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Introduction : i ; : bk
The idea of investigating the p- adic version of classical uniformi-
zatlons of curves is due to John Tate who showed that an elliptic
curve over a p-adic field K whose Jj-invariant has absolute value -
greater than 1 can be analytically uniformized. Wh11e Tate's or1g1na1

paper has never been published there are good accounts of his work
available, see [ 34].

~The generalization of the above result of Tate to curves of higher
genus has been given by David Mumford in 1972 in a work called
”Analytlc construction of ‘degenerating curves over complete local
\rlngs”

The main result of the paper states that there is a one-to-one
correspondence between

a) conjugacy classes of Schottky groups I' € PGL (K)

b) isomorphism classes of curves C over K which are the generic
fibers of normal schemes over the valuation ring K of K whose
closed fiber is a split degenerate curve.

In these Notes we call the curves that Mumford has associated to
p-adic Schottky groups Mumford curves. Manin has called them
Schottky-Mumford curves in [ 26] .

ﬁhen Mumford received the Fields medal in 1974 his discovery was
praised by Tate when he described the work of Mumford. He said: "Next
I want to mention briefly p-adic unlformlzatlon Motivated by the
study of the boundary of moduli varieties for curves, i.e. of how
nonsingular curves can degenerate, Mumford was led to introduce p-adic
Schottky groups, and to show how one can obtain certain p-adic curves
of genus > 2 transcendentally-as the quotient by such groups of the
p-adic projective line minus a Cantor set. The corresponding theory
for genus 1 was discovered by the author, but the generalization to
 higher genus was far from obvious. Besides its significance for moduli,
Mumford's construction is of interest in itself as a highly nontrivial
example of "'rigid" p-adic analysis".

While Mumford worked with formal schemes over the valuation ring of K, :!
several authors, stimulated by Mumford's investigation, developed his ‘
constructlon within the framework of analytic spaces over K. oE




M,q1n—Pr1nféld [27] .and Myers'[29] 1ntraduced the notlon of automer
varms and made ciear that the Jacoblan varlety of a p- ad1c Schottky

‘of the analytzc theory of Schottky curves has been given by ‘Manin
“dn 1974, see[ZG] ) : ) !

obtalned by different authors as D. Goss, F. Herrlich and the authors“
of’these Notes. It is the purpose of this work to give an introduction

1nto the theory of Mumford curves presenting the major results and
wdescrlblng a variety of explicit examples. g

We w111 employ two different approaches to the topic, one of which
relies on p-adic function theory methods and the machinery of auto—'g‘_
morphlc forms. The advantage of this approach lies in the !fact that :
: it is quite elementary and we have tried to be as much down to earth
ras possible.

The second' approach works with methods stemming from algebraic, formal
‘and affinoid geometry and exploiting the reduction of spaces. Here it
<\is not always possible to entirely avoid more advanced and less

: accessible constructions.

Discontinuous subgroups I' of the group PGLZ(K) of fractional linear
transformations of the projective line IP(K) where K is a non-archi-
medean valued complete algebraically closed field are introduced in ;
Chap. I and used throughout the Notes. The condition '"discontinuous' fo
a subgroup T means that the closure of every orbit of I' is compact
and ' has ordinary points. In the non-elementary cases we associate
to ' a canoqical tree T on which I' acts. Using the tree one shows for
a finitely generated I' the existence of a normal subgroup rd‘of P of
finite index which is a Schottky group. All Schottky groups can be
constructed from a fundamental domain consisting of the complement
'of 2g open disks.

