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While there are many discrete mathematics books on the market, none of the avail-
able books covers the desired range and depth of topics in discrete mathematics in this
book and also works in a theme on how to do proofs. Proofs are introduced in the first
chapter and continued throughout the book. Most students taking discrete mathemat-
ics are mathematics and computer science majors. While the necessity of learning to
do proofs is obvious for mathematics majors, it is also critical for computer science
students to think logically. Essentially a logical bug-free computer program is equiv-
alent to a logical proof. Also it is assumed in this book that it is easier to use (or at
least not misuse) an application if one understands why it works. With few excep-
tions, the book is self-contained. Concepts are developed mathematically before they
are seen in an applied context.

Calculus is not required for any of the material in this book. College algebra
is adequate for the basic chapters. However, although this book is self-contained,
some of the remaining chapters require more mathematical maturity than the basic
chapters.

This book is intended for either a one- or two-term course in discrete mathemat-
ics. The first eight chapters of this book provide a solid foundation in discrete mathe-
matics and would be appropriate for a first-level course at the freshman or sophomore
level. These chapters are essentially independent so that the instructor can pick the
material he wishes to cover. The remainder of the book contains appropriate material
for a second course in discrete mathematics. These chapters expand concepts in-
troduced earlier and introduce numerous advanced topics. Topics are explored from

different points of view to show how they may be used in different settings. The range
of topics includes

Logic—Including truth tables, propositional logic, predicate calculus, circuits, induc-
tion, and proofs.

Set Theory—Including cardinality of sets, relations, partially ordered sets, congru-
ence relations, graphs, directed graphs and functions.

Algorithms—Including complexity of algorithms, search and sort algorithms, the Eu-
clidean algorithm, Huffman’s algorithm, Prim’s algorithms, Warshall’s algorithm, the
Ford-Fulkerson algorithm, the Floyd-Warshall algorithm, and Dijkstra’s algorithms.

Graph Theory—Including directed graphs, Euler cycles and paths, Hamiltonian cy-
cles and paths, planar graphs, and weighted graphs.
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Tree—Including binary search trees, weighted trees, tree transversal, Huffman'’s codes,
and spanning trees.

Combinatorics—Including permutations, combinations, inclusion-exclusion, parti-
tions, generating functions, Catalan numbers, Sterling numbers, Rook polynomials,
derangements, and enumeration of colors.

Algebra—Including semigroups, groups, lattices, semilattices, Boolean algebras, rings,
fields, integral domains, polynomials, and matrices.

There is extensive number theory and algebra in this book. [ feel that this is a
strength of this text, but realize that others may not want to cover these subjects. The
chapters in these areas are completely independent of the remainder of the book and
can be covered or not as the instructor desires. This book also contains probability,
finite differences, and other topics not usually found in a discrete mathematics text.

B ORGANIZATION

The first three chapters cover logic and set theory. It is assumed in this book that an
understanding of proofs is necessary for the logical construction of advanced com-
puter programs.

The basic concepts of a proof are given and illustrated with numerous examples.
In Chapter 2, the student is given the opportunity to prove some elementary concepts
of set theory. In Chapter 3, the concept of an axiom system for number theory is
introduced. The student is given the opportunity to prove theorems in a familiar
environment. Proofs using induction are also introduced in this chapter. Throughout
the remainder of the book, many proofs are presented and many of the problems are
devoted to proofs. Problems, including proofs, begin at the elementary level and
continually become more advanced throughout the book.

Relations and graphs are introduced in Chapter 2. Relations lead naturally into
functions, which are introduced in Chapter 4. However, the development of functions
in Chapter 4 is independent of the material in Chapter 2. Similarly the development of
graphs in Chapter 6 does not depend on their development as relations in Chapter 2.

Matrices, permutations, and sequences are introduced in Chapter 4 as special
types of functions. Further properties of functions and matrices follow in Chapter 6.
Algorithms for matrices are introduced and further properties of matrices are devel-
oped, which will be used in later chapters on algebra, counting, and theory of codes.

Permutations are used for counting in Chapter 8 and also for applications in
algebra and combinatorics in later chapters. Again the material in Chapter 8, while
related to Chapter 4, can be studied independently.

Chapter 5 is independent of the previous chapters except for the matrices in
the previous chapter. Algorithms are developed including sorting algorithms. The
complexity of algorithms is also developed in this chapter. Prefix and suffix notation
are introduced here. They are again discussed in Chapter 15 with regard to traversing
binary trees. Binary and hexadecimal numbers are also introduced in this chapter.

