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Preface

This book is essentially a thoroughly revised, enlarged and updated version of the
authors” work: Series Associated with the Zeta and Related Functions (Kluwer
Academic Publishers, Dordrecht, Boston and London, 2001). It aims at presenting
a state-of-the-art account of the theories and applications of the various methods and
techniques which are used in dealing with many different families of series associated
with the Riemann Zeta function and its numerous generalizations and basic (or g-)
extensions. Systematic accounts of only some of these methods and techniques, which
are widely scattered in journal articles and book chapters, were included in the above-
mentioned book.

In recent years, there has been an increasing interest in problems involving closed-
form evaluations of (and representations of the Riemann Zeta function at positive
integer arguments as) various families of series associated with the Riemann Zeta
function ¢ (s), the Hurwitz Zeta function ¢ (s, a), and their such extensions and gener-
alizations as (for example) Lerch’s transcendent (or the Hurwitz-Lerch Zeta function)
®(z,s5,a). Some of these developments have apparently stemmed from an over two-
century-old theorem of Christian Goldbach (1690—1764), which was stated in a letter
dated 1729 from Goldbach to Daniel Bernoulli (1700—1782), from recent rediscov-
eries of a fairly rapidly convergent series representation for ¢(3), which is actually
contained in a 1772 paper by Leonhard Euler (1707—1783), and from another known
series representation for ¢ (3), which was used by Roger Apéry (1916—1994) in 1978
in his celebrated proof of the irrationality of ¢(3).

This revised, enlarged and updated version of our 2001 book is motivated essen-
tially by the fact that the theories and applications of the various methods and tech-
niques used in dealing with many different families of series associated with the
Riemann Zeta function, its aforementioned relatives and its many different basic
(or g-) extensions are to be found so far only in widely scattered journal articles pub-
lished during the last decade or so. Thus, our systematic (and unified) presentation of
these results on the evaluation and representation of the various families of Zeta and
g-Zeta functions is expected to fill a conspicuous gap in the existing books dealing
exclusively with these Zeta and g-Zeta functions.

The main objective of this revised, enlarged and updated version is to provide a
systematic collection of various families of series associated with the Riemann and
Hurwitz Zeta functions, as well as with many other higher transcendental functions,
which are closely related to these functions (including especially the g-Zeta and related
functions). It, therefore, aims at presenting a state-of-the-art account of the theory and
applications of many different methods (which are available in the rather scattered
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literature on this subject, especially since the publication of our aforementioned 2001
book) for the derivation of the types of results considered here.

In our attempt to make this book as self-contained as possible within the obvi-
ous constraints, we include in Chapter 1 (Introduction and Preliminaries) a reason-
ably detailed account of such useful functions as the Gamma and Beta functions,
the Polygamma and related functions, multiple Gamma functions, the Gauss hyper-
geometric function and its familiar generalization, the Stirling numbers of the first
and second kind, the Bernoulli, Euler and Genocchi polynomials and numbers, the
Apostol-Bernoulli, the Apostol-Euler and the Apostol-Genocchi polynomials and
numbers, as well as some interesting inequalities for the Gamma function and the
double Gamma function. In Chapter 2 (The Zeta and Related Functions), we present
the definitions and various potentially useful properties (and characteristics) of the
Riemann, Hurwitz and Hurwitz-Lerch Zeta functions and their generalizations, the
Polylogarithm and related functions and the multiple Zeta functions, together with
their analytic continuations.

In Chapter 3 (Series Involving Zeta Functions), we begin by providing a brief his-
torical introduction to the main subject of this book. We then describe and illustrate
some of the most effective methods of evaluating series associated with the Zeta and
related functions. Further developments on the evaluations and (rapidly convergent)
series representations of £ (s) when s € N\ {1} are presented in Chapter 4 (Evaluations
and Series Representations), which also deals with various computational results on
this subject.

Chapter 5 (Determinants of the Laplacians) considers the problem involving com-
putations of the determinants of the Laplacians for the n-dimensional sphere S"
(n € N). It is here in this chapter that we show how fruitfully some of the series eval-
uations (which are presented in the earlier chapters) can be applied in the solution of
the aforementioned problem.

In a brand new Chapter 6 (g-Extensions of Some Special Functions and Polyno-
mials), we first introduce the concepts of the basic (or g-) numbers, the basic (or g-)
series and the basic (or g-) polynomials. We then proceed to apply these concepts
and present a reasonably detailed theory of the various basic (or g-) extensions of the
Gamma and Beta functions, the derivatives, antiderivatives and integrals, the bino-
mial theorem, the multiple Gamma functions, the Bernoulli numbers and polynomials,
the Euler numbers and polynomials, the Apostol-Bernoulli polynomials, the Apostol-
Euler polynomials and so on.

