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Preface

This book has expanded from our attempt to construct a general theory of hyper-
geometric functions and can be regarded as a first step towards its systematic
exposition. However, this step turned out to be so interesting and important, and
the whole program so overwhelming, that we decided to present it as a separate
work. Moreover, in the process of writing we discovered a beautiful area which
had been nearly forgotten so that our work can be regarded as a natural continuation
of the classical developments in algebra during the 19th century.

We found that Cayley and other mathematicians of the period understood
many of the concepts which today are commonly thought of as modern and quite
recent. Thus, inan 1848 note on the resultant, Cayley in fact laid out the foundations
of modern homological algebra. We were happy to enter into spiritual contact with
this great mathematician.

The place of discriminants in the general theory of hypergeometric functions
is similar to the place of quasi-classical approximation in quantum mechanics.
More precisely, in [GGZ] [GKZ2] [GZK 1] a general class of special functions was
introduced and studied, the so-called A-hypergeometric functions. These func-
tions satisfy a certain holonomic system of linear partial differential equations (the
A-hypergeometric equations). The A-discriminant, which is one of our main ob-
jects of study, describes singularities of A-hypergeometric functions. According
to the general principles of the theory of linear differential equations, these singu-
larities are governed by the vanishing of the highest symbols of A-hypergeometric
equations. The relation between differential operators and their highest symbols
is the mathematical counterpart of the relation between quantum and classical me-
chanics; so we can say that hypergeometric functions provide a “quantization” of
discriminants.

In our work on hypergeometric functions we found connections with many
questions in algebra and combinatorics. We hope that this book brings to light
some of these connections. One of the algebraic concepts which seems to us
particularly important is that of hyperdeterminants (analogs of determinants for
multi-dimensional “matrices.”) After rediscovering hyperdeterminants in connec-
tion with hypergeometric functions, we found that they too, had been introduced by
Cayley in the 1840s. Unfortunately, later on, the study of hyperdeterminants was
largely abandoned in favor of another, more straightforward definition (cf. [P]).
The only other work on hyperdeterminants of which we are aware is an important
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paper by Schlifli [Schl]. In this volume we give a detailed treatment of hyperde-
terminants with the hope of attracting the attention of other mathematicians to this
subject.

We would like to thank S.I. Gelfand, M.I. Graev and V.A. Vassiliev, who,
through discussions and collaboration, have much influenced our understanding
of the vast and beautiful field of hypergeometric functions.
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Introduction

I

In this book we study discriminants and resultants of polynomials in several vari-
ables. The most familiar example is the discriminant of a quadratic polynomial
f(x) =ax? + bx +c. This is

A(f) = b* - dac, (1

which vanishes when f(x) has a double root.

More generally, we can consider a polynomial f(xy, ..., x;) of degree < d
in k variables. An analog of a multiple root for f is a point where f vanishes
together with all its first partial derivatives df/dx;. The discriminant A(f) is a
polynomial function in the coefficients of f which vanishes whenever f has such
a “multiple root.” The existence of A is not quite trivial; however, it can be shown
that A(f) exists and is unique up to sign if we require it to be irreducible and to
have relatively prime integer coefficients. For instance, the discriminant of a cubic
polynomial in one variable (k = 1, d = 3) is given by

A(ap+ayx+ arx* +a3x3) = a,zag —4a?a3 - 4aoa§ - 27aga§ + 18apayazas. (2)

There is a subtle point in the definition of A(f): that is, A(f) depends not
only on f but also on the choice of a degree bound d. For instance, the formula
(2) applied to a quadratic polynomial gives a different expression from (1). With
this in mind, we introduce the following more general version of a discriminant.
Let A be a finite set of monomials in k variables, and let C* denote the space of all
polynomials with complex coefficients all of whose monomials belong to A. The
A-discriminant A 4(f) is an irreducible polynomial in the coefficients of f € C4
which vanishes whenever f has a multiple root (x, ..., x;) with all x; # O (the
last condition is added to be able to ignore trivial multiple roots which can appear
if all monomials from A have high degree). The A-discriminant will be one of our
main objects of study.

The notion of the A-discriminant includes as special cases several fundamental
algebraic concepts. If we take A = {1, x,...,x", y, yx,..., yx"}, for example,
then a typical polynomial from C* has the form f(x) + yg(x). Its A-discriminant
is the resultant of f and g: it vanishes whenever f and g have a common root.