Many elementary concepts of graphs, directed graphs, and trees are covered in
Chapter 6. These concepts are covered in more depth in Chapters 14-16. Chapter 6
is independent of the previous chapters.

In Chapters 7 and 9 the basics of number theory are developed. These chap-
ters are necessary for applications of number theory in Chapter 23 but are otherwise



completely independent of the other chapters and may be omitted if desi.red. .

Chapter 8 is the beginning of extensive coverage of combinatorics. This is
continued in many of the chapters including Chapters 12, 13, and 17. Chapter 8 also
covers probability, which is not common in most other discrete mathematics books.

Chapters 9 and 20 cover the basic concepts of algebra including semigroups,
groups rings, semilattices, lattices, rings, integral domains, and fields. These chapters
use Sections 3.6 and 4.3 for exampies of groups and rings. Chapter 9 is necessary for
the applications in Chapters 17-21.

In many ways Chapters 11, 12, and 13 form a package. Recursion is contin-
ued in Chapter 11. In addition to the standard linear recurrence relations normally
covered in a discrete mathematics text, the theory of finite difference is also covered.
Chapter 6 should be covered before this chapter unless the student already has some
knowledge of recursion. Chapter 12 continues the counting introduced in Chapter 8.
It covers topics introduced in Chapter 8 such as occupancy problems and inclusion-
exclusion. It also introduces derangements and rook polynomials. It is closely related
to Chapter 11. Many of the same topics are covered from different points of view.
One example of this is Stirling numbers. However neither chapter is dependent on
the other.

Chapters 11 and 12 are tied together in Chapter 13, where generating functions
are used to continue the material in both chapters. In particular, generating functions
provide a powerful tool for the solution of occupancy problems.

Chapters 14-16 continue the study of trees and graphs begun in Chapter 6.
They obviously depend on the material in Chapter 6, but are virtually independent of
most of the preceding chapters. One exception is the use of matrices in some of the
algorithms. Many of the standard topics of Graphs and Trees are covered including
planar graphs, Hamiltonian cycles, binary trees, spanning trees, minimal spanning
trees, weighted trees, shortest path algorithms, and network flows.

Chapters 17-23 form another cluster consisting of number theory, algebra, com-
binatorics and their application. The theory of computation is introduced in Chap-
ter 17. This includes codes, regular languages, automata, grammars and their re-
lationship. This chapter uses semigroups from Section 9.2. Chapter 18 introduces
special codes such as error detecting codes and error correcting codes. This chapter
requires knowledge of group theory, found in Section 9.4 and a knowledge of ma-
trices, found in Chapters 4 and 5. Codes are explored from yet another direction
in Chapter 23 where cryptography is introduced. This chapter is dependent on the
previous chapters on number theory. .

In Chapter 19, algebra and combinatorics are combined for the development of
Burnside’s Theorem and Polya’s Theorem for the enumeration of colors. It primarily
depends on a knowledge of permutations found in Section 9.4

Chapter 21 is a simple application of groups and semigroups and their mapping
onto the complex plane. The prerequisites for this chapter are Sections 9.2 and 9.4.

Chapter 22 gives three important applications of number theory. The study of
Hashing functions and cryptography is particularly relevant to computer science.

When teaching a beginning course, I normally cover Chapters 1-5 in their en-
tirety, Sections 8.1~8.3 and try to cover the first three sections of Chapter 6. As
mentioned previously, the material in the first eight chapters is arranged for maximal
flexibility. The following chart shows the required prerequisites for each chapter.

Preface  xiit
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Chapter Prerequisite Chapters or Sections
Chapter 1 None

Chapter 2 None

Chapter 3 Sections 1.1-1.4 and 2.1
Chapter 4 None

Chapter 5 Sections 4.1-4.3
Chapter 6 None

Chapter 7 Chapter 3

Chapter 8 None

Chapter 9 Section 3.6
Chapter 10 Chapter 7

Chapter 11 Sections 5.1-5.3
Chapter 12 Chapter 8

Chapter 13 Chapters 11 and 12.
Chapter 14 Chapters 5 and 6.
Chapter 15 Chapters 5 and 6.
Chapter 17 Chapter 9

Chapter 18 Chapters 5 and 9
Chapter 19 Chapter 9

Chapter 20 Chapter 9

Chapter 21 Chapter 9

Chapter 22 Chapter 10

¥ SUPPLEMENTS

A solutions manual is available from the publisher with complete solutions to all
problems. A website is available at www.prenhall.com/janderson. This website in-
cludes links to other interesting sites in discrete mathematics, -quizzes, and additional
problems.

