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Foreword

This book has developed from lectures that the author gave for mathematics
students at the Ruhr-Universitdt Bochum and the Christian-Albrechts-Uni-
versitat Kiel. This edition is the result of the translation and correction of
the German edition entitled Theorie und Numertk elliptischer Differential-
gleichungen.

The present work is restricted to the theory of partial differential equa-
tions of elliptic type, which otherwise tends to be given a treatment which
is either too superficial or too extensive. The following sketch shows what the
problems are for elliptic differential equations.

A: Theory of B: Discretisation: C: Numerical analysis,
elliptic Difference Methods, convergence,
equations finite elements, etc. stability
Elliptic Discrete
boundary valwe | _ _ __ __ Y __ _ equations
problems

E: Theory of D: Equation solution:
iteration Direct or with
methods iteration methods

The theory of elliptic differential equations (A) is concerned with ques-
tions of existence, uniqueness, and properties of solutions. The first problem of



iv Foreword

numerical treatment is the description of the discretisation procedures
(B), which give finite-dimensional equations for approximations to the solu-
tions. The subsequent second part of the numerical treatment is numerical
analysis (C) of the procedure in question. In particular it is necessary to
find out if, and how fast, the approximation converges to the exact solution.
The solution of the finite-dimensional equations (D, E) is in general no sim-
ple problem, since from 10® to 10° unknowns can occur. The discussion of
this third area of numerical problems is skipped (one may find it, e.g., in
Hackbusch [5] and [9]).

The descriptions of discretisation procedures and their analyses are
closely connected with corresponding chapters of the theory of elliptic equa-
tions. In addition, it is not possible to undertake a well-founded numerical
analysis without a basic knowledge of elliptic differential equations. Since the
latter cannot, in general, be assumed of a reader, it seems to me necessary to
present the numerical study along with the theory of elliptic equations.

The book is conceived in the first place as an introduction to the treat-
ment of elliptic boundary-value problems. It should, however, serve to lead
the reader to further literature on special topics and and applications. It is in-
tentional that certain topics, which are often handled rather summarily, (e.g.,
eigenvalue problems) are treated here in greater detail.

The exposition is strictly limited to linear elliptic equations. Thus a
discussion of the Navier-Stokes equations, which are important for fiuid me-
chanics, is excluded; however, one can approach these matters via the Stokes
equation, which is thoroughly treated as an example of an elliptic system.

In order not to exceed the limits of this book, we have not considered fur-
ther discretisation methods (collocation methods, volume-element methods,
spectral methods) and integral-equation methods (boundary-element meth-
ods).

The Exercises that are presented, which may be considered as remarks
without proofs, are an integral part of the exposition. If this book is used as
the text for a course they can be used as student problems. But the reader
too should test his understanding of the subject on the exercises.

The author wishes to thank his collaborators G. Hofmann, G. Wittum
and J. Burmeister for the help in reading and correcting the manuscript of this
book. He thanks Teubner Verlag for their cordial collaboration in producing
the first German edition.

Kiel, December 1985 W. Hackbusch

This translation contains, in addition to the full text of the original edi-
tion, a short Section (§3.5) on the integral-equation method. The bibliography
has also been expanded.

The author wishes to thank the translators, R. Fadiman and P. D. F.
Ion, for their pleasant collaboration, and Springer-Verlag for their friendly
cooperation.

Kiel, March 1992 W. Hackbusch



Notation

Formula Numbers.

Equations in Section X.Y are numbered (X.Y.1), (X.Y.2), etc. The equa-
tion (3.2.1) is referred to within Section 3.2 simply as (1). In other Sections
of Chapter 3 it is called (2.1).

Theorem Numbering.

All Theorems, Definitions, Lemmata etc. are numbered together. In Sec-
tion 3.2 Lemma, 3.2.1 is referred to as Lemma 1.