" More generally, the resultant of k + 1 polynomials f, ..., fi in k variables
is defined as an irreducible polynomial in the coefficients of fy, ..., fi, which
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vanishes whenever these polynomials have a common root. The resultant can be
treated as a special case of the A-discriminant of an auxiliary polynomial fj(x) +
Thayifit), x=(x,...,5).

Another important example occurs when A consists of n2 monomials x; Vi
i,j =1,...,n. A typical polynomial from C* is now a bilinear form f(x, y) =
Y a;jx;y; whose A-discriminant is the determinant of the matrix ||a;;||.

The last example has a natural generalization: we can take A as the set of all
multilinear monomials in three or more groups of variables. An element f € CA
(i.e., a multilinear form) is represented by a higher-dimensional “matrix” ||a;, ; |l
Thus the A-discriminant A 4 in this case is a polynomial function of a “matrix”
which extends the notion of a determinant. Following Cayley [Cal], we call this
A4 the hyperdeterminant of |la;, ;|| For example, the hyperdeterminant of a
2 x 2 x 2 matrix ||la;jll, i, j, k =0, 1, is given by

2 2 2 2 2 2 2 2
(agooainy + 3018110 + 108101 + Gp11@100)

—2(ap00a001a1108111 + @o00401041014111 + Ao00d01141004111 + G001401041014110
+a001801141104100 + Go10401181014100) + 4(@000d011@101G110 + d00140108100G111)-

The study of hyperdeterminants was initiated by Cayley [Cal] and Schlifli [Schi]
but then was largely abandoned for 150 years. We present a treatment of hyperde-
terminants in Chapter 14.

II

Let V4 = {f € C* : Ax(f) = 0} be the hypersurface in the space of
polynomials consisting of polynomials with vanishing A-discriminant. We shall
be mainly concerned with the following two closely related problems:

(a) the study of the geometric properties of the hypersurface V,;
(b) finding an explicit algebraic expression of the discriminant A 4.

To illustrate the importance of problem (a), consider the special case when
A consists of all monomials in xy, ..., x; of a given degree d. Every f € CcA
(i.e., a homogeneous form of degree d) defines a hypersurface { f = 0} in the
projective space P*~!. It is easy to see that V4 consists exactly of those f for
which the hypersurface { f = 0} is singular. Therefore the complement C* — V,,
parametrizes all smooth hypersurfaces of a given degree in the projective space.
To understand the geometric structure of C* — V4 is an important instance of the
general moduli problem in algebraic geometry.

Equally important is the situation over the real numbers. Hilbert’s 16th prob-
lem (classifying isotopy types of smooth real hypersurfaces of given degree d)
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amounts to the study of connected components of R — V,, the space of real
polynomials with a non-vanishing discriminant.

Problem (b) has a long and glorious history. Explicit formulas for discrim-
inants and resultants were the focus of several remarkable mathematicians in the
last century. Many ingenious formulas were found by Cayley, Sylvester and their
followers. However, we are still very far from a complete understanding of dis-
criminants. For instance, an explicit polynomial expression for A4 is known only
in a very limited number of special cases. Such formulas would be of great im-
portance for the problem of finding explicit solutions of systems of polynomial
equations. Problems of this kind are of interest not only for theoretical reasons,
but are encountered more and more on a practical level because of the progress in
computer technology.

111
We will use three main approaches in our study of discriminants and resultants:
e a geometric approach via projective duality and associated hypersurfaces;

e analgebraic approach via homological algebra and determinants of complexes
(Whitehead torsion);

e a combinatorial approach via Newton polytopes and triangulations.

The geometric approach to discriminants is based on the observation that the
discriminantal variety V, is projectively dual to a certain variety X, defined by
a simple parametric representation. For example, if A consists of all monomials
of degree d in k variables then X4 is the projective space P*~! in its Veronese
embedding. In the general case, X4 is the projective foric variety associated with
A. The notion of the projectively dual variety XV makes sense for an arbitrary
projective variety X C P"~': it is the closure of the set of all hyperplanes in P"~!
which are tangent to X at some smooth point. Thus the problem of finding the
discriminant is a particular case of a more general geometric problem: find the
equation(s) of XV. We call this equation (in the case where XV is a hypersurface)
the X -discriminant.

Although the resultants can be formally treated as discriminants of a special
kind (see above), they have their own interesting geometric meaning. As for dis-
criminants, we can associate the resultant to any projective variety X C P"~'.
Instead of XV, we now consider the associated hypersurface Z(X) of X. If
dim X = k — 1 then Z(X) is the locus of all codimension k projective subspaces
in P*~! which meet X. The equation of Z(X) in the appropriate Grassmannian
is the classical Chow form of X. This can be represented as a polynomial in the