~ /In Chap.II automorphic forms relative to a Schottky group I with

. @onstant factors of automorphy are constructed and determined as ‘w",
products of the basic forms ©(a, b; z). This allows to prove that the '
field of r-invariant meromorphic functions on the domain @ of ordinary
>‘pqints for I' is an algebraic function field of one variable whose set

. of places S coincides with the orbit space QL. -

§ /




.,\: %

¥

WI‘ khe fir§t sectlon‘of Chap, I11 some basic nateraarfbn aff1n01d
élgebras, aff1noid and analyt1c spaces is presﬁnted Especially, 3
“reductlons of) analytlc spaces are dntroduced. In the second part the
tqnétructlon of Q/r (T Schottky group, Q the set of its ordaha?y
?qzntsﬁ as analytlc space is given. It 1s shown that Q/T is in fact

a nen—51ngu1ar complefe curve of genus g. One further obtains that

Q/Y has a split degenerate reduction.,

,rn Chap‘ IV domains @ in IP(K) are characterlzed among ' the

fnonr51ngular one dimensional analytic spaces by the property:

‘an analytlc reduction Q consisting of genus zero ' curves with
{ ¥

as 1ntersect10n graph". ‘\~

i

A complete non—51ngular curve X whlch has a split degenerate reduct1on 2
s A the reduction consists of genus zero curves and only nodes as

 1ngu1ar1t1es) is shown to have a universal covering Q -+ X. The spaqe
2 has ‘a reduction of the type explained above and it follows that Q 15
.a domain in IP(K). Moreover the automorphism group T' (which is the
?undamental group of X) of the covering @ + X turns out to be a

.~ Schottky group with Q as set of ordinary points. This amounts to
Mumford's theorem: A curve X has a split degenerate reduction
‘only if X can be parametrized by a Schottky group.

aﬁThe main result of Chap. V is the existence of an analytic reduction X

.
.

‘X has only nodes as 51ngular1t1es and X has a finite group of auto-
morphisms. Such a reduction is called stable and is uniquely deter-
ined by X. This result is very close to Deligne-Mumford's result [ 5]
oﬂ the existence of stable algebraic reductions. As a corollary one
finds: X is a Mumford curve if and only if X has a finite covering
by\aff1n01d subsets of IP(K).

»yarlety ;(S) for a Mumford curve S together with the canonical mapping
¢of the curve into its Jacobian and show that #(S) is an analytic
fomus (K*)g modulo a lattice with a polarization defined by a period
 gmatr1x. The Riemann theta function }(ul,..., u_) on the algebraic \ '
twtgrus (K")g assoc1ated to a square root of the period matrix for I is

”ﬁell -defined. We can prove that the divisor of }(c e ufz)), é-e (K*)g
. is of degree g 1f 4 (c - u(z)) does not vanish identically on Q, where

[ku : 2+ (K*)8 is a 1ift of the canonical mapping ¢ : S - }(S). As in

 the cohplex Riemann vanishing theorem ﬂ(u,,..., u') = 0 is the equatipp»g

‘,4 for a translate of the hypersurface ¢ (S8 ) € }(S). ;




VI

1

The starting point of the discussion in Chap. VII on automorphisms is
the result that the automorphism group Aut S of a Muhford curve
8§ = S(I') is canonically isomorphic to the factor group N/T where N is
.the normalizer of T in PGLZ(K). We describe various results the most
striking of which states that the order of Aut S is less than or equal
to 12(g-1) if the ground field K has characteristic zero and the
- characteristic of the residue field is different from 2, 3, 5.

In Chap. VIII we consider the curve T associated to a finitely gene-
rated discontinuous group N which does contain transformations ofn
finite order and show how one can describe the divisor class group of
degree O by automorphic/forms with respect to N. The genus of T turns
out to be the Z-rank of the commutator factor group of N.

In the first part of Chap. IX we shoy that the group'HGZ [l])* of
,invertible Hurwitz quaternions with coefficents in Z[=] is a discrete
subgroup of GLZ(k) where k is a finite extension of Q_. Its image A
in PGLZ(k) is a discontinuous group. The genera of the Mumford curves

parametrized by A and the congruence subgroup A(2) are calculated.

The geometry of the curves and their stable reductions
is made explicit.

In the second part Whittaker groups are considered. They are subgroups
of index 2 of groups generated by elliptic transformations of order 2.
They parametrize hyperelliptic curves.