Special Symbols. The following quantities have fixed meanings:

AB,...
B, B,

¢
C*(D),C*(D)

C*(D),C>(D)
C5° ()
d(u,Vy)
dr,dry
?iag{dl,dz, .-}

g('1 )
h

matrices
boundary differential operators

(cf. (5.2.1a,b), (5.3.6))
the complex numbers

Holder- and Lipschitz-continuously differentiable
functions (cf. Definition 3.2.8)
k-fold and infinitely continuously differentiable

functions
infinitely differentiable

functions with compact supports (cf. (6.2.3))
distance of the function u from the subspace Vy
(cf. Theorem 8.2.1)
surface differentials in surface integrals
diagonal matrix with the diagonal elements d;,d3, ...
a function; often the right-hand side of a differential
equation
Green’s function (cf. Section 3.2)
step size (cf. Sections 4.1 and 4.2)

H*(2), H*(2), H§(R), H§(2) Sobolev spaces (cf. Sections 6.2.2 and 6.2.4)

Kr(y)

I
L

L
Ln

open ball about y with radius R
(cf. (2.2.7), Section 6.1.1)

identity or inclusion (cf. Sections 6.1.2, 6.1.3)

a differential operator (cf. (1.2.6)) or the operator as-
sociated with a bilinear form (cf. (7.2.9'))

the stiffness matrix (cf. Section 8.1)

matrix of a discrete system of equations (cf. (4.1.9a))
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L(X,Y) linear space of bounded operators from X to Y
(cf. Section 6.1.2)
L>=() space of essentially bounded functions (cf. 6.1.3)
L3(2) space of square-integrable functions (cf. Section 6.2.1)
N the natural numbers {1,2,3,...}
n = n(x) normals (cf. (2.2.3a))
0 the zero matrix
o() Landau symbol: f(z) = O(g(z)) if | f)| < const |g(z)|
P of. (8.1.6)
an a grid function, right-hand side of the discrete
equation (4.1.9a)
R,R, the real numbers, the positive real numbers
Ry, Ry, restrictions (cf. (4.5.2) and (4.5.5b))
s(-,-) the singularity function (cf. Section 2.2)
supp(f) the support of the function f (cf. Lemma 6.2.2)
u = u(X) = u(zy,...,24) & function, e.g., a solution of a differential equation
uy, a grid function (discrete solution; cf Section 4)
VN, Va finite-element spaces (cf. (8.1.3) and Section 8.4.1)
z,(z,y), (z,v,2) independent variables
X =(z1,...,Tp) a vector of independent variables
the integers
r the boundary of 2
Iy the boundary points of a grid (cf. (4.2.1b), (4.8.4))
() fundamental solution function
P(A) spectral radius of the matrix A
k] an open set in IR” or a domain (cf. Definition 2.1.1)
2 a grid (cf. (4.1.6a), (4.2.1a), (4.8.2))
a the Laplace operator (cf. (2.1.1a))
4, the five-point difference operator (cf. (4.2.3))
v gradient (cf. (2.2.3a))
8*,6-,8%8;,8},... differences (cf. (4.1.2a-c), (4.2.3))
oF, o differences in the normal direction (cf. (4.7.4))
8/on normal derivative (cf. (2.2.3a))
¢, scalar product (cf. (2.2.3¢c), (4.3.14a))
() xxx duality form (cf. Section 6.1.3)
) scalar product (cf. Section 6.1.4)

(»")os ()eaga)s| - Jos | - [L2gay  scalar product and norms on L2(£2)
()% ()as ] lks 1+ la scalar products and norms on H*(£2), resp. H*(12)
. the Euclidean norm (cf. (2.2.2))

i1l the Euclidean norm and the spectral norm

.. (cf. Section 4.3)
Vi) e norms equivalent to | - s, | - |, (cf. (6.2.15), (6.2.16b))
I lloo maximum norm (cf. (4.3.3)), row sum norm (4.3.11),

or supremum norm (2.4.1), cf. also Section 6.1.1
1 the vector (1,1,...) (cf. Section 4.3)
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1 Partial Differential Equations and
Their Classification Into Types

