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CHAPTER 1
FUNCTIONS AND LIMITS

The object investigated in elementary mathematics is basically constant
quantities, while it is changeable quantities that we investigate in higher
mathematics, whose most important contents is calculus. What is called a
function is a correspondence relation between variables. As for a limit, it is a
fundamental method to study variables.

The present chapter will introduce some fundamental notions such as

functions, limits, continuity with their some properties.

§ 1 Functions

1.1 Sets

Set is a basic concept in mathematics.

A set is a collection of objects with some certain property. The individual
objects in the collection are called elements or members of the set,and they are
said to belong to or be contained in the set. The set,in turn,is said to contain or
be composed of its elements.

For instance, all the students in a classroom form a set,and everybody is an
element of the set. We have also the set of all real numbers, the set of all points in
a plane,etc.

Sets usually are denoted by capital letters: A, B, C,**, X, Y, Z;elements
are designated by lower-case letters:a, b,c, ", =, y, . We use the special
notation:

x € S
to mean that “z is an element of S”or“x belongs to S”.If z does not belong to
S,we write z& S.
A set A is composed of its elements ay,a,,** >4, ,wWe write
A=1{ay,az, " ,a,l.
M is a set that is composed of all elements x ,and those elements have the

-1 -



same property,we write
M= {x|the property that x has} .

Two sets A and B are said to be equal if they consist of exactly the same
elements,in which case we write A = B.

A set A is said to be a subset of a set B, and we write A< B, whenever
every element of A belongs to B.We also say that A is contained in B or that B
contains A.

The statement A B does not rule out the possibility that BE A . In fact,
we may have both A B and B& A , but this happens only if A and B have the
same elements. In other words, A =B if and only if A& B and B&—A.

It is possible for a set to contain no element whatever. This set is called the
empty set ,and will be denoted by the symbol & .

An interval is a kind of number sets that is used very frequently, where the
word number means a real number throughout this book.

If a < b, we denote by (a, d)the set of all numbers x satisfying the
inequalities a < £ < b and refer to this set as the open interval from a to 5. We
write

(a,b)={xla<z<b},
read as:.x is greater than a and less than 6. The corresponding closed interval ,
written (@, &],is the set of all numbers x satisfying a <<zx<<b,thatis (a,b]=
{r]a<<x<Cb} ,read as:r is greater than or equal to a ,and less than or equal to
b.Similarly,the sets (a,b) = {xla<z<b},(a,b)={xla<zx<b!are called
half — open intervals.

These intervals above are called finite intervals ,the number & — a is called
the length of the interval . Seen from the number axis, the length of a finite
interval is finite. In addition, there exist infinite intervals. We introduce the
symbol + oo (read as plus infinity) and — % (read as minus infinity) to express
the infinite interval. For example.

(a,+o)={zla<zl,
(—,b)={zlz<b}.

The graphes of the two kinds of intervals are shown in Figure 1 —1.

Any open interval containing a point a as its midpoint is called a
neighborhood of a.We denote by U(a,8)=1{xla-8<x<a+ 8}(see Figure
1 —2).The positive number & is called the radius of the neighborhood.

The inequalities a — § <x <a + & are equivalent to — <z —a<d,and to

. 2 .



0 a b X 0 a b x
(a) (b)
[a,+°°) (_oo’b)
- + =X y .
1e) a +oo —oa o p *
©) @)
Figure 1-1
/6\/6\
a-§ a até x
Figore 1-2

|z ~a|<8.Thus, U(a,d) consists of all points = whose distance from a is
less than &.

1.2 Notion of a function

In various fields we have to deal with relationships that exist between one
set and another. Mathematicians refer to certain types of those relations as
functions .

Example 1. The volume of a cube is a function of its edge — length. If the
edge has length x, the volume V is given by the formula V = x3. When the
length x of edge takes on its value in the range of positive numbers, the volume
V has a definite value corresponding to x under the rule expressed in the
formula. i

Example 2. The absolute-value function. Consider the function which
assigns to each real number x the nonnegative number | x| . Its graph is shown
in Figure 1 — 3. O

The meaning of a function is essentially this:Given two sets,say X and Y,
a function is a correspondence which associates each element of X with one and
only one element of Y. The set X is called the domain of the function. Those
elements of Y associated with the elements in X form a set called the range of

the function. Below, we describe the formal definition of a function.



e(x)=|x|

Figure 1-3

Definition 1. The variable y is said to be a function of variable x ,and we
write y = f(x),if there is a definite value of y corresponding by some rule to
every given number x € D . Where the variable x is called independent variable ,

the number set D is called the domain of definition, y is called dependent

variable , f expresses the rule of correspondence .

) .
Example 3. y=—— (-1<x<1).

v1-=z*
The function associates each number x with the number -—-—1—— If f

V1= z?

1
—(-1<x<1). In
V1-z?

denotes this function, then we have f(x) =

particular,f(O):l,f(%)= O

2
A
Example 4. y=2x2+z+1 (—o<z<+ ™),
If f denotes this function, then we have f(x) =2z2+ z + 1. In other
words, the correspondence rule f acting on the quantity = yields 2z2+ x +1.If
F acts on another quantity (z + 1), this should lead to f(z +1)=2(x +1)%+
(z+1)+1=2x2+5x +4. a

1.3 Properties of functions

(1) Monotonicity

Let D be the domain of f(x),an interval IS D ,the function f(x) is said
to be monotone increasing on the interval I if f(x{) < f(x,) for every pair of
points x; and z, in I with x; < z,. Similarly, f(x) is said to be monotone
decreasing on I if f(x1)> f(x,) for all x;< <z, in I(see Figure 1 -4).

Example 5. The function f(zx) = z?

is monotone increasing on [0, + )
and monotone decreasing on ( — o0 ,0). However, f(x) is not monotonic in the
interval (— o0, + ), O
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