TRiNG B REBEZ-Ht 2RI 20

A First Course 1n
Stochastic Processes

B RLRL R () 2R

B - 5E2R)

- Samuel Karlin 4
L% Howard M.Taylor

| ~ Second Edition

A FIRST COURSE IN
STOCHASTIC PROCESSES ‘

Samuel Karlin ‘
Howard M. Tavlor |

B el 11 R L

POSTS & TELECOM PRESS




Turing FELT LEREGES 3

A First Course in Stochastic Processes

PRI P W2 s

(TR + F2hR)

Samuel Karlin

(=] Howard M.Taylor

3

A BB Ay AR A

=| A 3



EEERESRE (CIP) IR

BEMLT AR BRE: B2 AR: L/ (F) FMK (Karlin, S.)
() FH) (Taylor, H. M) FE. —Jbxi: ARMBH AR, 2007.10

(B RERECE « Gt F R0

ISBN 978-7-115-16598-5

[. B . & . BEHLEE — #M — %X
V. 0211.6

W E WA B 1R CIP $idlE %7 (2007) 3 112613 5
RERE

AL RERREILT BRI EARIRIY %, B SERMANE. BHFEBENEE:
DURATREE, ELERT AL /R KRGk, EHER, Bit. AMEs. o BRI
HR. AEPREE o, SEFEOFRMIA, BARY, FEENERENT
iR,

A AE A @ FE R AR E R R AR M, HaEATRERAANS %S

KR IERREY: « Gt R
BEHLTIZHNR 2 (FESTHR « 36 2 WD
L [3£]Samuel Karlin Howard M. Taylor
TTHH Wk
¢ ALCHBSEHARAL BRRAT  dbselisesrix o Wit 14 2
Hi4 100061 W B 315@ptpress.com.cn
F4ik  http://www.ptpress.com.cn

AETEE e b BRI B 22+ B A
BB RIEAL R RTS8
& JFA: 700 x 1000 1/16

k. 35.75
T 586 TF 2007 4 10 HE 1R
EN¥: 1-3 000 A} 2007 £ 10 b0 1 KEk)

FERERBILTS EF: 01-2007-3376 5
ISBN 978-7-115-16598-5/01
EHr: 69.00 JT
IRERE AL (010)88593802 ENEREML: (010)67129223




PREFACE

The purposes, level, and style of this new edition conform to the tenets
set forth in the original preface. We continue with our tack of developing
simultaneously theory and applications, intertwined so that they refur-
bish and elucidate each other.

We have made three main kinds of changes. First, we have enlarged on
the topics treated in the first. edition. Second, we have added many
exercises and problems at the end of each chapter. Third, and most
important, we have supplied, in new chapters, broad introductory discus-
sions of several classes of stochastic processes not dealt with in the first
edition, notably martingales, renewal and fluctuation phenomena associ-
ated with random sums, stationary stochastic processes, and diffusion
theory.

Martingale concepts and methodology have provided a far-reaching
apparatus vital to the analysis of all kinds of functionals of stochastic
processes. In particular, martingale constructions serve decisively in the
investigation of stochastic models of diffusion type. Renewal phenomena
are almost equally important in the engineering and managerial sciences
especially with reference to examples in reliability, queueing, and inven-
tory systems. We discuss renewal theory systematically in an extended
chapter. Another new chapter explores the theory of stationary processes
and its applications to certain classes of engineering and econometric
problems. Still other new chapters develop the structure and use of



2 PREFACE

diffusion processes for describing certain biological and physical systems
and fluctuation properties of sums of independent random variables
useful in the analyses of queueing systems and other facets of operations
research.

The logical dependence of chapters is shown by the diagram below.
Section 1 of Chapter 1 can be reviewed without worrying about details.
Only Sections 5 and 7 of Chapter 7 depend on Chapter 6. Only Section 9
of Chapter 9 depends on Chapter 5.

|

|
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D

An easy one-semester course adapted to the junior-senior level could
consist of Chapter 1, Sections 2 and 3 preceded by a cursory review of
Section 1, Chapter 2 in its entirety, Chapter 3 excluding Sections 5 and/or
6, and Chapter 4 excluding Sections 3, 7, and 8. The content of the last
part of the course is left to the discretion of the lecturer. An option of
material from the early sections of any or all of Chapters 5-9 would be
suitable.