1.1 Examples

An ordinary differential equation describes a function which depends on only
one variable. Unfortunately, for many problems it is not possible to restrict
attention to a single variable. Almost all physical quantities depend on the
spatial variables z,y , and z and on time ¢. The time dependence might be
omitted for stationary processes, and one might perhaps save one spatial di-
mension by special geometric assumptions, but even then there would still
remain at least two independent variables. Equations that contain the first
partial derivatives

Ug, = uz‘(l'],:tg, v ,I,,) = a""(a;l’ e )zn)/azi

where (1 < 1 < n), or even higher partial derivatives u,,z,, etc., are called
partial differential equations.

Unlike ordinary differential equations, partial differential equations can-
not be analysed all together. Rather, one distinguishes between three types
of equations which have different properties and also require different numer-
ical methods.

Before the characteristics for the types are defined, let us introduce some
examples of partial differential equations.

All of the following examples will contain only two independent variables
z,y. The first two examples are partial differential equations of first order,
since only first partial derivatives occur.

Example 1.1.1. Find a solution u(z,y) of

uy(z,y) =0. (1.1.1)
It is obvious that u(z,y) must be independent of y, i.e., the solution has the

form u(z, y) = p(z). Thus u(z,y) = ¢(z) for some arbitrary ¢ is a solution of
1),
Equation (1) is a special case of

Example 1.1.2. Find a solution u(z, y) of
cuz —uy, =0  (c constant). (1.1.2)
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Let u be a solution. Introduce new coordinates £ = = + cy, 7 = y and define

v(€, ) := u(z(€, n), (&, n)) with the aid of z(£,n) = £ — on, y(§, 1) = 7. Since
Uy = UzTy + tyYy (chain rule) and z, = —c, y, = 1, it follows from (2) that
vy(£,1) = 0. This equation is analogous to (1), and Example 1 shows that
v(€,n) = w(£). If one now replaces £, 1 by z,y one obtains

u(z,y) = p(z + cy). (1.1.3)

Conversely, through (3) one obviously obtains a solution of Equation (2) as
long as ¢ is continuously differentiable.

In order to determine uniquely the solution of an ordinary differential
equation %' — f(u) = 0 one needs an initial value u(zp) = ug. The partial
differential equation (2) can be augmented by the initial-value function

u(z,30) =up(z) for z€R (1.1.4)

on the line y = yo, with gy a constant. The comparison of Equations (3) and
(4) shows that ¢(z+cyo) = uo(x). Thus ¢ is determined by p(z) = uo(z—cyo).
The unique solution of the initial value problem (2) and (4) reads

u(z,y) = uo(z — c(yo — v)). (1.1.5)

The following three examples involve differential equations of second order.

Example 1.1.3. (Potential equation or Laplace equation) Let £ be
an open subset of IR?. Find a solution of

gz +uyy =0 in 0. (1.1.6)

If one identifies (z,y) € IR? with the complex number z = z + iy € C,
the solutions can be given immediately. The real and imaginary parts of any
function f(z) holomorphic in {2 are solutions of Equation (6). Three examples
are Re 2 = 1, Re 2% = 22 —y? and Relog(z—z) = log 1/(z - zo)? + (y—-w)?
if zo ¢ £2. To determine the solution uniquely one needs the boundary values
u(z,y) = p(z,y) for all (z,y) on the boundary I' = 802 of £2.

Example 1.1.4. (Wave equation) All solutions of
Upy —Uyy =0 (1.1.7)

are given by
w(z,y) = p(z +y) + ¥(z - y) (1.1.8)
where ¢ and ¢ are arbitrary twice continuously differentiable functions. Suit-
able initial values are, for example,
u(z,0) =uo(z), uy(2,0) =uy(z), (z€R) (1.1.9)

where uo and u; are given functions. If one inserts (8) into (9), one finds
U =@+, uy=¢ — ¢ where ¢’ is the derivative of o, and infers that
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¢ = ui+up)/2, ¥ = (ug—ui)/2

From this one can determine ¢ and ¢ up to constants of integration. One
constant can be chosen arbitrarily, for example, by ¢(0) = 0, and the other is
determined by u(0, 0) = ug(0) = (0) + ¥(0).

