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I. FUNDAMENTAL FORMS.

1. fa de = .

2. f af(@)de=a | f(2)da.

- (dx
3. f..: .
< log®

T A
4, f &t de = , When m is difterent from — 1,
m-+1

5. fe“dw ==

6. fa’ logadx = a.

5 dw
14 2a?

; 8. f—dL = sin~1z.
i ] R

9. IA—=sec"z.
a2Vt —1

= versinz.

= tanx.

10. Vf_d”_
V2 — a?
3 S fmswdw:sium

12. fsina:da:: — cos®¥




4 : FUNDAMENTAL FORMS.
13. f ctnade = log sin®.

14. f tan zdaz = — log cos 2.

15. ftanm secxda = sec.

16, fsec”wdw: tanz.

17. ;fcsc?wdw = —ctna.

In the following formulas, u, », w, and % represent any
functions of =*

18. f(u+v+w+etc.)dm_—_wa+fvdx+fwdw+etc.
19a.fudv=wv— vdu.

195, u— Y da = ww —fvd—da:.

() ay,
0 frwi 0
d;r. ?

BN e




RATIONAL ALGEBRAIC FUNCTIONS. 5
II. RATIONAL ALGEBRAIC FUNCTIONS.

A.— ExpressioNs INvoLviNg (a + bx).

The substitution of y or z for », where y=az=a+ b,
gives

21, f(a + bw)mde = %fy’”dg/,
1
22, f @ (a+bo)rde =y, f y"(y — a)dy.

<3 m oy 1 5 m n
23, fw (a + bx) dx_bTij (y — a)'dy.

. 2" dx ____1__ (y—a)'dy
(a + bw)m bn+1 ym
95, f dw o f(z =)™t tds
ar (CL + bx) m am+n~l 2m
Whence
dax 1
26. f =L1log(a .
o bog(a-l-bx)
L3
27. f da e g S
(a + bx)? b (a + bx)
dx a

20 - — —
i (a+0w)®  2b(a+ bw)®

29. wdw =-l- - .
fa+bw bz[a+bm alog(a + bx)]

0. xde =ll b a
PER Sl | < g b T




6 RATIONAL ALGEBRAIC FUNCTIONS.

zdw 1 1 @
lo o e Ao ¥
Y (a + bx)? b“[ a+bw+2(a,+bw)“]

. o
pe. f-2U o[+ 1) — 2a(a 4 02) + ¢* log (a + ba) .

a + bx
2*dw o
dn Pt A P br—2al b)) —
33 (@ ba)? b3[ a+bx a log(a 4 bx) +ba:]
f dx ____llo(ra-}-bm_
hdla ebE) "a
da 1 1 a+ bx
s = - =1 .
” fw(a-{—bx)"’ a(a+bx) o e
: : 1 b a+ bz
86, | ——> —— — " Jog———.
f:ﬁ(a+bw) aw+a"’ g

B. — ExpressionNs INVOLVING (@ 4 D2™).

89, f 4y =étan“m\/§’ if a>0, 5>0.

a+ba®  +ab
dx . \/a+m\/
40. = if : z
i 2\/ g\/a—a:\/ ,1 a>0, b<O
@ 1 da e
(05+bat:2)2 2a(a + ba?) a + ba?

e x 2m—1f
(a+ba*)™1  2ma (a+bw2)"' 2ma (a+ba;’)"

48. zdx (
j‘a,+ba:2 2b b




RATIONAL ALGEBRAIC FUNCTIONS. (f

xdx f .
14, ‘—‘—( ok bwg)"m“ 2J) @+ bz)"‘ —s where 2=
-
da 1 o?
L g
5 f:v(a+bx2) 2a Oga+bw’
16. Pde _ 2 _ g_f dw
a+ at+b® b bJa+ba?
4 da Aealiel dx
* J @?(a+b2%) ac  aJ a+ bzt
: (@a+02)" 2mb(a+ba*)"  2mbJ (a+ bwz)"‘
49 dx i - da S5l f &
*J 2¥(a + baP) w1 gqJ 2?(a+ b (a+ b:z:“)”‘+l
da (k + )? 5 i 1 20—k
o a+ ba? Sa[} g(m kw+xz)+\/ * %3
where bk*= a. 1
dx — kx + 22—k ’
gl O 3 tan? . 5
a+b%'3 3bkl} g( (k+=)* tytv k3 ] 4
where bk* = a.
52. f~——d—m——=llog LA : ’
z(a4bx") an "a + b2 s
53 f dew il f e f
ot (e bac")"'+1 (a+ bx“)”' (a+ b:c")""rl 7‘::
R arde 1 o rde . |
*J (a+ b:v")"*" vJ (a + bw")" b (a + bar)r+t :
3
1 dz