In Chap. X we work with the Laurent series field k =T ((%)) and the
discontinuous group T'(1) = PSL(2, IF [t]) which shares many features
with the classical modular group PSL(2, Z). The quotient space with
respect to T (1) is the affine line and can be completed by adjoining
a parabolic point. The algebra of modular forms for T(1) is determined.

We like to thank Dr. F. Herrlich for contributing ideas in the pre-
paration of Chap VII and for his help in proof reading. We are grate-
ful to Prof. Dr. S. Bosch who read part of the manuscript and suggested
improvements. Also we like to express our gratitude to

Mrs. Marianne Pﬁhlvers for the excellent job of typing the manuscript
and her patience with the authors. '
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Chapter I Discontinuous groups

/ 'Introduction: The field k is supposed to be cemplete with respect to
‘%T:V a non- arch1medean valuation. By K we denote a complete and algebrai-

'a\-

cally closed f1e1d containing k. We work with the progectlve line

'

“):

a¥ over k as’ anaIyt;q variety. However, in this chapter almost no func-

‘tion theory is needed and it suffices to comsider P'(k) and P'(K) »
g‘j as topological spaces. The projective linear group PGL(2, k) acts in
it the ususal way on TP = P (K). A subgroup T of PGL(Z k) is called

dlscontlnuous if the closure of every orbit of T in P is compact and

P has - ordlnalry points.

1‘Let V. be discontinuous and let & be its set of limit points. As in the

, co.z‘npl”‘ex case, £ is compact, nowhere dense.Further & is perfect 1fe€

contalns more than two p01nts.

w:ﬁ_ Unlike the complex case P -&€ is always connected. Another feature

‘ which differs from the classical case is that a parabolic element of
infinite order does not generate a discontinuous group. (§1). In §2

- one associates to & (and more generally to a compact set X in IP) an

lv . infinite tree T. The group T acts on this tree and fora finitely

.~ generated I' the quotient T/T is a finite graph. This tree is in fact
the same tree introduced by D' Mumford [ 28] . Using the action of Ton T |
'one shows the following structure theorem (§3): If T is finitely
generated then I'-has a normal subgroup Ts of finite index such that
‘iro is a finitely generated free group.
*‘A finitely generated free; discontinuous group is called a Schottky‘
;gtgup. Again, using the action on fhe tree, one shows in §4 that

P ;

efery Schottky grouﬁ has a nice fundamental domain F:

" F =P - (2g open disks). Let us, for convenience, assume that « € F

~and call the open disks B1, 2000 C1,..., Cg' Then the disks are in

i "good position", which means that the corresponding closed disks are




disjoint. Moreover T has free generators’y1,..., Yg satisfying Y

+ + X
maps IP - Bi onto Ci’ and P - Bi onto Ci'

§1 Groups acting onP

(1.1) In what follows k denotes a field which is complete with respect

to a non-archimedean valuation |

. This means that there is given a

map [| : k - R with the properties:

1) |x|] > 0 and |x| = 0 if and only if x = O.

2) |xy| = |x||y].

3) Ix +yl < max (Ix], |yD.
4) there is an x € k with |x| # 0, 1.
5) k is complete with respect to the metric d(x, y) = |x - y|.

The most interesting examples are possibly Qp’ the field of p-adic
numbers and Ep((t)), the field of Laurent-series in t with coefficients
in the finite field Ep.

The field of p-adic numbers is the completion of Q with respect to the
valuation Ilp (or metric d(x, y) = |x - y|p) defined by |p™ %] =p™
ifmeZ and (p, t) = (p, n) = 1.

The valuation on Ep((t)), which consists of the expressions T a t®h

n>>-w
and is the quotient field of the formular power series ring Ep[tl, is

defined by !Zantn} = max {p_nlan # O}.

