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CHAPTER |
DETERMINANTS

§ 1 Determinants of Order 2 and 3

1.1 Determinants of order 2

Let ayy, a2, a2, az; be numbers, the word numbers mean real numbers

throughout the book.
We denote the algebraic sum a;;as, — ajsas; by the notation

ap ap

azr Az

which is called a determinant of order 2 ,or a 2 X 2 determinant . That is to say

an ap
=anap T apdr- (1)

dx dap

The sign of each term in the algebraic sum may be kept in mind

) )
by a diagonal line pattern. The product of two elements on the solid line is with

positive sign,and the product of two elements on the dotted line with negative

sign.

The determinant has 2 rows,2 columns and 4 elements A11>Q12,831,A0;.

For instance, the first column is

an
] and the second row is (a5 ,a5,).
az;

-1
Example 1. Compute the second order determinant 4' .




Seolution.

,2 ‘1,=2.4—(—1)-3=11.
30 4

Example 2. Let D, =

,\2A'
e

(a) What values would A take on such that D, =07
(b) What values would A take on such that D,7#07?

Solution.
2 2
2= A ‘='A2—3A=A(A—3).
3 1
(a) D,=0 when A=0or A =3.
(b) D,50 when 150 and A%3. 0

The following properties are easily verified by direct computation, which you

should carry out completely.

If each element of one column , say the second column , is the sum of two

numbers , then

ay aptby ay  ap ay by
D: = -+

az axptby an by

az an

The analogous property also holds with respect to the first column.We give
the proof for the additivity with respect to the second column to show how easy
it is. Namely , we have

ay ajpt by
= ay(ayp + by) - aylap + byy)

az axn+ by
= (anayn — apay) + (apby — azbyy)

Gy Ay an by

+

ax any az by
which is precisely the desired additivity.
If k is a number , then
. 2 -



ap  kap 3 a; 4ap kayy ap

ay kan ay an kayy axn

If the two columns are completely the same , then the determinant is equal
to 0.

If one adds a same multiple of every element of one column to the
corresponding element of the other column , then the value of the determinant
does not change .

In other words,let £ be a number, then

aptkap ap ayy an

k4

antkay ap az app

and similarly when we add a multiple of the first column to the second.
If the two columns are interchanged , then the determinant changes by a
sign . In other words , we have
ay ap a2 an

az ap az az

The determinant obtained by interchanging rows and columns of D is called
the transpose of D ,and is denoted by D’.That is to say,let

an  an
D=
azr a4z
then its transpose
, an an
D = .
a;p; an

A determinant D is equal to its transpose ,i.e.,

D=D".
It is explicit that
an ap |21 axn
a1 ax ap, apxn



1.2 Determinants of order 3

The notation
ap;; app aps
Diy=lay ap axn

aszy dz asj

is called a determinant of order 3. It has 3 rows and 3 columns. We define D,
according to the formula known as the erpansion by a row, say the first
row . That is ,we define
apip i a4
D; = |ax an ax
a3 d3xp  ass
Az 4azs

a4z a1 A4a4n

=ay —ay ta; (2)

as dasz as Qass as; 4z

We may describe this sum in another notation as follows. Let M;; be the
determinant obtained from Dj; by deleting the i-th row and the j-th
column. Then the sum expressing D; can be rewritten as

Dy=ayMy ~apMp+aM;.
In other words, each term consists of the product of an element of the first row
and the 2 X 2 determinant obtained by deleting the first row and the j-th
column, and putting the appropriate sign to this term as shown.

These can be seen clearly in the following example.

Example 3. Compute the third order determinant

2 1 0
D;= 1 1 4
-3 2 5
Solution.
1 4 1 4 1 1
M = 1 = ’M = ’
11 '2 5 12 3 5 13 ~3 2’

and our formula (2) for the determinant of order 3 yields

v 4 -



2141 14'+0'11'-
D3'25 -3 5 -3 2

=2(5-8)-(5+12) =-23. a

The right hand side in the representation (2) is called the formula of
expansion by the first row.We can also use the second row,and write a similar

sum, namely

a12 43 ain a3 a;; 4an
(3)

- ay tay

azy dszz az ass

= —anMy tanMay —anMy;.
Again, each term is the product of a,; and the 2 X 2 determinant obtained by
deleting the second row and the j-th column,and putting the appropriate sign in

front of each term. This sign is determined according to the pattern

One can see directly that the determinant can be expanded according to any
row by multiplying out all terms, and expanding the 2 X 2 determinants, thus
obtaining the determinant as an alternating sum of six terms;

D3y=ayaznas;— ajjapay =~ apazas;
+tapaxpaz *apazan —aazas. (4)

Furthermore, we can also expand according to a column following the same
principle. For instance, expanding out according to the first column:
a12 43

arxp ar app a3
ap —ay tay (5)

azp dsz asz dsz az; A

=a My —ay My +ay My

yields precisely the same six terms as in the expression (4).

Example 4. Compute the determinant

301
1 25
-1 4 2