f a;’"(a + ba:")"“ aJ @ (a+ba")?  ad @ "(a, + by

A



RATIONAL ALGEBRAIC FUNCTIONS.

(X0

L Jing 41 X 0D X0 ax
e e zp °m+.~+§m|§.\. n

X ub XWX e “u Mo+wg. =N x

ap. oﬁlzmvm+a+§ml op 19 0> b ueya e+§mm£ = 58
LR NNNV AR < : by o v
“ap ..é+ + 09 o v et S et L

Q+aog  ap
. uey) ‘9 —ony =>b pus @o+29+v=X 19T
* (@9 + ©Q + 1) ONIATOAN] SNOISSHNIXF — *0)

_”a?toho.fs-és,\.?+ du + 5+.to§+3%lu_ (1+d) up Y

._Ha?ré +9) i | @(u + du+ w) — (29 + D) ...aH_ sﬂs

r =apa(2q + 0) .‘. 9¢
du -+ w 4

1

%s??ae +S.;..-..ss?l§vl_t?aa+ svfts”_ (du + SX L

.Tu r-a(wq + 0) W2 | pdu + (29 + ) ...s”_




RATIONAL ALGEBRAIC FUNCTIONS. 9

xdx br4+2a b

. frm---lR
. fxdw____2a+bw_b(2n—1)fﬂ.
9 X ntl Ian" ngq X8
b—2ac dx
es.f de _————1 bq =
Y 5 og X + X
2 gy P20k ab
® _d =
. fwmdw=— gm—1 _n—m+1 b af"liﬁ‘
' X+l @2n—m+1)cX" 2n—m+1 ¢ XAl

e m—1 .a_wa""zda:_
2n—m-4+1 ¢ X!
~dx 1 g b (de
o | —==—log=
8. el 5

da b Xtk de
e o slogs -
o #X 2a @ aw+(2a2 )

dis e 1 _n4+m—1 b dx

- X" (m—1)a" X" m—1 aJ gm1XH

= 2nm=—1 ¢ dx

m—1 aJ gixe

D. — RaTioNAL FRACTIONS.

Every proper fraction can be represented by the general
form : ;
S (@) _% " goar? gy B oo g,
F@) o ko ka4 +k,

a, b, ¢, ete., are the roots of the equation #(x)=0, so

that R
F(r)y=(@—a)? (@—D0b) (x —c)




10 RATIONAL ALGEBRAIC FUNCTIONS.

then Jloy. - A ? A, A, ¥ 4,

F(a;)_(a;—a)’”+(a:—a)”*‘+(w—a)l’*2+" x—a
B, B, B, B
ORI CED R T T
G C; Cs C,
+(w-—c)"+(w—c)’*1+(a:—c)"2+ +w—c

Where the numerators of the separate fractions may be
determined by the equations

A = M B M, etc ete.

e TR U RS R R b
pfee—a) _f(@) (z—0b)?
¢ (2) = 7 @) ¢y (@) = @y ete., ete.
If a, b, ¢, etc., are single roots, then p=g=r=--=1,
and Flay e B ¥ c

F(m)_m—a+w—b o

AL g )
T O
The simpler fractions, into which the original fraction is
thus divided, may be integrated by means of the following
formulas :

where

71 hdx =fhd(mm o h ‘
* J (ma+n)t m (max4n)t m (1 —1)(me+n)="
hdax h
2. fmx e log (ma + n).