B ACKNOWLEDGMENTS

First I would like to thank George Lobell for his leadership in the development of this
book and Barbara Mack for coordinating our efforts. I would like to thank Kristin
and Philip Musik for their excellent artwork. I am especially grateful to James Bell
for the tremendous amount of work that he has contributed. 1 am sorry that he was
unable to co-author this book with me. I miss having him as a partner. [ would also
like to thank my colleagues Dan Cooke, Ed Wilde, Rick Chow, M. B. Ulmer, and
Jerome Lewis for their help. 1 would like to thank Soledad Sugai for the errors she
found while a student in my course. I would also like to thank students Jody Dean,
Jessica Dones, Grace Ellison, Vinny Chin Fai Ip, Priscilla Lapierre, Esther Ly, Badral
Madani, Julie Norris, Tracy Quin and Robert Wiegert, who survived the first voyage
through this material.
Please feel free to e-mail me with comments and suggestions for future im-
provements.
James A. Anderson
Jjanderson@gw.uscs.edu



REHENHEENFZESRT] (KD

BT ARES

Computer Networks, Fourth Edition
TTHHLNEEE 4 /)

ISBN 7-302-07815-7

#£#': Andrew S. Tanenbaum
Efr: 69.00 7T

Digital Image Processing
By @R

ISBN 7-302-07464-X
#E#: K.R. Castleman
SEMT: 59.00 7T

Java Structures: Data Structures in Java for the
Principled Programmer, Second Edition
BiEEH Java IESHRCE 2 )

ISBN 7-302-07415-1

{E#: Duane A. Bailey

Network Security Essentials: Applications and
Standards, Second Edition

W EERMBIE: NHASHRE (B2
ISBN 7-302-07793-2

YE%: William Stallings

SEM: 46.00 7T e 39.00 76

Discrete Mathematics, Fifth Edition Wireless Communications and Networks
BBRFEESR) EREEEME

ISBN 7-302-07463-1 ISBN 7-302-07413-5

fE#&: K.ARoss fE#: William Stallings

Ef: 56.00 & EAfr: 52.00 G

Modem Systems Analysis & Design, Third Edition
BRRGMT SR (B3I

TCP/IP Protocol Suite, Second Edition
TCP/AP hilf&E (B2 /)

ISBN 7-302-07794-0 ISBN 7-302-07835-1

{E#: Hoffer, George, Valacich {4 : Behrouz A. Forouzan, Sophia Chung Fegan
SEffT: 69.00 T Effr: 75.00

Data Structures and Algorithms Computer Vision: A Modern Approach

- E A ASE A7 S WHEHMSE: —MBU

ISBN 7-302-07564-6
{E#: Aho, Hopcroft, Ullman

ISBN 7-302.07795-9
YE#: Forsyth, Ponce

E: 40.00 7T FEM: 65.00 T

Data Mining: A Tutorial Based Primer Operating Systems Principles

BE T AR SR RERGRHE

ISBN 7-302-07667-7 ISBN 7-302-07724-X

1E#: Roiger, Geatz #E#: Bic, Shaw

EH: 43.00 T SEH: 50.00 JT

Computer Science: An Overview, 7th Edition Discrete Mathematics with Combinatorics
WHEHNRERR (BT8R EYe & kg v E

ISBN 7-302-07792-4
YE%& : Brookshear
SEAMT: 54.00 7T

ISBN 7-302-07789-4
£ James A. Anderson
EWr: 79.00 7T




U

e

& LEAR

¢

FEA T

B E—HLRESHE LR ENEMOERREY. I TSENEREFRFOEM, FHEMEEHR
FINRIRES FTHMNERRME, CMETRAVEL X R B Mt — P ot RN R4 A 88
R TEE THARE, REFHAFHEN, HiFERGERRN.