In this section we collect some of the properties of (non-archimedean)

valued fields. The valuation ring k° of k is given by {A € k||A] <. 1%,

Its unique maximal ideal k°° equals {} € k||A| < 1} and k = k°/k°°
is-called the residue field of k. The value group

|k*| = {|A||x € k, A # O} of k is a subgroup ofﬂ()o, We say that the
valuation of k is discrete if |k*| = Z; in this case k° is a Noetherian

ring. The valuation is called dense if |k¥*| is a dense subgroup of Rq;



in this case k° is not Noetherian. By V[k*| is meant {a € R>°‘ for
n

some n > 1, a € |k¥*|}.

For every field extension % of k there is a valuation on % which
extends the valuation on k. This extension is unique if 2 is an
algebraic field-extension of k. In particular, the algebraic closure
of k has a unique valuation and the completion of this field is again
algebraically closed. We denote by K D k an algebraically closed field
which is complete with respect to a valuation extending the valuation

of k. As we have seen, K exists.

Now and then we will work with maximally complete fields k. That 18,
k has the property that every sequence B1 > B2 > B3 D> ... of disks
(open or closed) in k has a non-empty intersection. This property is
equivalent to: for every valued field extension & O k one has

12*] 2 |k*[ or 2 2 k.

A field k is called a local field if k is locally compact. This is

equivalent to |k¥| 2Z and X is finite. Every local field is a finite

extension of either Qp or Fp((t)) (and conversely).

Finally we recall that a complete field k has the Hensel-property, i.e.:

if F € ko[t] is a monic polynomial and if its image F € k[ t] is a
product of two monic polynomials f1, f2 with g.c.d. 1, then F = F1F2
where F, are monic polynomials with Fi = £, (1= 1;2].

5 1
(1.2) The projective line over k is denoted by P (k). As usual, each

2
point p of P1(k) represent a line L C k" through (0,0). If
L ={Axo,x1ﬂk € k} then we will write p =[xo,x1].The field k is iden-
tified with PT(k)-{[O, 11} by means of the map A ~[1,\]and the point

[0, 11 will be denoted by «. This identification leads/ix)writing z€ kU{o}
’

1
for the elements of P (k). , .
Let ~ denote the equivalence relation on k“ - {(0, 0)} given by

(x, v) ~ (x', y") if (x, y) = A(x', \y') for some X € k*(= k - {0}).
Then~P1(k) = k2 - {(0, 0)}/~ andZP1(k) inherents a topology from k.

Further.P1(k) is compact if and only if k is locally compact.




j[xo, X ] - [cx1 + dxo, ax, + bxo]. The group of automorphisms of]PT(k)”

1
1 thus obtalned is PGL(2, k) = GL(2, k)/{( )IA € k*}. In more than

_ For (c d) € GL(Z k) = 1nvert1b1e 2x2-matrices over k, we consider et

the "fractional linear" automorphism ¢ of P (k) given by z » %%‘%‘%

or in the homogeneous coordinates "[x X ]’ ¢ is given by

~ 3

one aspect (namely algebraically and analytically) those are the only

tautomorphlsms onP (k). ALso GL(2, k) and PGL(2, k) inherit in an ob-

vious way a topology from k. They are never compact. But if k is lo-

~'cally compact then GL(2, k) and PGL(2, k) have interesting maximal 5y

‘compact subgroups. We will return tokthié in §2.

(1.3) Let T be a subgroup of PGL(2, k). An element P €P is called

va limit point of T if there exists q € P and an infinite sequence

“‘{Yn]n >1}Ccr (i.e. Yo # Yp id n # m) with lim‘yn(q) = p. If T is not

discrete in PGL(2, k) then there exists a sequence {Yn} in T with

lim Y¥p =Y € PGL(2, k). So 1lim Yn(y-1(p)) = p for all p € P and every D

~point of P is a limit point for I'. Let ¥ denote the set of all limit

::‘We will call T a discontinuous group if L4

’: points of T.