The problems at the end of each chapter are divided into two groups.
The first, more or less elementary; the second, more difficult and subtle.

The scope of the book is quite extensive, and on this account, it has
been divided into two volumes. We view the first volume as embracing
the main categories of stochastic processes underlying the theory and
most relevant for applications. In 4 Second Course we introduce additional
topics and applications and delve more deeply into some of the issues of
A First Course. We have organized the edition to attract a wide spectrum
of readers including theorists and practitioners of stochastic analysis
pertaining to the mathematical, engineering, physical, biological, social,
and managerial sciences.

The second volume of this work, 4 Second Course in Stochastic Processes,
will include the following chapters: (10) Algebraic Methods in Markov
Chains; (11) Ratio Theorems of Transition Probabilities and Applications;
(12) Sums of Independent Random Variables as a Markov Chain; (13)
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Order Statistics, Poisson Processes, and Applications; (14) Continuous
Time Markov Chains; (15) Diffusion Processes; (16) Compounding
Stochastic Processes; (17) Fluctuation Theory of Partial Sums of Indepen-
dent Identically Distributed Random Variables; (18) Queueing Processes.

As noted in the first preface, we have drawn freely on the thriving
literature of applied and theoretical stochastic processes. A few represen-
tative references are included at the end of each chapter; these may be
profitably consulted for more advanced material.

We express our gratitude to the Weizmann Institute of Science,
Stanford University, and Cornell University for providing a rich intellec-
tual environment, and facilities indispensable for the writing of this text.
The first author is grateful for the continuing grant support provided by
the Office of Naval Research that permitted an unencumbered concentra-
tion on a number of the concepts and drafts of this book. We are also
happy to acknowledge our indebtedness to many colleagues who have
offered a variety of constructive criticisms. Among others, these include
Professors P. Brockwell of La Trobe, J. Kingman of Oxford, D. Iglehart
and S. Ghurye of Stanford, and K. It6 and S. Stidham, Jr. of Cornell. We
also thank our students M. Nedzela and C. Macken for their assistance in
checking the problems and help in reading proofs.

SAMUEL KARLIN
Howarp M. TAyvLOR



PREFACE TO FIRST EDITION

Stochastic processes concern sequences of events governed by proba-
bilistic laws. Many applications of stochastic processes occur in physics,
engineering, biology, medicine, psychology, and other disciplines, as well
as in other branches of mathematical analysis. The purpose of this book
is to provide an introduction to the many specialized treatises on stochas-
tic processes. Specifically, I have endeavored to achieve three objectives:
(1) to present a systematic introductory account of several principal
areas in stochastic processes, (2) to attract and interest students of pure
mathematics in the rich diversity of applications of stochastic processes,
and (3) to make the student who is more concerned with application
aware of the relevance and importance of the mathematical subleties
underlying stochastic processes.

The examples in this book are drawn mainly from biology and engineer-
ing but there is an emphasis on stochastic structures that are of mathe-
matical interest or of importance in more than one discipline. A number
of concepts and problems that are currently prominent in probability
research are discussed and illustrated.

Since it is not possible to discuss all aspects of this field in an elementary
text, some important topics have been omitted, notably stationary
stochastic processes and martingales. Nor is the book intended in any
sense as an authoritative work in the areas it does cover. On the contrary,
its primary aim is simply to bridge the gap between an elementary
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probability course and the many excellent advanced works on stochastic
processes.

Readers of this book are assumed to be familiar with the elementary
theory of probability as presented in the first half of Feller’s classic
Introduction to Probability Theory and Its Applications. In Section 1,
Chapter 1 of my book the necessary background material is presented
and the terminology and notation of the book established. Discussions
in small print can be skipped on first reading. Exercises are provided at
the close of each chapter to help illuminate and expand on the theory.

