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Preface

It is our greatest pleasure to present here the Proceedings of a satellite conference of
ICM-90 “Current Topics in Operator Algebras”, held on August 16-19 at the Nara-ken
New Public Hall, Japan. The topics covered inclide the C*-dynamical systems, the index
theory for subfactors, the noncommutative differential geometry, the quantum groups and
50 on.

We hope that the present volume serves the purpose of presenting an overview of
the present status of the theory of operator algebras as well as an outlook for its future
development.

We greatly acknowledge the cooperation of the research group of operator theory and
operator algebras in Japan and the sponsorship of the Mathematical Society of Japan
and Nara-ken for the conference. The faculties of the Department of Mathematics of the
Yokohama City University, especially Professor Shigeo Ichiraku, were helpful throughout
the preparation of the conference. The transportation from the Osaka [nternational Airport
to Nara was offered by Professor Mitsutoshi Hayashi of Osaka Institute of Technology.
Professor Satoshi Kawakami of the Nara University of Education was helpful in providing
us with the services during the meeting despite the summer staff shortage.

We appreciate the contributions from the following donors, Nara-ken, the Japan So-
ciety for Promotion of Scieu'ce, Inoue Foundation for Science, the Grant-in-Aid of the
Ministry of Education and many others listed in the last page of the Proceedings, espe-
cially the President Yukitsugu Shimokawa of Nippon Information Industry Co. Ltd.

Finally we thank speakers, contributors, chairpersons and participants of the confer-

ence for making this conference possible.
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QUANTUM SYMMETRY AND SUBFACTORS

Adrian Ocneanu

Department of Mathematics
Pennsylvania State University

University Park, PA 16802, U.S.A.
ABSTRACT

We discussed a geometric viewpoint of the invarian: for
inclusions of subfactors.

A family of graphs together with a biunitary connection plays
the role of geometric manifold. Under very general conditions., one
can construct with it an inclusion of von Neumann algebras. and the
initial system is ergodic, l.e. the towers of commutants are obtained
as finite Lntersectlons of path algebras on the graph. This makes
- the computation of the complete finclusion invarfants algorithmic.

_ We defined a general Ffourier transform on the invatiant and
.l showed  that intermediate subfactors correspond precisely to
projections for ‘which the Fourief transform is, up to a scalar, also

a projection.
- K= Ml _Qo showed that the invariant for the central sequence inclusion

wﬁued to ‘an inclusion # ¢ M yields exactly the fusion graph of

_,wm;es for the initial factor.

x.:l.in-h",,.



Group Actions on Injective Factors

YASUYUKI KAWAHIGASHI

Department of Mathematics, Faculty of Science
University of Tokyo, Hongo, Tokyo, 113, JAPAN

Abstract. We survey recent progress in classification of group actions on injective
factors. We deal with three kinds of groups; discrete groups with Kazhdan's property
T, the real number group, and compact abelian groups. For the first and second
groups, actions on the injective factor of type II| are considered, and for the last one,
we give a complete classification on injective factors of type III.

1. Introduction

Since Connes’ breakthrough®!! for classification of integer actions on the injec-
tive factor of type II,, several authors have studied classification problem of group
actions up to (cocycle/stable) conjugacy on injective factors. As Connes’ original re-
search was tightly connected to structure of injective factors of type III, 0 < A < 1,
automorphism approach for. studying von Neumann algebras has been one of the
most powerful and fruitful ones. Here we present recent progress in this area. We
deal with three topics; actions of discrete groups with Kazhdan’s property T on the
injective factor R of type II;,?® one-parameter automorphism groups of R,?1:22:23:24
and compact abelian group actions on injective factors of type I11.2627

Jones'® and Ocneanu?® followed Connes and extended classification to finite and
discrete amenable group actions on the injective factor R of type II;, respectively.
The most important result in their work is that an outer action of a discrete
amenable group G on R is unique up to cocycle conjugacy. Here cocycle conju-
gacy means that in addition to conjugacy, we allow a perturbation of an action a
by a unitary cocycle u, with u,, = uyay(us),9,h € G. Later, Jones showed that
this uniqueness characterizes discrete amenable groups'’"'®; if a discrete group G
is non-amenable, then it has two mutually non-cocycle conjugate outer actions on
R. He used ergodicity on the central sequence algebra to distinguish two actions.



Because discrete groups with Kazhdan's property T?%*? are known to be opposite
extremes of amenable groups, we expect that the contrast also holds in group ac-
tions. We show that this is the case by showing that 1-cohomology for actions of
groups with Kazhdan's property T “almost” vanishes under a certain condition.
This approach also characterizes Kazhdan's property T in terms of cohomology of
actions on factors of type II,. These will be explained in Section 1.