Muhb: JCIRTTERE XN B ERT KR A BE 517 (100084) Tl igEEMR

#1%: 010-62770175 ¥ 3506

BB jsijc@tup.tsinghua.edu.cn

LR EEEFBHASEE (ISBN 7-302-07789-4)
JBIRH 4 Discrete Mathematics with Combinatorics ( EISBN 0-13-086998-8)

T AEH

H. F: B e e/ Bk
XA BEE L

B A HLiE: GSREE:H

EERERREN. OREHEM DERHEH DRI EM
ZHELHMITHEEE:

DEHE OWE O—R DAHE Sutgil
BRALRRBHEER:

DEHE OWE D8 DFRHE gl
BEHABHSERESE.

NEEFRRAKE DREHE DHE 0% DR
MHBERAEE DRER OWE O—& DAWE
AHRSERHEHR:

DfETWm DREART OWRER O%pl+E
BADEBEBLESHEHITER? (THTD

BHRIEFZBEBLE T EHEITHHR? (THTD




tents

Preface xi

Truth Tables, Logic, and Proofs
Statements and Connectives 1

Conditional Statements 9

Equivalent Statements 13

Axiomatic Systems: Arguments and Proofs 20
Completeness in Propositional Logic 30

Karnaugh Maps 35

Circuit Diagrams 41

_dd____
Nouhwh =

Set Theory si

2.1.  Introduction to Sets 51
2.2.  Set Operations 54

2.3. Venn Diagrams 60

2.4. Boolean Algebras 67
2.5. Relations 72

2.6. Partially Ordered Sets 84
2.7. Equivalence Relations 88

Logic, Integers, and Proofs
3.1.  Predicate Calculus 94
g 3.2, Basic Concepts of Proofs and the Structure of
Integers 104

3.3.  Mathematical Induction 109

3.4. Divisibility 119

3.5. Prime Integers 124

3.6. Congruence Relations 129



vi

Contents

4

5

Functions and Matrices 13
4.1. Functions 136

4.2.  Special Functions 141

4.3. Matrices 147

4.4. Cardindlity 158

4.5. Cardinals Continued 160

Algorithms and Recursion 16
5.1, The “for” Procedure and Algorithms for Matrices 165
5.2, Recursive Functions and Algorithms 169

5.3. Complexity of Algorithms 182

5.4.  Sorting Algorithms 187

5.5. Prefix and Suffix Notation 195

5.6.  Binary and Hexadecimal Numbers 200

5.7. Signed Numbers 212

5.8. Matrices Continued 217

Graphs, Directed Graphs,
and Trees 2u

6.1. Graphs 224

6.2. Directed Graphs 231

63. Trees 238

6.4, Instant Insanity 245

6.5. Euler Paths and Cycles 247

6.6. Incidence and Adjacency Matrices 254
6.7. Hypercubes and Gray Code 265

Number Theory

7.1.  Sieve of Eratosthenes 272

7.2.  Fermat's Factorization Method 273

7.3.  The Division and Euclidean Algorithms 275
7.4. Continued Fractions 279

7.5. Convergents 284

Counting and Probability 290
8.1.  Basic Counting Principles 290

8.2.  Inclusion-Exclusion Introduced 297

8.3.  Permutations and Combinations 304

8.4.  Generating Permutations and Combinations 316

8.5. Probability Introduced 320



9

13

Contents

8.6. Generalized Permutations and Combinations 327
8.7. Permutations and Combinations with Repetition 332
8.8. Pigeonhole Principle 337

8.9. Probability Revisited 342

8.10. Bayes’' Theorem 357

8.11. Markov Chains 359

Algebraic Structures 36
9.1.  Partially Ordered Sets Revisited 365
9.2.  Semigroups and Semilaftices 369

9.3. lattices 374

9.4. Groups 380

9.5.  Groups and Homomorphisms 386

Number Theory Revisited 390
10.1. Integral Solutions of Linear Equations 393

10.2. Solutions of Congruence Equations 395

10.3. Chinese Remainder Theorem 399

10.4. Properties of the Function ¢ 405

10.5. Order of an Integer 410

Recursion Revisited as

11.1. Homogeneous Linear Recurrence Relations 418
11.2. Nonhomogeneous Linear Recurrence Relations 430
11.3. Finite Differences 440

11.4. Faciorial Polynomials 444

11.5. Sums of Differences 455

Counting Continued 46
12.1. Occupancy Problems 462
12.2. Catalan Numbers 468

12.3. General Inclusion-Exclusion and Derangements 474
12.4. Rook Polynomials and Forbidden Positions 480

Generating Functions au

13.1. Definining the Generating Function (optional) 494
13.2. Generating Functions and Recurrence Relations 496
13.3. Generating Functions and Counting 508

