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Foreward

The finite element probability computing method is the
method which uses the Monte Carlo method to get the approxi-
mate solution of finite element approximation of the partial differ-
ential equation. Using this method, the approximate value on or
a few nodes of the finite element solution can be directly calculat-
ed without forming the total stiffness matrix. Thus, not only the
computer’s inner memory unit can be saved, but also the proce-
dure is easy to be achieved.

In this thesis, we would like to furthef discuss the method.
The first section introduces Markov chain and probability transfer
matriceé. Using these matrices, we establish the basic frame-
work of the probability computing methods. In the second chap-
ter the' finite element probability computing method is intro-
duced. Based on the above results, two kinds of methods with
high accuracy (the probability multigrid method and the bounda-
ry thickening method) are presenfed in the fourth chapter. In
the sixth chapter, the rectangular element probability computing
method is presented,‘ and a proof of its convergence is given.
The numerical experiment shows that is has a better approxima-

tion than that for the triangular element probability computing
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method. The seventh chapter proves that the computing amounts
are the same for 1-d solution or for 2-d solution or 3-d solution at
* a note. In the eighth chapter, the fast computing scheme of the
finite element method for the two point boundary problem is pres-
ented. The ninth chapter gives the example analysis for finite el-

ement probability computing methods.
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Introduction

To use mathematical models on a computer one needs nu-
merical methods. Only in the very simplest cases is it possible to
find exact analytical solutions of the equations in the model, and
in general one has to rely on numerical techniques for finding ap-
proximate solutions. The finite element method is a general tech-
nique for numerical solution of differential and integral equations
in science and engineering. The method was introduced by engi-
neers in the late 50°s and early 60’s for the numerical solution of
partial differential equations in structural engineering ( elasticity
equations , plate equations, etc). At this point the method was
thought of as a generalization of earlier methods in structural
engineering for beams, frames and plates, where the structure
was subdivided into small parts, so-called finite elements, with
know simple behaviour. When the mathematical study of the

finite element method started in the mid 60’s it soon became
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clear that in fact the method is a general technique for numerical
solution of partial differential equations with roots in the varia-
tional methods in mathematics introduced in the beginning of the
century. During the 60’s and 70’s the method was déveloped,
by engineers, mathematicians and numerical analysts, into a
general method for numerical solution of partial differential equa-
tions equations and integral equations with applications in many
areas of science and engineering. Today, finite element meth-
ods are used extensively for problems in structural engineering,

strength of materials, fluid mechanics, nuclear engineering,

electro-magnetism, wave-propagat-ion, scattering, heat con-

duction, convection-diffusion processes, integrated circuits,
petroleum engineering, reaction-diffusion processes and many
other areas.

We often encounter some concentrated load problems in the
aspect of engineering and physics. As for the solution to the.se
problems, it is unnecessary for us to know the approximate value
on all nodes of the finite element solution, we only need to calcu-
late it on one or a few nodes. Concerning this kind of problems,
we will waste too much time on the calculation of some unnecessa-
ry results if we apply the finite element method directly.

The finite element probability computing method ( see[ 1],
[2]) is the method which uses the Monte Carlo method to get

the approximate solution of finite element approximation of the




Chapter 1 Introduction 3

partial differential equation. Using this method, the approxi-
mate value on o'ne or a few nodes of the finite element solution
can be directly calculated without forming the total stiffness
matrix. Thus, not only the computers inner memory unit can be
saved, but also the procedure is easy to be achieved.

Recently, the finite element probability computing methocis
arouse different responses in the world. Some people think this is a
good method in computing, others don’t think so. In this thesis,
we would like to further discuss the method.

This thesis is divided roughly into seven sections. The
first section introduces Markov chain and probability transfer
matrices. Using these matrices, we will establish the basic
framework of the probability methods. In the second section,
the finite element probability computing method bolds, if the
dividing step length h is very long. Therefore finding a method
with high accuracy is significant. Based on the above results,
two kinds of methods with high accuracy ( the probability multi-
grain method and the boundary thickening m;ethod) are presen-
ted in the third chapter. In the fourth chapter, the rectangular
element probability computing methods is presented, and a
proof of its convergence is given. The numerical experiment
shows that it has a better approximation than that for the trian-
gular element probability computing method. Probability com-

puting methods have the advantages and the disadvantages.
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Their mostly valuable character is the dimensional independ-
ence in solving a PDE (‘at one or a few notes). The fifth sec-.
tion proves that the computing amounts are the same for 1-d
solution or for 2-d solution of 3-d solution at the sixth chapter.

In the seventh chapter, the fast computing scheme of the finite

ted. The eighth chapter gives the example analyses for finite

element probability computing methods.

element method for the two point boundary problem is presen-




Brief Introduétion of Markov

Chain and Nonnegative Matrices

Let E={P,  ,P,,~-,P | (or E=1{1,2,-+,m}| for short)
denote the finite point set in Euclid space R,(d =1,2,3,:-).
Assume that a particle walks on £ as random which walks once a
unit time. Let(,, {,, {,, ---denote the location of particle on
the movement t =0, 1, 2, ---, respectively. Sometimes, E is
called state space. ¢, (n =0,1,2,+) is a random process
regarding ( £ ,— ) as state space, where — is the set of all sub-
sets P( &, =4y,L, =i,,+{, =1,). We may define conditional
probability

PlLour =i 180 =i, 04, =14,)
=P(Lyws =hans = abo i)/
P(L, =ty 380 =i0)

{Z,,n=01}1is called a homogeneous Markov chain (or
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Markov chain for short ) if it satisfies following conditions ;
a) (Markov property) |
P(& =iy =g, &, =10,)
=P(§n =irnl€,=i),
b) (Homogeneity)
P(x,,, =jlx,=i) =P(x,,,, =jlx, =1i).
ALet p; =P(&,., =j1&, =i) which is called transfer proba-
bility from i e E to j € E. The matrix P = (py)

is a transfer

mXxXn

probability matrix, which satisfies the following conditions

(1) PijBO,

(i) > py = 1.

, —

The k-th product P = ( p;(k)) of P is called k-th transfer
matrix, which satisfies P"** = P™ « P® ohviously. In addition,

c) p;=0, .

d) Z pP; = 1,

e) Chapman-kolme property :

py(n+k) = > p.(n)p,(k).

Example 1. Random walk with absorbing barriers. As-
sume that the state space of random walk &, , n=0 is the set e =
{0,1,2,---,b}in [0,b], the points 1, b are the absorbing bar-
riers, i. e. the particle will stop forever if it is at the point

OOI‘b:

Poo =1, Py =1