Section 2 is devoted to one-parameter automorphism groups. Compact abelian
group actions on injective factors of type II are classified by Jones-Takesaki'® by
reducing the problem to discrete abelian group actions on semifinite injective von
Neumann algebras, which are not necessarily factors, via Takesaki duality.*® Now
the most important group, for still unsolved classification problem of actions on the
injective factor of type II;, is the real number group R. Study of one-parameter
automorphism groups of injective factors of type Il is related to that of injective
factor of type III;, as in the relation of automorphisms of injective factors of type
II and injective factors of type III5, 0 < A < 1. Though uniqueness of the injective
factor of type I1I; was finally established by Connes and Haagerup,'*"'® classification
of ‘one-parameter automorphism groups of injective factors of type II would deepen

the understanding of its structure. For example, as Connes’ method® is useful for
Loi’s study of subfactors of injective factors of type 111y, 0 < A < 1,%% it would
give much information for study of subfactors of the injective factor of type III;.
Though complete classification has not been obtained, certain progress for several
mteresting cases has been made. This will be presented in Section 2.

‘We show a complete classification of compact abelian group actions on injective
factors of type III in Section 3. This is a joint work with M. Takesaki. Sutherland
and Takesaki classified discrete amenable group actions on injective factors of type
III,, 0 < X < 1,°® and these two and the author classified discrete abelian group
actions on injective factors of type III;.2% Since abelian groups are amenable, we
should be able to use these results to obtain a classification of compact abelian group
actions on injective factors of type III via Takesaki duality as in work of Jones-
Takesaki for semifinite cases.!® However two kinds of new difficulty arise in type I1I
situation. One is caused by the fact that each fibre in the central decomposition of an
injective von Neumann algebra of type III is not necessarily mutually isomorphic
even when we have a centrally ergodic action on it. The other arises from the
difference of centrally trivial automorphisms and inner automorphisms. We show
in Section 3 that the difficulties can be overcome. Because the classification of
Sutherland, Takesaki and the author for discrete groups is up to cocycle conjugacy,
we get a classification up to stable conjugacy at first. (Two actions are said to
be stably conjugate if their second dual actions are conjugate.) Stable conjugacy
is weaker than cocycle conjugacy, but the two notions coincide when the factor is
properly infinite, hence we get a cocycle conjugacy classification for injective factors
of type III, and after it, we get a complete classification (up to conjugacy) by means
of inner invariant as in Jones-Takesaki.'®



2. Actions of groups with Kazhdan’s property T

Significance of Kazhdan’s property T?° in theory of operator algebras was first
pointed out by Connes!?. He showed a group von Neumann algebra of a discrete ICC
group with Kazhdan’s property T has a countable fundamental group by rigidity
argument. Since then, several authors have studied property T in operator algebra
situations and in ergodic theory.?3#2:4% Roughly speaking, rigidity argument shows
two mathematical objects are “equivalent” if they are “close” in a certain sense.

We would like to apply this type of argument to unitary cocycles. Qur basic ob-
servation is that we have the following correspondence in the study of automorphism
groups and unitary cocycles:

Automorphism «—— Cocycle
Inner automorphism «— Coboundary
Factor «—— Ergodic action

Thus for an ergodic action a of a discrete group with Kazhdan's property T on
a factor of type II;, we consider a-unitary cocyeles u, with Ad(u,) - a, is also
ergodic, then the number of cohomology classes of these can be shown to be at
most countable. This means the number of unitary cocycles connecting ergodic
actions is “small”. Thus if we have a continuous family of mutually non-conjugate
outer ergodic actions on the injective factor R of type II;, then their cocycle con-
jugacy classes have the cardinality continuum, which is the opposite extreme of
- uniqueness of outer actions for discrete amenable groups. Here note that the pos-
sible maximal cardinality of cocycle conjugacy classes is always continuum. (See
Popa’s articles®!+*? for related results and problems.) Groups SL(n,Z), n > 3, and
Sp(n,Z), n > 2, are typical ones with Kazhdan’s property T, and M. Choda®$
showed that these have a continuous family of outer ergodic actions on R. (Her
construction uses the irrational rotation algebra A4 for different #.) Thus we get
the following.?®

THEOREM. Each of SL(n,Z), n > 3, and Sp(n,Z), n > 2, has a continuous family
of mutually non-cocycle conjugate ergodic outer actions on the injective factor of
type IIl.