(a) 24P,

(57‘f§ (= the closure of the orbit of p) is compact for all p € IP.

Condition (b) is superfluous if k is locally compact. In the sequel

'Jwe will use the following terminology: an element Y € PGL(2, k)

representéd by a matrix A = (C d) € GL(2, k) is called elliptic, 3

parabolic or hyperbolic according to the following three cases:

!

'Jri<the eigenvalues of A are different but have the same absolute value -

5_- the eigenvalues are equal - or

5

- the eigenvalues have different absolute value. Ao




b )

‘ ‘ | i
In general the e1genvalues of A are not in k but in some finlte exten-

sion of k which carries a unique valuation extending the valuation on
k. Obviously the choice of k is unimportant in the definition above:'
Further if y is ellipticlof parabolic then é%—ifg—-has absolute
value < Hﬂ If y is hyperbolic then |é§—;—%%—|> 1

Let GL(Z,‘ko) denote the 2x2-matrices over k° with determinant inver-

tible in k®. Further PGL(2, k°) will denote the image of GL(2, k%)

in PGL(2, k).

\

‘,\61.4) Lemma: Let y € PGL(Z k)

(1) Y is-elliptic or parabolic if and only if a conjugate of yz lies

in the subgroup PGL(2, k°) of PGL(2, k).

.(2) v is hyperbolic if and only if y is conjugated to an element of

PGL(2, k) represented by a matrix (g ?), q €k, 0<|q|] <1.

Proof:

(33 1E YZ (or Yn for some n > 1) is conjugated to an element in

o a + d)2 : ab
PGL(2, k), then clearly Iéa—:—E%—l < 1 for a representation (¢ q) ofv./

So y is elliptic or parabolic.

Conversely, suppose that Y‘is parabolic of elliptic. If y represented

by B € GL(2, k) and v% by B

2 then there is a X € k* such that

(2 3 = A= 8% satisfies |ad - bc| = 1. Then o % & = U

Put N=k° @ k°Ck®kand M= N+ AN). Then M is a finitely gene-

rated ko-module, invariant under A since A2 - (a+d) A+ (ad - bc) = 0.

Let {e1,..., en} be a minimal set of generators of M as k®-module. If’

there exists a non-trivial relation A1e1 + ... 4+ Anen =0, A &k,

then we may assume max ]Ail = 1 and also that one of A; equals 1. This

contradicts the minimality of n. So n = 2 and leq, ez}vis a free base

2

of the k®-module M. Let G k™ =+ k2 be the k-linear map given by

€(1, 0) = ey, C(0, 1) = e,. Then A € CGL(2, k°)C™! and v2 lies in a



" conjugate of the subgroup PGL(2, ko) of PGL(2, k).

(2) Clearly (g ?), 0 < |q| < 1, and all its conjugates are hyperbolic.
On the other hand, if y is hyperbolic then y can be represented by

A = (2 3) with a + d = 1 and |ad - bc| < 1. The characteristic poly-
nomial P of A is X% - X + (ad + bc) € k°[X]. The reduction P in K[ X]
has two roots O, 17 € k. Since k has the Hensel property, there are
roots A, A, of P in k© with Xo =0, X1 = 7. So the eigenvalues of A

has the required form (g ?), q €k, 0< |q] < 1.

(1.5) Examples: Let I' be generated by one element y € PGL(2, k).

(1) If v is hyperbolic then T is discontinuous. The set ¥ of limit

points of I' consists of the two points ofIP1(k) corresponding to the

two eigenvectors of y. These points are the two fixed points of Y.

(2) If v is elliptic or parabolic and T is discontinuous then y has

finite order. In PGL(2, K) the element y is either conjugated to

§; : z» Az and x| =1, or to 8, : z ~» 'z + b. The group generated by
61 is discontinuous if and only if {An[n €7Z} is compact and 1 is not

a limit point of this set. This means that y should be a root of
unity. So 84 and y have finite order. The group generated by §, is dis-
continuous if and only if {nb[n € Z} is compact and does not have O

as limit point. That means that nb = O for some n # 0. So Y, and vy
have finite order. We note that y has two fixed points if y is elliptic
and has one fixed point if y is parabolic. We have also shown the

following result:

(3) If vy is parabolic (# id) and if T is discontinuous then k has

characteristic p # O and vy has order p.

