map for
a Known Structure 115

Figure 9.2 The Calculation of a Patterson Map for
a One-Dimensional Structure 116

Figure 9.3 The Analysis of a Patterson Map 118

Figure 9.4 A Patterson Search Method 121

Figure 9.5 Vector Superposition Method 123

Figure 9.6 Patterson Projections for a Cobalt Compound in the
Space Group P2,2,2, 125

Figure 9.7 The Heavy-Atom Method 126

Figure 9.8 Isomorphous Replacement for a Noncentrosymmetric
Structure 130

Figure 9.9 Protein Backbone Fitting by Computer-based Interactive
Graphics 133

Figure 9.10 Different Stages of Resolution for a Given Structure 134

Figure 10.1 Absolute Configurations 137

Figure 10.2 Absorption of X Rays of Various Wavelengths
by a Cobalt Atom 139

Figure 10.3 Path Differences on Anomalous Scattering 140

Figure 10.4 Effects of Anomalous Dispersion on F Values 142

Figure 10.5 Polarity Sense of Zinc Blende 144

Figure 10.6 Isomorphous Replacement Plus Anomalous Scattering 146

Figure 11.1 Fourier Maps Phased with Partially Incorrect Trial
Structures 152

Figure 11.2 Hydrogen Atoms Found from a Difference Map 155

Figure 11.3 Refinement by Difference Maps 156

Figure 12.1 Geometry of Some Simple Structures 168

Figure 12.2 Torsion Angles 171

Figure 12.3 Molecular Motion 174

Figure 12.4 Projection of the Neutron Scattering Density for Benzene 178

Figure 13.1 Radial Distribution Functions 182

Figure 13.2 Some Diffraction Patterns of DNA 186

Figure 13.3 Powder Diffraction 189

Figure 14.1 The Course of a Structure Determination by Single-Crystal
X-Ray Diffraction 192