Each of these actions has ergodicity at infinity in the sense of Jones'® and the
crossed product algebra by each action has property T as shown by M. Choda.?
Thus these actions cannot distinguished by these properties.

It may seem artificial that we used only cocycles u, with Ad(w,)-a, ergodic in the
above argument. But without this restriction, the conclusion is invalid, and these
cocycles make a closed subset in the set of all the cocycles. This trouble comes from
non-commutativity of the algebra, which prevents unitary cocycles from making a
group. These would justify the above restriction. We can also show the fixed point
algebra of Ad(u,)- @, continuously depends on u, as follows.?®



PROPOSITION. Let a be an action of a discrete group G with Kazhdan’s property T
on a factor M of type II,. Then the correspondence from a unitary a-cocycle u, to

the fixed point algebra M Ad(ug)-ey jo uniformly continuous in the following sense:
For any &y > 0, there exists § > 0 such that if d(u,,v,) < §, then ||MAd("') %
MAd(-.) Iy < €o.
See Christensen’ for a notation. Here the metric d is defined by d(uy,v,) =
ot 21" ||lg, = vy, ll2- This shows another opposite extreme of amenable group ac-

tions. (Ocneanu’s theorem?® shows that an ergodic outer action of discrete amenable
groups on R can be perturbed to an outer action with a large fixed point algebra
with an arbitrarily small cocycle.)

This kind of cohomological consideration also characterizes Kazhdan’s property
T, which extends a result of Araki and M. Choda? as follows.2®

THEOREM. Let G ba a discrete group. Then the following conditions are equivalent.
(1) G has Kazhdan's property T.
(2) Any action of G on a factor of type II, is strong in the sense of Araki-Choda,?
(3) For any action a of G on a factor of type II,, each cohomology class is closed.
(4) For any action o of G on a factor of type II,, the 1-cohomology space with
the quotient topology is Hausdorff.

Amenability can be also characterized in terms of cohomological terms of group
actions in a similar way to Schmidt’s result®* as follows.?®

THEOREM. Let G be a countable group. Then the following conditions are equiy-
alent.
(1) G is amenable.
(2) No free action of G on the injective factor R of type II, is strong in the sense
of Araki-Choda.?
(3) For all outer actions of G on the injective factor R of type II,, coboundaries
make a dense subset of the set of all the cocycles, but these two sets do not

coincide.

3. One-parameter automorphism groups

First recall that classification of one-parameter automorphism groups of injective
factors of type II is related to classification of injective factor of type III; in the
sense that uniqueness of the injective factor of type III, is equivalent to uniqueness
of a one-parameter automorphism group « of the injective factor of type Il with
tr-a; = e~‘tr. (See Takesaki.*®) Thus classification of trace-preserving cases is still
open. We present a recent progress in classification of one-parameter automorphism
groups of the injective factor of type II; here, though the complete classification
has not been obtained yet.



All the work of Connes, Jones and Ocneanu®'%2? showed that a free action of a
certain group on the injective factor R of type Il; is unique up to cocycle conjugacy.
In this context, a free action means an action a for which a, is outer for all g # 1.
Then what does a “free” action mean for the real number group ? It is easy to
see that for a one-parameter automorphism a,, the condition that «, is outer for
all ¢ # 0 does not imply that the crossed product algebra is a factor. This is an
analogue of the fact that T(M) = {0} does not imply S(M) = [0, c0) for a factor
M of type III. (See Connes’ for T-sets and S-sets.) Hence we use Connes spectrum
I'(«) as an analogue of S-sets. But it turns out that unlike type III factor cases,
I'(a) = R does not imply that a, is outer for all £ # 0,2 thus in order to get a
uniqueness result we would like to assume both I'(a) = R, which is equivalent to
saying that the crossed product algebra is a factor, and oy ¢ Int(R) for all £ # 0. We
remark that these two are implied by (R 3, R)NR’' = C. (Note that if I'(a) # R,
a one-parameter automorphism group « can be classified more easily.?!??)

A splitting of a model action from a given free action was a key step in work
of all of Connes, Jones, and Ocneanu. We next discuss what the model action is
for the real number group. Qcneanu’s model?® is obtained by an infinite tensor
product of an almost left regular representations on subsets of the group. But we
use an analogue of modular automorphism groups for one-parameter automorphism
groups of R, and choose the following as the model action.

oa
L =A/2 0 S —rf2 -0
®Adexptt( 0 A/2)®Adexp1t( 0 “/2).

n=1

Here A and p are non-zero real numbers with A/u ¢ Q. This is an analogue of the
ITPFI factor of type I1I; of Araki-Woods,? and we can show the cocycle conjugacy
class of this action does not depend on the choice of A and p, and moreover an
infinite tensor product type actions of any size of matrix gives the same cocycle
conjugacy class if it has full Connes spectrum R as follows.??