This book can serve for either a one-semester or a two-semester course,
depending on the extent of coverage desired.

In writing this book, I have drawn on the vast literature on stochastic
processes. Each chapter ends with citations of books that may profitably
be consulted for further information, including in many cases biblio-
graphical listings.

I am grateful to Stanford University and to the U.S. Office of Naval
Research for providing facilities, intellectual stimulation, and financial
support for the writing of this text. Among my academic colleagues I am
grateful to Professor K. L. Chung and Professor J. McGregor of Stanford
for their constant encouragement and helpful comments; to Professor J.
Lamperti of Dartmouth, Professor J. Kiefer of Cornell, and Professor P.
Ney of Wisconsin for offering a variety of constructive criticisms; to Dr.
A. Feinstein for his detailed checking of substantial sections of the manu-
script, and to my students P. Milch, B. Singer, M. Feldman, and B.
Krishnamoorthi for their helpful suggestions and their assistance in
organizing the exercises. Finally, I am indebted to Gail Lemmond and
Rosemarie Stampfel for their superb technical typing and all-around
administrative care.

SAMUEL KARLIN
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Chapter 1

ELEMENTS OF STOCHASTIC
PROCESSES

The first part of this chapter summarizes the necessary background
material and establishes the terminology and notation of the book. It is
suggested that the reader not dwell here assidously, but rather quickly.
It can be reviewed further if the need should arise later.

Section 2 introduces the celebrated Brownian motion and Poisson
processes, and Section 3 surveys some of the broad types of stochastic
processes that are the main concern of the remainder of the book.

The last section, included for completeness, discusses some technical
considerations in the general theory. The section should be skipped on a
first reading.

1: Review of Basic Terminology and Properties of Random
Variables and Distribution Functions

The present section contains a brief review of the basic elementary
notions and terminology of probability theory. The contents of this
section will be used freely throughout the book without further reference.
We urge the student to tackle the problems at the close of the chapter;
they provide practice and help to illuminate the concepts. For more
detailed treatments of these topics, the student may consult any good
standard text for a first course in probability theory (see references at
close of this chapter).

The following concepts will be assumed familiar to the reader:

(1) A real random variable X.

(2) The distribution function F of X [defined by F(1)=Pr{X < i}]
and its elementary properties.

(3) An event pertaining to the random variable X, and the probability
thereof.

(4) E{X}, the expectation of X, and the higher moments E{X"}.

(5) The law of total probabilities and Bayes rule for computing
probabilities of events.

The abbreviation r.v. will be used for * real random variables.” A r.v.

1



2 1. ELEMENTS OF STOCHASTIC PROCESSES

X is called discrete if there is a finite or denumerable set of distinct values
Aty Az, ... such that a,=Pr{X=1}>0,i=1,2,3,.., and },a,=1.
If Pr{X = A} = 0 for every value of A, the r.v. X is called continuous. If
there is a nonnegative function p(t), defined for —o0 <t << o0 such
that the distribution function F of the r.v. X is given by

F() = [ p()d,

then p is said to be the probability density of X. If X has a probability
density, then it is necessarily continuous; however, examples are known
of continuous r.v.’s which do not possess probability densities.

If X is a discrete r.v., then its mth moment is given by

E[X™] = }; AP Pr{X = 2}

(where the 1, are as earlier), if the series converges absolutely.
If X is a continuous r.v. with probability density p(-), its mth moment
is given by

E[X") = [ x"p(x) dx,

provided the integral converges absolutely.

The first moment of X, commonly called the mean, is denoted by my
or uy. The mth central moment of X is defined as the mth moment of the
r.v. X —my if my exists. The first central moment is evidently zero; the
second central moment is called the variance (62) of X. The median
of a r.v. X is any value v with the property that Pr{X > v}>1 and
PriX <v}>1.

