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Preface

The Symposium on Logical Foundations of Computer Science series provides a
forum for the fast-growing body of work in the logical foundations of computer
science, e.g., those areas of fundamental theoretical logic related to computer
science. The LFCS series began with “Logic at Botik,” Pereslavl-Zalessky, 1989,
which was co-organized by Albert R. Meyer (MIT) and Michael Taitslin (Tver).
After that, organization passed to Anil Nerode.

Currently, LFCS is governed by a Steering Committee consisting of Anil
Nerode, Cornell (General Chair); Stephen Cook, Toronto; Dirk van Dalen, Utrecht;
Yuri Matiyasevich, St. Petersburg; John McCarthy, Stanford; J. Alan Robinson,
Syracuse; Gerald Sacks, Harvard; and Dana Scott, Carnegie-Mellon.

The 2007 Symposium on Logical Foundations of Computer Science took place
in New York, USA at the Graduate Center of the City University of New York
during June 4 - 7. This volume contains the extended abstracts of talks selected
by the Program Committee for presentation at LFCS 2007.

The scope of the symposium is broad and contains constructive mathematics
and type theory; logical foundations of programming; logical aspects of compu-
tational complexity; logic programming and constraints; automated deduction
and interactive theorem proving; logical methods in protocol and program veri-
fication; logical methods in program specification and extraction; domain theory
logics; logical foundations of database theory; equational logic and term rewrit-
ing; lambda and combinatory calculi; categorical logic and topological semantics;
linear logic; epistemic and temporal logics; intelligent and multiple agent system
logics; logics of proof and justification; nonmonotonic reasoning; logic in game
theory and social software; logic of hybrid systems; distributed system logics;
system design logics; other logics in computer science.

We thank the authors and reviewers for their contributions. We acknowledge
the support of the Graduate Center of the City University of New York, the Mid-
Atlantic Mathematical Logic Seminar, the New York Logic Colloquium, and the
CUNY Computer Science Colloquium.

We are grateful to Evan Goris, Bryan Renne, and Roman Kuznets for prepar-
ing this volume for Springer.

March 2007 Anil Nerode
Sergei Artemov
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Justified and Common Knowledge:
Limited Conservativity

Evangelia Antonakos

CUNY Graduate Center
Ph.D. Program in Mathematics
365 Fifth Avenue
New York, NY 10016, USA
Eva@Antonakos.net

Abstract. We consider the relative strengths of three formal approaches
to public knowledge: “any fool” knowledge by McCarthy (1970), Com-
mon Knowledge by Halpern and Moses (1990), and Justified Knowledge
by Artemov (2004). Specifically, we show that epistemic systems with
the Common Knowledge modality C' are conservative with respect to
Justified Knowledge systems on formulas x A Cp — 1, where X, ¢, and
1 are C-free.

Keywords: justified knowledge, common knowledge, Artemov,
conservative.

1 Multi-agent Logics

The logics T,, S4,, and S5,, are logics in which each of the finitely many (n)
agents has a knowledge operator K; which is T, or S4, or S5 respectively. We
only consider cases where all agents’ modalities are of the same logical strength.

Definition 1. The formal systems for T,, S4,, and S5, are as follows:
Propositional Logic plus for K;, i =1,2,...,n we have
Axioms for 54,:

K: Ki(p — ) = (Kip — Ki) each agent can do modus ponens
T: Kip— o agents can know only true propositions
4: K,p— K;K;p agents have positive introspection
Rules:

Necessitation: - ¢ = F K;p, fori=1,2,...,n

For T, omit the final axiom.

For S5,,, add negative introspection: ~K;p — K;=K;p.

Definition 2. Kripke models for S4,: M = (W, R1, Ry,..., Ry, IF) where

e W is a non-empty set of worlds
e R, CW x W is agent i’s accessability relation. R; is reflexive and transitive.