THEOREM. If a one-parameter automorphism group a of the injective factor R of
type I, fixes a Cartan subalgebra of R elementwise and I'(a) = R, then its cocycle
conjugacy class is unique.

This is an analogue of uniqueness of the ITPFI (or Krieger) factor of type III,.?
This theorem is also valid for any locally compact abelian separable group action.

Our approach to the splitting problem of a model action from a “free” one-
parameter automorphism « of the injective factor R of type II; is as follows.

APPROACH. Find a weakly dense C*-algebra A of R on which a is a norm contin-
uous action, and a norm-dense *-subalgebra A> of C*° elements in A with respect
to « and C*-norm with the following properties:

(1) For any € > 0, there exists a 2 X 2 matrix unit (eji) of Aeyy4esy in A% with
h’(l -1 — en) < E.



(2) For a given v € R and z1,...,2, € A™ and a matrix unit (ejz) in (1),
there exists an automorphism o of A> such that ||6(co(eji)) —i|j — k|ve || < € and
llle(ejx), zi]|| < =, where § is the derivation generating a.

In general, it is too much that we expect existence of a matrix unit in A, because
of K-theoretic restrictions. Thus we adopt a weaker version (1) as above. The
second estimate in (2) is for making a central sequence, and related to asymptotical
abelian systems.®> The first estimate in (2) is for making a piece of the model action.
Condition (2) is similar to Araki’s property L),! and a key tool for producing
the model action as Ocneanu’s non-commutative Rohlin theorem.?? By working on
several estimates using (1), (2), we can show a splitting of the model action in terms
of central sequences.?®

But unfortunately, it is unknown how to produce A® and o in a general setting,
and we are lead to working on a concrete example in detail. A key to the unique-
ness result cited above was abundant existence of elements fixed by a. From this
point, the opposite extreme is an ergodic action. Now we deal with the following
construction of an action. ,

In the irrational rotation C*-algebra A; with uv = e*™*vu, consider the following
one-parameter automorphism group a,: a,(u) = e**u, ay(v) = e"***v. Here A and p
are non-zero real numbers with A\/u ¢ Q. We extend this one-parameter automor-
phism group to the weak closure R of Ay with respect to the trace 7, which is the
injective II; factor. It is easy to see this action has full Connes spectrum R but this
is outer if and only if A/ is not in the GL(2, Q) orbit of 8, where a GL(2, Q)-action
is given by a fractional transformation. This subtlety is another interesting point
of this action. We would like to show that this action is cocycle conjugate to the
model action.” Though this actions is almost periodic (i.e., this action can be ex-
tended to a T? action), it is impossible to perturb this T? action to a product type
one, by Olesen-Pedersen-Takesaki.®® It makes this action the best one for trying
our approach. For this action, we use a Rieffel projection construction®?® for (1)
in the above approach and an SL(2,Z) action on Ay considered by Brenken* and
Watatani!! for (2) in the approach. Then a delicate estimate shows the condition
A ¢ GL(2,Q)0 exactly implies (2). Hence we get a splitting of the model action.
Then we can use the following theorem to show the model action “absorbs” our
action a.??

THEOREM. Let a be an almost periodic one-parameter automorphism group of R.
Let B, be an infinite tensor product type one-parameter automorphism group of R
with I'(8) = R. Then a; ® B, is cocycle conjugate to the 8; on R.

Hence we get the following.??

THEOREM. Let a be the one-parameter automorphism as above. We assume \/u ¢
Q, and A/u is not in the GL(2,Q) orbit of 8. Then ay is cocycle conjugate to an
infinite tensor product type action 3 of R on R with I'(3) = R, which is unique
up to cocycle conjugacy.



Certainly it is an open interesting problem how far our approach can go in general.

4. Compact abelian group actions

After Sutherland and Takesaki classified discrete amenable group actions on in-
jective factors of type IIIy, 0 < A < 1, up to cocycle conjugacy,*® they and the
author extended the same type of classification to discrete abelian group actions on
the injective factor of type III;.?® In the both work, we have to invoke a result of
Ocneanu?® at a certain stage. Because the classes of approximately inner automor-
phisms and centrally trivial automorphisms play an important role in Ocneanu’s
theorem as in Connes’ work,® we need characterizations for these two classes of
automorphisms on injective factors of type III. Connes announced these character-
‘zations in 1976'° as follows, but the proof has not been available for a long time,
though this theorem has been used in Connes'® and Sutherland-Takesaki.?®

THEOREM. For injective Zactors M of type III, we have:
(i) Ker(mod) = Taf(M);
(i1) An automorphism a of M is centrally trivial if and only if « is of the form
= Ad(u) - 6¢, where ¥ is an extended modular automorphism for a
dominant weight @ on M, c is a §-cocycle onU(Cy), and u € U(M).

