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Notation

N is the set of natural numbers

No = NU{0}

Z is the set of integers

Q is the set of rational numbers

R is the set of real numbers

C is the set of complex numbers

A is the set of algebraic numbers

Z, is the set of all algebraic integers

Zz is the set of all algebraic integers of the field K

K(21,...,2m) is the set of all rational functions in the variables zy,...,zm,
over the field K

K[21,...,2m] is the set of all polynomials in the variables z,...,zm over
the field K

H(P(z)) = H(P) is the height of the polynomial P(2) € C[z1,...,zm), i-e.,
the maximum absolute value of its coefficients

L(P(z)) = L(P) is the length of the polynomial P(z) € C[z,...,2m), i-e.,
the sum of the absolute values of its coefficients

deg,, P is the degree in z; of the polynomial P

deg P is the total degree of the polynomial P

t(P) =deg P +In H(P)

h(I) is the rank of the homogeneous ideal I C Z[zg,...,Zm)

deg I is the degree of the homogeneous ideal I C Zizo,...,Zm]

H(I) is the height of the homogeneous ideal I C Z[zo,...,Zm|

t(I) =degl +InH(I)

|I{w)] is the magnitude of the homogeneous ideal I C Z[zo, - ..,Zm] at the
point w € C™*!

deg a is the degree of the algebraic number o

H(@) is the height of the algebraic number a

L(a) is the length of the algebraic number a

Norm(a) is the product of all of the conjugates of the algebraic number o

[@] is the maximum absolute value of the conjugates of the algebraic
number o

|alp is the p-adic norm of the algebraic number a

llall is the distance from the number @ € R to the nearest integer

|z}l = max;<i<m |%i| is the sup-norm of the vector z = (z1,...,2m) € C™

[a] is the greatest integer function of the real number a

tr deg K is the transcendence degree of the field K

7(K) is the transcendence type of the field K ¢ C

s(a) is the size of the complex number a

p(a) is the exponent of irrationality of the real number a
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Introduction

0.1. Preliminary Remarks. The purpose of this survey is to describe the
basic concepts, results, and methods of transcendental number theory, along
with its relationships to other branches of mathematics.

Definition 0.1. A number a € C is said to be algebraic if there exists a
polynomial P(z) € Z[z] not identically zero such that P(a) = 0. We shall
let A denote the set of all algebraic numbers. A complex number that is not
algebraic is said to be transcendental. Clearly, a number ¢ is transcendental if

and only if the numbers 1,(,...,(™ are linearly independent over Q for any
n.

In addition to theorems about transcendence of certain numbers, transcen-
dental number theory includes irrationality results and also certain types of
quantitative results. Among the examples of quantitative theorems are those
that give estimates for approximations of algebraic numbers by rational num-
bers.

The authors do not want to hide their fondness for transcendental number
theory, but they do not expect that all readers will at first share this feel-
ing. Hence, we shall start out by trying to explain what we find particularly
fascinating in this field.

In the first place, in transcendental number theory many of the basic prob-
lems have very simple statements, but require deep and powerful methods to
solve them. In many cases it took hundreds or even thousands of years to find
solutions, and in other cases, despite the very simple formulation of the prob-
lem, we still do not have a solution. For example, it is still unknown whether
e + 7 is irrational.

In the second place, the theory of transcendental numbers has an ancient
history. The seminal questions were asked by the mathematicians of antiquity.

The methods of transcendental number theory largely come from analysis
and algebra. It should also be noted that, conversely, some of the results in
this field can be used to help solve problems in other areas of mathematics.

0.2. Irrationality of /2. When the mathematicians of ancient times tried to
find a common unit of measure for two intervals, they discovered that such a
unit does not always exist. For example, the side and the diagonal of a square
do not have a common unit of measure (it seems that this was first established
by mathematicians of the Pythagorean school). This fact is clearly equivalent
to the irrationality of v/2. A proof can be found in the tenth book of Euclid’s
Elements, so the theorem on the irrationality of /2 may be regarded as the
earliest theorem (with a proof given) in transcendental number theory. In

recognition of the ancient history of this theorem, we shall give several proofs
of it.