S. Artemov and A. Nerode (Eds.): LFCS 2007, LNCS 4514, pp. 1-11, 2007.
@© Springer-Verlag Berlin Heidelberg 2007



2 E. Antonakos

o IF C W x Var where Var is the set of propositional variables. The forcing
relation |- is naturally extended to all formulas so that R; corresponds to K;:

M,ul- Kip & (Yv € M)[uRv — M,v Ik ¢] .

For T,-models, each R; is reflexive while for S5,-models, each R; is an equiva-
lence relation.

Theorem 1. T,, S4,, and S5, are sound and complete with respect to their
models (cf. [10]).

Multi-agent systems are enhanced by the addition of modalities which take into
account shared or public knowledge of agents. Three such modalities C, J, and
O will be discussed, all of which model variations of public information. We will
compare their logical strengths, semantics, and complexity and will see why Jus-
tified Knowledge (J) systems are sufficient to solve classical epistemic scenarios,
a role usually designated for Common Knowledge (C).

2 Common Knowledge

The most recognized concept of public knowledge is common knowledge, and
the literature addressing it, both philosophical and mathematical, is vast. The
initial investigation was philosophical: Lewis’s book [15] on convention. The in-
tuition behind the informal definition of common knowledge below derives from
Aumann’s oft-cited [5], where it was used in the context of agents having com-
mon priors. McCarthy’s ‘any fool’ operator of 1970 ([10], p. 13) is closely related
to common knowledge and his systems in [16] (see section 4 of this paper) may
be the first to address it axiomatically . Rigorous work on common knowledge
in the context of multi-agent systems was done by Halpern and Moses in [13]
(an expansion of a 1984 work of the same title) and Lehmann [14]. Much of the
work by Halpern and Moses appears in [10]. Common knowledge continues to
be actively investigated.

Informally, the epistemic operator Cp, to be read ‘¢ is common knowledge,’
can be given as infinite conjunction:

Co— oANEpNEEp NEEEpANE*oN---NE"oA--- (1)

where Ep = K1pAKapA---ANKpp (‘everyone knows ¢’) and K; is an individual
agent’s knowledge operator corresponding to T, S4 or S5 as appropriate. One
formal characterization which [10] and [7] take is via the Fixed Point Axiom

Co— E(pACop) (2)
and the Induction Rule
= E(pAy) (3)
p—Cy

yielding Common Knowledge to be the greatest fixed point solution to X «
E(p A X) [10]. Common Knowledge does not take into account the means by
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which the knowledge is acquired. As we will see, this is in contrast to Justified
Knowledge. The distinction between the infinite conjunction, the fixed point
axiom, and how common knowledge is achieved is addressed in [6]. [12] too,
provides a survey with examples but does not include a distinct formalism.
There is also an equivalent axiomatic formulation of common knowledge which
replaces the induction rule with the induction axiom in [17], which, for technical
convenience, we will use.

Definition 3. TS, S4S, and S5 aziom systems:

Propositional Logic plus

Axioms:

T, S4, or S5 azioms for K;, i = 1,2,...,n, respectively;
K: Clp —¢) = (Cp — CY) ;

T:Cp—op;

Cyp — E(Cyp), where Eop = K1ip AKop A ... N Kpp ;
Induction Aziom: p ANC(p — Ep) — Cyp .

Rules:

Necessitation: - o = F K;p , fori=1,2,...,n
Necessitation: - = F Cyp .

Definition 4. Models for TS, 54, and S5$: M = (W, Ry, Ra, . .., Rn, R, IF)

where
oM = (W,R1,Ra,...,Rp,lF) is a Ty, S4y, or S5, model, respectively
n
e Rc = (U Ri)*, that is the transitive closure of all the agents’ relations

=1
e The forcing relation |- is extended to all formulas so Rc corresponds to C':
M,ulF Cp & (Vv € M)[uRcv — M,vlF¢] .

Theorem 2. T¢, S4S, and SSS are sound and complete with respect to their
models (cf. [10], p. TOff, [17], p. 47ff).