The last chapter (Chapter 7) contains a wide variety of miscellaneous results deal-
ing with (for example) the analysis of several useful mathematical constants, a variety
of Log-Sine integrals involving series associated with the Zeta function and Polyloga-
rithms, applications of the Gamma and Polygamma functions involving convolutions
of the Rayleigh functions, evaluations of the Bernoulli and Euler polynomials at ratio-
nal arguments, and the closed-form summation of several classes of trigonometric
series.

Each chapter in this book begins with a brief outline summarizing the material pre-
sented in the chapter and is then divided into a number of sections. Equations in every
section are numbered separately. While referring to an equation in another section of
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the book, we use numbers like 3.2(18) to represent Equation (18) in Section 3.2 (that
is, the second section of Chapter 3).

At the close of each chapter, we have provided a set of carefully-selected problems,
which are based essentially upon the material presented in the chapter. Many of these
problems are taken from recent research publications, and (in all such instances) we
have chosen to include the precise references for further investigation (if necessary).
Another valuable feature of this book is the extensive and up-to-date bibliography on
the subject dealt with in the book.

Just as its predecessor (that is, the 2001 edition), this book is written primarily as
a reference work for various seemingly diverse groups of research workers and other
users of series associated with the Zeta and related functions. In particular, teachers,
researchers and postgraduate students in the fields of mathematical and applied sci-
ences will find this book especially useful, not only for its detailed and systematic
presentations of the theory and applications of the various methods and techniques
used in dealing with many different classes of series associated with the Zeta and
related functions, or for its stimulating historical accounts of a large number of prob-
lems considered here, but also for its well-classified tables of series (and integrals) and
its well-motivated presentation of many sets of closely related problems with their pre-
cise bibliographical references (if any).
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1 Introduction and Preliminaries

In this introductory chapter, we present the definitions and notations (and some of the
important properties and characteristics) of the various special functions, polynomials
and numbers, which are potentially useful in the remainder of the book. The special
functions considered here include (for example) the Gamma, Beta and related func-
tions, the Polygamma functions, the multiple Gamma functions, the Gaussian hyper-
geometric function and the generalized hypergeometric function. We also consider the
Stirling numbers of the first and second kind, the Bernoulli, Euler and Genocchi poly-
nomials and numbers and the various families of the generalized Bernoulli, Euler and
Genocchi polynomials and numbers. Relevant connections of some of these functions
with other special functions and polynomials, which are not listed above, are also
presented here.

1.1 Gamma and Beta Functions

The Gamma Function

The origin of the Gamma function can be traced back to two letters from Leonhard
Euler (1707-1783) to Christian Goldbach (1690-1764), just as a simple desire to
extend factorials to values between the integers. The first letter (dated October 13,
1729) dealt with the interpolation problem, whereas the second letter (dated January
8, 1730) dealt with integration and tied the two together.

The Gamma function I'(z) developed by Euler is usually defined by

o0

I'(z) ::fe"r’“‘dt R(z) > 0). (1)
0

We also present here several equivalent forms of the Gamma function I'(z), one by
Weierstrass:

@)= T [(H:;)"ez/k] N

k=1

(zeC\Zy; Zy =10, -1, -2, ...}),
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where y denotes the Euler-Mascheroni constant defined by

n—o00

n

1

y = lim (Z % —logn) = 0.577215664901532860606512.. ., 3)
k=1

and the other by Gauss:

{ (n—1)!n?

') =1
&)= 2z+1)---(z+n-1)

n—00

) { n!(n+1)=% }
=lm{———
n—>oo | z(z+1)-+-(z+n) 4)
n!n®
= lim {————]
n—oo | z(z+1)---(z+n)
(ze C\ Zy),
since
nZ
(n+1)*
In terms of the Pochhammer symbol (1), defined (for A € C) by

lim

=1= lim
n—oo 7+4+n n— 00

(W= - )
TIAMA+D (A +n—1) (neN:={1,2,3,...)),
the definition (4) can easily be written in an equivalent form:
—)nt
r= im 2-M ooz )
n—=>00 (2

By taking the reciprocal of (2) and applying the definition (3), we have

1 . 1 1 - )
m”[n&f&w[(”f'“*rl"g")zuLﬁf&Q[(“i)e ”"}}
”Ji“;{exp{(1+%+~-+%—1ogn)z}~!:[I[(1+§)e—z/k]]