If any of the roots of the equation f(#) =0 are imaginary,
the parts of the integral which arise from conjugate roots
can be combined together and the integral brought into a
real form. The following formula, in which i=+=1, is
often useful in combining logarithms of conjugate complex
‘quantities :

78. log (x + yi)=}log (2 +y°) £ itan™!

SI‘Q




IRRATIONAL ALGEBRAIC FUNCTIONS. 11

I1I. IRRATIONAL ALGEBRAIC FUNCTIONS.

A.— ExXPRESSIONS INVOLVING Va + ba.

The substitution of a new variable of integration,

i va + bx, gives

S S 2
74. f\/a + bx de = 37 vV (a + bx)®,

15, f“ ,———a+bmdw=_2(2a—3bw)y(a+bm)3.

150*

6. fovVatisdn=20C=1200 LT LEaRICED

i f a{-bm w—2\/a+ba,+af-—la—"—

%~/ + bz
ol i da ':2\/(ly+bx »
Va + ba b
e Rt Q(Q“Zb”)\/a_bi
a + bx 3b
2 4 2,9
80. 2 dw 2(8a 4ab930+3ba’)\/a+bw
Vatbw 150 5
81. f——ggf:=——l:10g<\—/ﬁbx—_—ig>, for a > 0.
/g Fbx ~a Na + b + Va
'sz.f (LAl L ""+ %2, for a <o.
Zrla+ox NV —a
83 Va+br b dz

I‘-”02\/ot+boc“_ o 2a w\/a+bw.

&
3

batadielid LRRUD X 2l (il

et DURERREL ) o0~



12 IRRATIONAL ALGEBRAIC FUNCTIONS.

2+n

84. f(_a+bw) Y= fyw _2@+b) 7

[ICED
“(a+ (atbo)
. bigd a+a)2 aa+w2.
8 f””(““" )y = b dtn 2tn
86 ™ da =2w’”\/a—m_ 2ma am1dz
Na+oz @m+4+1)b  (2m+1)bJ /g + bz
87 f de - Nedbe o (2n=38)0 da
> w"\/—a_{_bm (n—1)aa"?! (2n—2)ad 2ot bw

n—2

89, f dx 1 f Flls dx

w(a+bw)2 w(a+bx) (a+bm)2

B. — Expressions* INvoLviNg Va? £ a® AND Va? —a?.

90. f\/wﬁzt a’de =4 [eVa'E a® + a’log (¢ + Va'E a¥) ].

91. f\/az—— 2’ de = «;-(x\/a"’— 22t a? sin‘%’)-

dx o
92, | ——=log (¢ + V&% ).
Va? + a?
da i ®
93. =gin1=. =
.\/a2 — . ]
94, f—dm—- &1 oos 2%,
IfF—a B, B

95. f__dm = _llog<——~—a+ aziws’.
Zr/a? £ o? a @

96. f___,a‘*’:tw? de = '\/a2 + a2 —a log.‘L—_ ‘az:t:f.
@x @x

*These equations are all special cases of more general equations given in the next section




IRRATIONAI ALGEBRAIC FUNCTIONS. 13

97 f__"”’w—“’dh =

a
—a*—= acos™i—
x

zdx
98. = :];‘\/a,ii a2,
\/q,2 t o

99. (29 _VF—a.

=

S
]
S
‘xﬂi@"ﬂ‘ ".”"""i‘ﬁ R

w.wam?iazdx=,}m.
i01. [eVa@ = do= — 3V (a"— )3,

Lot GE UL

102. f VE L d)ide
o ot :
= %L_m V(@ £ a*)*+ 3—(;—“:\/61/“)1: o+ :§—2a—log(m (K \/.T/zzi:(t.i)],

103. f N (@ =) dw

f dx oo + %
V@t d)? CVFEa

104.

da s x
los’fvm"a’m |
| e |
oe'f\/(w?iw)s—x/xz:ta' : i
oap s
lm.f\f(az —w“’)"'— Va? —
108, [oN @ E @) do= V@ E D