Exercise 1.1.5. Prove that every solution of the wave equation (7) has the
form (8). Hint: Use £ = z + y and 5 = z — y as new variables.

Example 1.1.6. (Heat equation) Find the solution of
Ugg — Uy = 0 (1.1.10)

(physical interpretation: u = temperature, y = time). The separation of vari-
ables u(z, y) = v(z)w(y) gives that for every c€ R

u(z, y) = sin(cz) - exp(—c?y). (1.1.11a)

Another solution of (10) for y >0 is

we) = 2= [ "~ wo(€) exp(—(z — €/ (4y) &, (1.111b)

where ug(-) is an arbitrary continuous and bounded function. The initial con-
dition matching Equation (10), in contrast to (9), contains only one function:

u(z, 0) = ug(x). (1.1.12)

The solution (11b), which initially is defined only for y > 0, can be extended
continuously to y = 0 and there satisfies the initial value requirement (12).

Exercise 1.1.7. Let uo be bounded in IR and continuous at z. Then prove
that the right side of Equation (11b) converges to ug(z) for y — 0. Hint: First
show that u(z, y) = uo(2) + [ [uo(€) — uo(z)| exp(—(z — €)/(4y)) dé//Any
and then decompose the integral into subintegrals over [z — 6,z + 6] and
(—o00,z ~ 8) U (z + 8, c0).

As with ordinary differential equations, equations of higher order can be
described by systems of first-order equations. In the following we give some
examples.

Example 1.1.8. Let the pair (u,v) be the solution of the system
urt+vy =0, vz+u,=0 (1.1.13)

If u and v are twice differentiable, the differentiation of (13) yields the equa-
tions tty; + Vey = 0, ¥y + 4y = 0, which together imply that u,, — Uy, =0.
Thus u is a solution of the wave equation (7). The same can be shown for v.
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Example 1.1.9. (Cauchy-Riemann differential equations) If u and v satisfy

the system
uz+v,=0, v;—u,=0 in 2cCR? (1.1.14)

then the same consideration as in Example 8 yields that both u and v satisfy
the potential equation (6).

Example 1.1.10. If u and v satisfy the system
Up+vy =0, vy;+u=0, (1.1.15)

then v solves the heat equation (10).
A second-order system of interest in fluid mechanics can be found in

Example 1.1.11. (Stokes equations) In the system

uzz+uvv - Wy 20’ (1.1.16&)
Vo + Uy —wy =0, (1.1.16b)
ustv, =0 (1.1.16¢)

u and v denote the flow velocities in z- and y-directions, while w denotes the
pressure,

1.2 Classification of Second-Order Equations into Types

The general linear differential equation of second order in two variables reads

0(2, Y)uzs+25(Z, Y)usy + (2, y)uy,

+d(z, y)us + e(z, y)uy + f(z,y)u + g(z,y) = 0. (1.21)

Definition 1.2.1. (a) Equation (1) is said to be elliptic at (z,y) if

a(z,y)e(z,y) - b(z,y)? > 0. (1.2.2a)
(b) Equation (1) is said to be hyperbolic at (z,p), if
a(z,y)c(z, y) - b(z,y)? < 0. (1.2.2b)
(c) Equation (1) is said to be parabolic at (z,y) if
a b d
ac—b>=0 and rank [b . e] =2 at(z,y). (1.2.2¢)

'(d) Equation (1) is said to be elliptic (hyperbolic, parabolic) in £2 C R? if it
is elliptic (hyperbolic, parabolic) at all (z,y) en.