(See Connes-Takesaki'* for related definitions and notations.)

Sutherland, Takesaki and the author supplied a proof of the above theorem for
the first time ?® and made use of the characterizations. After Ocneanu’s work,?®
Jones and Takesaki'® classified compact abelian group actions on injective factors
of type II via Takesaki duality. They work on dual actions, which no more act on
factors in general, and regard the actions as groupoid actions on ‘factors. It is now
natural to expect the same approach extends in type III settings. We show that
this is the case, but several kinds of technical difficulty arise from the fact that the
algebra is of type II1.27

For a given action a of a separable compact abelian group A on an injective
factor M of type III, we work on its dual action on M x, A. We would like
to represent the crossed product algebra as /' ® L*(X, ) for a certain injective
factor A and work on a groupoid X % A to use tools like Krieger's cohomology
lemma as i:: Jones-Takesaki.!® But this type of central decomposition is impossible
in general bocause classification of type Il factors is not smooth. That is, each
fibre factor in the central decomposition is not mutually isomorphic in general. This
phenomenon actually occurs in this crossed product algebra setting as shown in our
work.?” Hence we have to take a more technical version of groupoid approach, and
will use Sutherland’s generalized cohomology lemma®® instead of Krieger’s. Then
we can apply the groupoid approach of Sutherland-Takesaki.?” The next difficulty
arises from the fact that the class of centrally trivial automorphisms is now strictly
larger than the class of inner automorp!:usms For example, we have to prove that
in the central decomposxtxon Mx, A= f « N(z)du(z), the correspondence z +

-



Cnt(N(z)) is Borel in a certain sense defined by Sutherland.*® This can be done
since we have a complete characterization of Cnt(M(z)).?®

An outline of the arguments is as follows. First, consider two extreme cases. In
one case, we have a factor crossed product algebra M x, A. This type of action is
called prime, and we have a full Connes spectrum, I'(a) = A, in this case. Then
we have invariants as in Sutherland-Takesaki®® for the dual action on the factor
M x4, A. In the other extreme case, we have a zero Connes spectrum, ['(a) = {0}.
Then we have an (ergodic) faithful action of A on the center Z(M X, A) and the
module given by the dual action, as invariants. (The action of 4 is like a flow of
weights, and the module is also a part of invariants in the first case.)

In general, the situation is a mixture of these two, but no new invariants appear,

and these are all we need. The first family of invariants are handles by a classification
of Sutherland-Takesaki,*® and these two and the author.?® We use Sutherland’s
generalized cohomology lemma®® to deal with the second family of invariants. For
the cohomology lemma, we need a certain density argument. For example, in the
easiest situation, we need Ker(mod) = Int, and here we need more delicate result.
The following is a key to it.
THEOREM. Let M be an injective factor of type III, and ¢ be a dominant weight
on M. If an automorphism a of M is approximately inner, then there exist a
unitary u € M and a sequence of unitaries {va} In M, such that a = Ad(u)
iMoo Ad(v,).

Here inner perturbation by u does not matter very much, thus this essentially
means that approximately inner automorphisms are approximated by unitaries in
the centralizer. For the proof of the above theorem, we need some technical lemmas,
but we have a complete list of automorphisms of injective factors of type III, 2638
hence it is enough to check the conclusion for all the members of the list.

Then we have to combine results for I'(a) and /i/I"(a) to supply a complete
cocycle. This can be done by constructing a groupoid model action on the injective
factor R of type I1I; which can kill any bicharacter on the groupoid times a subgroup
of A. Because all the fibre factors in the central decomposition split R as a tensor
product factor, this is meaningful. Then the error from being a cocycle is given by
a certain bicharacter, and it can be killed by a good property of the model action.
The final form is as follows.*”

THEOREM. Let a and 8 be actions of a compact abelian group A on an injective
factor M of type III. Then we conclude:

i) @ and B are cocycle conjugate if and only if

a) Mx, A2 M xg A,

b) N(&) = N(p),

c) there exists an isomorphism 6 of F(M X, A) onto F(M x5 A) which conju-
gates the restriction of & and f to the center Z(M x4 A) and Z(M x4 A) and

‘mod(&), Xa, Va) = (mod(ﬁ), Xg,Vg)-



