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To all my students



Preface

This is an introductory book to path integral methods in field theories. It is
aimed at graduate students and physicists who need a working knowledge of
field theory and its methods for applications in hadron, particle and nuclear
physics. While teaching field theory courses over the years I have found that
many books on field theory present the path integral methods used in only a
very recipe-like way. On the other hand, specialized books on path integrals
often contain many more details than are actually needed by non-specialists.
I hope that this book here fills the gap. It provides enough information to
actually follow all the arguments necessary for field theoretical developments
without, however, elaborating on the method as such and its mathemati-
cal intricacies. This book is — in a way - a technical companion to Fields,
Symmetries, and Quarks by the present author.

The reader of this book should have some knowledge of the relativistic
equations of motion of ’classical’ quantum theory, but no prior knowledge of
field theory is assumed. The material in this book can be covered in a one-
semester course with 3 hrs/week. It has evolved in many years of teaching
this subject. I am grateful to my students for many helpful questions and
comments and, in particular, to Frank Froemel for his help in preparing the
figures in this book.

Giessen Ulrich Mosel
June 2003
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Part I

Non-Relativistic Quantum Theory






1 The Path Integral in Quantum Theory

In this starting chapter we introduce the concepts of propagators and path
integrals in the framework of nonrelativistic quantum theory. In all these
discussions, and the following chapters on nonrelativistic quantum theory, we
work with one coordinate only, but all the results can be easily generalized
to the case of d dimensions.

1.1 Propagator of the Schrédinger Equation

We start by considering a nonrelativistic particle in a one-dimensional po-
tential V' (z). The Schrodinger equation reads

h? 0%y(x,t)

Hy(z,t) = om0z + V{(z)¥(z,t) =ik

Oz, 1)

R CRY

This equation allows us to calculate the wavefunction (z,t) at a later time,

if we know (z,t) at the earlier time t; < ¢. For further calculations we
rewrite this equation into the following form

(ih% ~ H) W(z,t)=0. (1.2)

Next, we consider the function K (z,¢; z;, ;) which is defined as a solution
of the equation

(iﬁg - H) K (:L‘, t; .’Ili,ti) = ihé(z — m,-)d(t - ti) . (13)

K is the “Green’s function” of the Schrédinger equation (K is also often
called the “propagator”) with the initial condition

K(z,ti +0;25,t;) = 0(z — ) . (1.4)

The solution of the Schrodinger equation (1.2) can be written as

’l/)(.'l),t) = /K((E,t; CEi,t,’) ¢(xi,ti) dz; (1.5)
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for t > t; (Huygen’s principle). Relation (1.5) can be proven by inserting the
lhs into the Schrédinger equation

(lh% - H) /K (:v,t;:ci,ti) ’l/)((l,‘,',t,‘) d.’l?i

= ih/é (t —t;) 6 (x — ;) ¥(zs, t;) da;
= ihd (t — t)Y(z,t;)=0 for t>t;. (16)

Thus the ¢ defined by (1.5) is indeed a solution of the Schréodinger equation
for all times t > t;. K (x,t; z;, t;) is the probability amplitude for a transition
from z;, at time ¢;, to the position z, at the later time £. The restriction to
later times preserves causality.

We can find an explicit form for the propagator, if the solutions of the
stationary Schrddinger equation, ¢, (z), and the corresponding eigenvalues,
E,, are known. Since the ¢, form a complete system, K can certainly be
expanded in this basis (for ¢ > ¢;)

K(zt;zit:) =Y anpn(z)e HEntO(t —1,) . (1.7)
n

Here the stepfunction ©(t) = 0 for t < 0 and () = 1 for ¢ > 0 takes
explicitly into account that we only propagate the wavefunction forward in
time. The expansion coeflicients obviously depend on z;, ¢;

an = an (T, ;) . (1.8)

Because of the initial condition K (z,t; + 0;2;,t;) = § (z — ;) we have

§(z—m) = an(zi ti)pn(z)e hBnt (1.9)
n
The lhs is time-independent; thus we must have
an (Ziyt;) = an(z;)et RE (1.10)
and consequently
Sle—z) =) an(z:)enl@). (1.11)
n
This can be fulfilled by
an (2:) = ¢}, () (1.12)

(closure relation). Thus we have a representation of K (z, t; z;,t;) in terms of
the eigenfunctions and eigenvalues of the underlying Hamiltonian

