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Problem
Without computer assistance, find five different sets of three positive integers {k,m,n}

such that k<<m<n and i-i-L-l-—1—=12
E m n 84

®

[ To think about, but not a part of the problem: how many solutions are there?]
Solution
Answer: (5, 60, 105) , (6, 21, 84), (6, 28, 42), (7, 14, 84) , (7, 21, 28)

We will attempt to find only five sets, not all of them. Our first step will be to look for

® B & & @

solutions of the form {£, m, n}, where £, m and n are divisors of 84, the denominator of the

right hand side. So we leta = 8?4, b= 873, c= % , and multiply both sides of the equation

@

%+%+—}7=é—iby 84 to geta+b+c=19anda>b>c. k is a factor of 84, sois a. Like-

wise for b and ¢. {a, b , c}={1, 2, 3, 4, 6, 7, 12, 14, 21, 28, 42, 84}

It’s no hard to see that a is either 7, 12, or 14. If a is 7, we must find 6>¢ with b+c=
12, but this is impossible . If a is 12, we must find 6>>¢ with b+c¢=7. There are two such
pairs b=6, ¢=1 and b=4, ¢=3. These yield k=7, m=14, n=284 and k=7, m=21, n=28,
respectively. If a is 14, we must find 6>>c¢ with b+c¢=5. There are two such pairs, b=4, ¢=
1 and =3, ¢=2. These yield /=6, m=21, n= 84 and k=6, m=28, n=42, respectively.

Now, that is only four sets, to find a fifth, we notice that we already have solutions with
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k=6 and #=7, so we arbitrarily try #=5. We then get the equation % + % = % We use

the same trick as before, multiplying by 420 this time, to get d+e=11, where d and e are fac-
tors of 420. It doesn’t take much work at all to find one possible solution: d=7, e=4, yielding
a fifth solution of k=5, m=60, n=105.

Note that there are, in fact, many more than five solutions: there are 22.
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Wi, M FERER, TRRFHRRIAESHERE. U ERIMRFERERE, K ERB G 8 f#
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BIBEERRE S XXX T = 2240 F,
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B LA, B C DEALNANEAEHMNNNLHEE a, b, ¢, d
RARWAN/PNEE AN BHFE, HFA,, B, C., D, RFIH. L HE
FHAFU-D! =31HFL F2-19518 000D £ A FEMNNM
B.HSEANBKMRTF ,REd, by cyaSc, a, b, dBRHFR,
A EER,FFUARFERELLA 2« 31 = 12 Fh,
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HHR93=b—ad =(a+x)a+y)—alat+z+y) =xy
M93=1%X93=3xX31,Hx<y
FrlAi(a, y) = (1, 93) 8 (x, y) = (3, 31)
TSR RE IR A
(D Mz, » =1, 93 if.(a, b, ¢, &) = (a, a+1, a+93, a+94), a A[EL 1, 2, -+, 405,
(i) H(x, y) =3, 3D F,Ca, b, ¢, &) =(a, a+3, a+31, at+34),a F[H 1, 2,---, 465.
XFEBPEEER,TLIILTE 405+ 465 = 870 4N FF TG4 7 & & 4.
ME 2 -2, — P UEREMNESITEE E—FE6. R - FRORREAR 6,
R B S M ] 6 /L 382 R R 5L B p B R
B RMEQREE S—A—B—C—D KITUF#4T.
XF S\A.B¥e8,,FH 5X4X3=60 Fh a3k,
HTCANBATES A RBAR, XEME D 5B 60N %
07 O o a A R C

CHARGH L CHBEUERTER— . DRSA
= (O) .S R, 4 3 Myt C 5 A RRAA.CA 2 Fa] Lk
po B, D A 2 Fh A ] bk, IR C.D e 1X3-+2X2= B2-2
g& 7 R
R Y 9 v JEUER L 400 8 €5, 7 B B 60 X 7 =420 Fh,
® B 2-3 B2-4
o DO B2-4HFA-RASAHFERUNHGRA, SERNSHAEC BT L E, 2 L4845
. ERFAE(BSE,C5D REMBRE) LA S V#4652
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A ={al1<a<<120, 2 a}, A, ={al1<<a< 120, 3] a}
A, =la | 1<a<<120, 5 als A, ={a |l 1<<a=<{120, 7] a}

120
WA | = [@]—60 A, | = [29]:40, | A, | = [12—0]:24, | A, |= [—]:17

2 3 5 7
!A,HAD—[X }—-zo,lA mA\f[é%]:m

AN A= S |=s. \AzmAu:[g%H:s

A= [0 = ANA - [525]-3
\AlmAzmA:,lz:ﬁ%::zl

\AlmAzmAm::%::z

\AlnAxmAm::z—Xl—gox-{:l

|AgmAan1i::§§OW:=1

120 _
LA N AN AN A, |*[m}0

A ORL
A UA UA, UA, |

= (604+40+24+17) —(204+12+8+8+5+3) +(4+2+1+1)—0 =93

XA, AT 120 (W IF B Bh e 2 AEEL SR 3 SR ER S MEELERE T
PR ECEAE 934 P 8H 2, 3, 5, TAE , AR DEN 934 = 89(1).
T P BB AN BE T 120 MU R R A8 B 120 — (89 + 1) = 30(AM).
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AR O.# A NA I=TA I+l A |- A UA, |=265+51—287 =29

M, A NA =11, A NA |=149. FTREALKX O,
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KIE: #E—TEHZ . ZTEHERHBOEFFELE 4 ABNT BB THE A
R WEA
I ={&%H&F)
A={BE—EXHx L)
B={% "Wt HH4)
C={HE =B HE)
D= {3 W%t B %5 4 )
W |A|=23, | ANB|=5, |ANC|=29 |AND|=15|ANBNCND|=3
BAIANBNCI>IANBNCNDI|=3
H# |ANCNDI|, lANBNDI|>3,Ai;
lANBNCI+HIANBNDIHIANCNDI-IANBNCNDI>6
pesp=l
lANBNCNDI=lANB+C+D |
=|A+B+C+D|—|B+C+D|
(JAI+HI BI+ICl+IDI-IANB|I-{ANCI-|ANDI-IBNC|—+]|ANB
NCcl+-—-—lanBnCcnNbh—dUBI+HICI+HIDI-I{BNCI-|CND|—I|B
NDI+IBACNDD
lAI-IANBI-TANCI—IANDI+ANBNCI+HANBOADI+HIANCN
DI-IANBNCN DI
> 235 —59—29—15+6 = 138
* WIWIANBNCND|>=139=3X46+1>> 3 X 46
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. Problem
" Nine trucks follow one another, in a line, on a highway. At the end of a day’s ride it
® turned out that each driver disliked the style of the driving of the one in front of him. They

wish to rearrange themselves so that, next day, no truck would follow the same truck that it

followed on the first day. How many such rearrangements are possible?

Solution
* For i=1, 2, +-+, n, let P; be the set of those permutations of the set {1, 2, -+, n} in
: which the element “i” appears immediately after “i —1”. Note that | P, | = (n—1)! (the
® number of arrangements of the elements 1, 2, ++, i—1, i+1, ==, n; the position of “i” is
# determined). '
: If K is a subset of {2, -, n} with | K| =k, then
* ‘ﬂPi‘:(n—k)! (2)
& €K
® (such is the number of permutations of {1, 2, =+, n}\K; any such permutation uniquely
“
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