(1.6) A subgroup I' of PGL(2, k) is called a Schottky group if

(a) T is fintely generated.
(b) T has no elements (# 1) of finite order.

(¢) ' is discontinuous.



According to (1.5) condition (b) can be replaced by: every y € T,
Y # 1, is hyperbolic. We start now the investigation of & = the limit

points of a discontinuous group I'. We may (and will) assume that = ¢ZL

Proposition: T is a discontinuous group and €L . Then

a

(1.6.1) Represent any y € T by (c g) € GL(2, k) (a, b, c, d depending
on v). For any & > O the set {y € P[lc]z < 6lad - bc|} is finite.

Moreover T' is finite or countable.

(1.6.2) For a € PP, £ (a) C Ta denotes the set-of b € P for which there

exists an infinite sequence {yﬁ} C T with lim Y, (a) = b.

Given three different points aj, a,, a; € IP. Then there exists an i

with x(ai) =L .

(1.6.3) £ = £ () = T(») - I'(») is compact. £ hasno interior. Lis

perfect if & contains more than two elements.

(1.6.4) Suppose that k is a local field. Then any discrete subgroup

A of PGL(2, k) is discontinuous and has a set of limit points <l C P(k).

Proof: Any infinite sequence in I' (or A in case (1.6.4)) has a sub-

a_b a b d
sequence y = (Cn dn) such that EB’ EE’ Eﬂ (equal to yn(w), yn(O),

n n n n n
-Yij(m)) are convergent. In case of the group A we can change the

coordinates such that all limits are # w.

Then 1im = (? 3). From the discreteness of T'(or A) it

follows that ad = b.

d
For q € P we find 1lim Yn(q) = a unless q = - d and the sequence EE
n

is constant.




& Glandn‘f b c. | then we ob-

A A &b If the sequence Y, satisfies |c

, . a
~ tain the contradiction ad - b = '(C—n --C—n) # 0. This proves the first .
‘ n n n

nla-
=)

statement of (1.6.1). The second one follows at once.

1(25 It follows from our considerations above that < = :C(a1) v uC(aZ)
4+1 f a, # a,. Moreover if a, ¢ & then for any infinite quuence Y, as
above we have 1lim Yn(al) = a since a, is unequal to - d €.
(
It follows that o =x(a1). Let now a;, a,, a, be three different points |
in &£ . Then aq Ex(a1) Ux(az), say az € x(a1).
Then -‘f=42‘f(a3) U(ay) CL(ay) UL(ay) =L (ay) CL.
(3) Suppose that &€ contains at least 3 points. Then & =& (a) for some

a € . Then clearly &(a) = Ta. Hence £ is compact and perfect.
Further & (») = T(®) - T (x) =& since » is the fixed point of only
finitely many elements of T'. So o has no interior points.

/
(4) Let q € P and let a sequence in A(q) be given. We have to show the
“ existence of a convergent subsequence with limit in IP1(k). We take a
subsequence yn(q-)., with {Yn} as above. Then lim Yn(q) = a € ]P1(k) or
q=-d and lim Yn(q) = o € ]P1(k). So we have shown that A(q) is ¥
compact andL c ]P1(k).

(1.7) Examples:

(1) Suppose that the discontinuous group T contains no hyperbolic ele- ki isha

ments, then either (a) T is finite.

'Xcu_r (b) the characteristic of k is p # O; T  the subset of parabolic

' elements is an infinite normal subgroup of I' isomorphic to a discrete

‘s"ubgroup of k; I‘/I‘o is a finite group of roots of unity in k*. Further

& consists of one point. -