K (2,t;i,t:) = O(t — t:) Y o}, (1) gn(z)e™ AER(E8) | (1.13)

It is easy to show that this propagator fulfills (1.3).
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In Dirac’s bra and ket notation this result can also be written as (for
t> t,;)

K (z,t;2:,t Z‘Pn (i) pn(z)e” BEn(t-t)
= Z nlz;)e™ K En (=t (pin)

Z (nlet FH |z, (z]le~ £ At|n)

n

= (zle RHE) |2y = (2|0 (¢, 1) |as) . (1.14)
Thus the propagator is nothing other than the time development operator
U(t,t;) = e #HE-t) (1.15)
for t > t; in the x representation. It is also often written as
K (2,85, t;) = (zle” *HO) |0y = (gt|z:¢;) (1.16)

for t > t;; for t < t; it vanishes.

The notation here is that of the Heisenberg representation of quantum
mechanics. In this representation the physical state vectors are time-inde-
pendent and the operators themselves carry all the time-dependence, whereas
this is just the opposite for the Schrédinger representation. For example, for
the position operator £ in the Schrédinger representation with #|z) = z|x)
we obtain the time-dependent operator in the Heisenberg representation

2u(t) = et At ge— kAL .(1.17)
and
Zy(t)|xt) = z|at) (1.18)
with .
|zt) = exft|z) . (1.19)

The state |zt) is thus the eigenstate of the operator #y(t) with eigenvalue z
and not the state that evolves with time out of |z); this explains the sign of
the frequency in the exponent.

1.2 Propagator as Path Integral
We start by dividing the time-interval between t; and ¢ by inserting the time

t1. The wavefunction is first propagated until ¢; and then, in a second step,
until ¢
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P (z1,t1) = /K(ml,tl;xi,ti)w(zi,ti)dxi (1.20)
P(z,t) = /K(x,t;xl,tl)d) (z1,t1)dzy .
Taking these two equations together we get
Y(z, t) = //K(z,t;xl,tl)K(xl,tl;a:,-,ti)i,b(xi,t,-)dx,- dz; . (1.21)
Comparing this result with (1.5) yields
K (z,t;z;,t;) /K(a: t;xy,t) K (xq, 81525, t) doy (1.22)

We can thus view the transition from (z;,t;) to (z,t) as the result of a
transition first from (z,t) to all possible intermediate points (1, t;), which is
then followed by a transition from these intermediate points to the endpoint.
We could also say that the integration in (1.22) is performed over all possible
paths between the points (z;,t;) and (z,¢), which consist of two straight line
segments with a bend at ¢,. This is illustrated in Fig. 1.1.

—> T

Z; T

Fig. 1.1. Possible paths from z; to z, corresponding to (1.22)

We now subdivide the time interval further into (n + 1) equal parts of
length At = . We then have in direct generalization of the previous result

K(.’L‘ t .'L',,,tz ——/ /dl‘l diL‘z (123)

[K ((L‘ t :tnatn)K(xnvtmzn 17tn l) K((El,tl;l'i,ti)] .
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The integrals run here over all possible paths between (z;, ¢;) and (z,t) which
consist of (n + 1) segments with boundaries that are determined by the time
steps t;,%1,...,tn,t. »
We now calculate the propagator for a small time interval At = 5 from
t; to t;.1. For this propagation we have according to (1.16)
K (zj41,tj41525,t5) = (Tj41]e ¥ 7|z)) (1.24)
i
= (@j|l - - Hijz;)
i N
=0 (zj41~25) ~ 71541 Hlzj)
1 . i .
=5 /eﬁp(l‘nx 25) dp — 'g(zj+l|H|$j>
with the representation for the J-function

1 . ’
do—a)= o / eik(z== g (1.25)

We now assume that H is given by
H=T®) + V(@) . (1.26)
Here T, p,V, % are all operators; we assume that T(p) and V(%) are Taylor-

expandable. In this case, where the p- and z-dependencies separate, we can
also bring the last term in (1.24) into an integral form. We have

(@il les) = (@i [T+ Vizy) . (1.27)
First, we consider the first summand
@alfley) = [ & dplasual) PGB (128)
~ [ @ dbtasale)8 — )Tl
= [ @alo TG plzs)
With the normalized momentum eigenfunctions

ehPe (1.29)

1
(zlp) = T

we thus obtain

e 1 fp(zj41—a;
@l @ls) = g [ ke =IT () dp. (1.30)