If X is a random variable and g is a function, then Y = &(X) is also
arandom variable. If X is a discrete random variable with possible values
X1, %3, ..., then the expectation of g(X) is given by

Elg(X)] = § g(x) Pr{X =, (B)

provided the sum converges absolutely. If X is continuous and has the
probability density function py then the expectation of g(X) is computed
from

E[g(X)] = [ g(x)pa(x) dx. (1.2)

The general formula, covering both the discrete and continuous cases is

E[g(X)) = [8(x) dF x(x) (13)
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where Fy is the distribution function of the random variable X. Techni-
cally speaking, the integral in (1.3) is called a Lebesgue-Stieltjes integral.
We do not require knowledge of such integrals in this text but interpret
(1.3) to signify (1.1) when X is a discrete random variable and to represent
(1.2) when X possesses a probability density function p, .

Let Fy(y) = Pr{Y <y} denote the distribution function for Y = g(X).
When X is a discrete random variable

E[Y]=}yPr{Y =y}
=) g(x) Pr{X =2}

if y;,=g(x;) and provided the second sum converges absolutely. In
general

E[Y]=[ydFy(y)
— J’ g(x) dFy(x). (1.4)

If X is a discrete random variable then so is Y = g(X). It may be, however,
that X is a continuous random variable while Y is discrete (the student
should provide an example). Even so, one may compute E[Y ] from either
form in (1.4) with the same result.

A. JOINT DISTRIBUTION FUNCTIONS

Given a pair (X, Y) of r.v.’s, their joint distribution function is the
function Fyy of two real variables given by

F(/ll, /12) = FXY(}'I’ 12) = Pr{X g ;'l’ YS 12}-

(The subscripts X, Y will usually be omitted unless there is possible
ambiguity.)

The function F(4, 4 0) = lim,, ,,, F(4, 4,) is a probability distribution
function, called the marginal distribution function of X. Similarly, the
function F(+co, 1) is called the marginal distribution of Y. If it happens
that F(4,, 400)- F(400, A;) = F(A,, A,) for every choice of Ays Ay, then
the r.v.’s X and Y are said to be independent. A joint distribution function
Fxy is said to possess a (joint) probability density if there exists a function
Pxy(s, t) of two real variables such that

A2 A4

Fxy(di,d)= [ [ pxyls,t) dsdt

-~ —

forall 1,,4,. If X and Y are independent, then p,(s, 1) is necessarily of
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the form px(s)py(t), where py and py are the probability densities of the
marginal distribution of X and Y, respectively.

The joint distribution function of any finite collection X, ..., X, of
random variables is defined as the function

F('ll LA ] A’n) = FX;,...,X,.()‘l LIRS ] A’n)
=Pr{X, <1, ..., X, <1}

The distribution function
Fx‘l .... x‘k(li‘, ceny lik) = ]im F(ll 9 seey l')

Av e, iti,...,

is called the marginal distribution of the random variables X i e Xy o

I F(,,..,4,)=Fx(i)" ... - Fx,(4,) for all values of 4,, 4,,...,
Ay, the random variables X, ..., X,, are said to be independent.

A joint distribution function F(4,, ..., 4,) is said to have a probability

density if there exists a nonnegative function p(t,, ..., t,) of n variables

such that
An A

FAs..., d) = f jp(z,,...,:,,)dc,-..d:,,

for allreal 4,, ..., 4,.
If X and Y are jointly distributed random variables having means m,
and my , respectively, their covariance (o) is the product moment

oxy=E[(X —m)(Y — my)].

If X, and X, are independent random variables having the distribution
functions F, and F,, respectively, then the distribution function F of
the sum X = X, -- X, is the convolution of F, and F,:

F(x)= [ Fy(x—y) dFy(y)
= [ Fy(x—y) dFy(y).
Specializing to the situation where X, and X 2 have the probability

densities p; and p,, the density function p of the sum X =X, 4 X, is
the convolution of the densities p, and P

P®) = [pix—y)p:(y) dy
= fpz(x —)pi(y) dy.