3
109.fm\/(7_—w=*)§dx= — N @ =2 3




14 IRRATIONAL ALGEBRAIC FUNCTIONS.
110, [@VeTE wds
R L N 2 e AN
i g\/(aﬁ )P F %(w\/wz:t @ + a?log (z 4+ VP £ a2)>.

111.fw2\/a2—w2da:
=——\/(a —a?)% 4 <w\/a’ a:2+a”sm"w)

112, f\/m?da, %c\/m T fglog (# + VaiE ).

i
113. ﬂ:—@\/az—wz-l-‘fsin“a—’-
N 2 2 &%
da NE o
114.f L L
2Vl a? @’
JE—2

115. f %
.'702\/(12_ xQ a2w

B e e
116.f‘/w2i“2d”=_*/”2i“ +log (@ + Vo' E a).
o : z

117.fW_—_@fdx=_M_sm T
a? @ a

2 3 L=y E e et
118.f 2de L = | log(a+ VFEG
V(@ Eah)s Nt 2 e
119 f ARG
.\/(az__w2)3 \/az_mz ; a

C.— Expressions Invorving Va F 0z + cas

Let X=a+bx+c2?, ¢g=4ac—10% and k_%- In order

to rationalize the function f(@, Va+ bz +ca?) we may put
Na+ bz + ca? = V+eVA+ B + o, according as ¢ is positive
or negative, and then substitute for # a new variable z, such
that



é
b
]
i

IRRATIONAL ALGEBRAIC FUNCT“S. 15,

2=\/A+Br+ 2 —uw, if ¢>0.

VA+Be—@=VA if ¢ 20 and- % >0.
. -0

-]

B , where a and S are the roots of the equation
a— :

A+Br—a*=90, if c<0 and —a'—<0.
—c

By rationalization, or by the aid of reduction formulas, may
be obtained the values of the following integrals :

da 1 > S b .
120. -—-=——-log<\/X+w‘\/c+——:\, ite>0.
Ve 2+¢/

VX

121, (9 _ 1 sin"‘(_2cw—b>,ifc<0-
X oAl b — 4ac

122, de 2 (2cx+b),

XVX VX
123. dx 2(20a:+b)< 5 2k)
XWX Bevx \X

daw ___2(2090—1—1))\/? 2k(n—1) i
XX (@n—-1)g¢X*" 2n—1 X1/ X

124,

195. | VR de o 22 ONE dx_
J\/Xd dc +2k VX

126,fXx/Xd (M<X+2k> Ssz\/X

127.fX2\/—}—1dw=(2cx-1|—2b0)\/X( + +_'_ da

ik 879’) 165 VX
Qe +0)X"VX , 2241 (X"dx,
d(n+1)c 2(n+1DkJ X

129 wde _ X ' dx

A X 9 VX

128.fX"\/Xd —

s HOAER L e At ) CHLOSR R

-
4

i T

]
4
4




16 : IRRATIONAL ALGEBRAIC FUNCTIONS.

130.f wde _ _ 2(bx+2a)

XA/ X gVX
wde VX e %
lsl'an»\/X_ (2n_1)an 2¢ X”'\/X
2’ dax z 3b 3b? —4ac dx
S
2
138. a:zdzc_= (20 —4ac)_w+2ab+ dw
XVX g NX J%

134 f a’dw _ (20— 4ac)w +2ab+4ac+(2n—3)b" de
"J XX (Qn_l)ch,H\/X, @n—1)eq J XX
135. ——

5%°_2a\ . x (3ab_ 50\ (da
N 3c 12¢" 8¢5 3¢ <4c= 166)J VX
136.fa:x/fdw=X\/X'_if\/ydw_
dc 2¢ .
e
137. f mX«/de:X{)“C/X —éb‘c f < Xda.

188, (2200 X'VX b (X'de
J X @n+bDe %)X

2
139.fach/?{dw= o O X\/X+5b —4a¢ /¥ i
6c/) 4c 162

mdw 5bx  Hb2 2a>

@ X de_ 2X"VX  (2n438)b (aX ds
VX 2(n+1)c 4(n+1)c NX
= a X"dx
2(n+1)cd X

The , 850 2a\XVX
. [ Xdu= oot e mibad
141 f 2 " ( 8c _!-4802 30) 5e

+(?;—‘Zf—m>f\/—dz

140.