13.4. Partitions 515

13.5. Exponential Generating Functions 521

vii



viii

Contents

1>

R
\'\, 1

19

20

Graphs Revisited s
14.1. Algebraic Properties of Graphs 528
14.2. Planar Graphs 551

14.3. Coloring Graphs 557

14.4. Hamiltonian Paths and Cycles 569

14.5. Weighted Graphs and Shortest Path Algorithms 578

Trees 5%

15.1. Properties of Trees 590
15.2. Binary Search Trees 597
15.3. Weighted Trees 602

15.4. Traversing Binary Trees 613
15.5. Spanning Trees 620

15.6. Minimal Spanning Trees 642

Networks eso

16.1. Networks and Flows 650
16.2. Matching 664

16.3. Petri Nets 672

Theory of Computation e
17.1. Regular Languages 681

17.2. Auvtomata 687

17.3. Grammars 696

Theory of Codes 7
18.1. Introduction 708

18.2. Generator Matrices 712

18.3. Hamming Codes 1721

Enumeration of Colors s
19.1. Burnside’s Theorem 728
19.2. Polya’s Theorem 733

Rings, Integral Domains,
and Fields 7

20.1. Rings and Integral Domains 740

20.2. Integral Domains 749

20.3. Polynomials 752

20.4. Algebra and Polynomials 759



-

\

Group and Semigroup

Characters 76

21.1. Complex Numbers 769
21.2. Group Characters 770
21.3. Semigroup Characters 775

Applications of Number Theory
22.1. Application: Pattern Matching 780

22.2. Application: Hashing Functions 787

22.3. Application: Cryptography 794
Bibliography 801

Hints and Solutions to Selected Exercises A-1
Index I-1

780

Contents

ix



TRUTH TABLES, LOGIC,
AND PROOFS

B1.1 STATEMENTS AND CONNECTIVES

In this section we develop truth tables and use them to begin the first step in logic.
We will find as we continue in this chapter that truth tables are also a basic tool
for other important concepts in discrete mathematics. Logic, developed by Aristotle
(384322 BCE), has been used throughout the centuries in the development of many
areas of learning including theology, philosophy, and mathematics. It is the founda-
tion on which the whole structure of mathematics is built. Basically it is the science
of reasoning, which allows us to determine which statements about mathematics are
true and which are false based on a set of basic assumptions called axioms. Logic is
also used in computer science to construct computer programs and to show that the
programs do what they are designed to do. One of the primary goals of this book is to
develop logic and show how to use it in computer science and to develop techniques
for analyzing and proving theorems in mathematics.

A proposition is a statement or declarative sentence that may be assigned a true
or false value. It must make sense to consider the statement being true or false. The
true or false value assigned to a statement is called its truth value.

Sentences that are not propositions include

Who are you?
(a question).
Read this chapter before the next class.
(a command or exclamation).

This sentence is not true.

(self contradictory).

We will use p, g, r, ... to represent propositions. For example, p could repre-
sent the statement It is going to rain tomorrow and q could represent the statement
The square of an integer is positive.



2 CHAPTER ]

Truth Tables, Logic, and Proofs

In English, sentences are combined using connectives and clauses to form more
complex compound sentences. Common connectives are and, or, not, if ... then,
only if, and if and only if. The logical meaning that we will give to these connectives
will be completely determined. The truth of a compound proposition is determined
completely by the truth or falsity of the component parts. A statement that contains
no connectives is called a simple statement. A statement that contains connectives is
called a compound statement.

Let p and g refer to the propositions

p: Janedrives a Ford.
q: Bob has gray hair.

The compound statement
Jane drives a Ford and Bob has gray hair.

has two parts joined with the connective and. This statement may be expressed sym-
bolically as

pandgq

or, more simply, as

pArgq

where the symbol A represents the word and in the translation from English to sym-
bolic expressions. The expression p A g is called the conjunction of p and .
Similarly, the statement

Jane drives a Ford or Bob has gray hair.
is expressed symbolically by

porg

or

pPVq

where V represents the word or in the translation from English to symbols. The
expression p V q is called the disjunction of p and 4.
The negation or denial of p is indicated by

~p

using the tilde to indicate negation. Thus if p is the statement Jane drives a Ford then
~ p is the statement Jane does not drive a Ford.

If r is the statement Joe likes computer science, then Jane does not drive a Ford
and Bob has gray hair, or Joe likes computer science would be symbolically indicated