The agents’ logic plays a role in determining the strength of the common knowl-
edge operator C. In the systems defined above, C is always at least as strong as
K;. Showing that in TS, 545, and SS,CL' , C satisfies the T, S4, and S5 axioms,
respectively, is given as an exercise in [10], p. 93.

3 Justified Knowledge

Justified Knowledge was introduced by Artemov in [3,4] as the forgetful projec-
tion of the evidence-based knowledge represented by an appropriate adaptation
of LP (Logic of Proofs). In LP systems (T,LP, S4,LP, S5,LP), each formula /
subformula carries with it a proof term representing a particular proof of the
formula / subformula from the axioms. Justified knowledge systems are ones in
which all proofs are identified as one. Whereas Cy asserts that ¢ is common
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knowledge, J asserts that ¢ is common knowledge arising from a proof of ¢
or some other agreed-upon acceptable set of evidences. Though the proof of ¢
is not explicitly presented with the assertion Jy, it is reproducible. This is the
important Realization Theorem which provides an algorithm to reconstruct LP
proof terms. For more details on this, the reader should consult [4].

As with the common knowledge logics, the construction of the justified knowl-
edge logics T, 541, and SSi builds on the multi-agent logics. In C systems the
agents’ logic determines the strength of C' while in J systems the strength of J is
chosen independently to be weaker, stronger, or the same as that of the agents’.
In the aforementioned logics, the modality J will be assumed to be S4 unless
otherwise specified.

Definition 5. T, S47, and S57 aziom systems:
Propositional Logic plus

Axioms:
T, S4, or S5 azioms for K;, 1 =1,2,...,n;

S4 axioms for J ;
Connection Principle: Jo — K;p .

Rules:

Necessitation for all K;: - ¢ = F K;p ;
Necessitation for J: - o = F Jp .

Definition 6. Models for T, S4;, and S5.: M = (W, Ry, Ry,..., Ry, Ry, IF)

where

e M =(W,R1,Rq,...,Ry,IF) is a T, S4,, or S5,, model, respectively

* Ry € W x W is reflevive and transitive relation such that Ry 2 (|J R;)*
=1

(where * is transitive closure)

e The forcing relation I is extended to all formulas so R corresponds to J:

M,ulkJp & (Vv € M)[uR;v — M,v Ik o] .

Theorem 3. T, S47  and S5 are sound and complete with respect to their
models, as shown in [4].

n
Recall that in common knowledge models, Rc = (|J R;)* and so Rc C Rj.

i=1
Thus in a context where we can compare the two, i.e. a hybrid model with both
Rc and Ry, it seems (if ¢ contains no Js) Jy = Cy but not vice versa. More
formally, we have the following proposition.

Definition 7. Let ¢* be ¢ with each instance of a J replaced by a C.

Proposition 1. (S47)* C 545 but (S47)* +# S4S |
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Proof. It needs to be shown that the *-translation of each each rule and axiom
of 547 is provable in S45 . Artemov shows this in [4] using the equivalent axiom-
atization of $4¢ from [10]. It is only the Induction Axiom of $4C which is not
provable in (S4i)*, yielding the strict inclusion. O

The case in which the J of S5/ is an S5 modality, that is SSi(SS), is considered in
[18] (where she names it $5,55). An 5575 _model is like an S5; model except
that Ry will now be an equivalence relation.

Corollary 1. Let |.A. be the induction axiom. Then

S4¢ = (S4l)* + 1A,
TS =TI +1A.,
S5C = (S57(5))* 1 LA,

Proof. The strict inclusion of the J systems follows from Proposition 1 and
noticing that C satisfies the 4 axiom in TS and the 5 axiom in SSS. When the
induction axiom is added, the equivalence is clear. O

Indeed, from Corollary 1, in any of the justified knowledge systems mentioned,
Jo = Co*.

The evidence-based common knowledge semantics for J systems are further
enriched by Artemov’s Realization Theorem mentioned at the start of the sec-
tion. This gives a constructive approach to recovering or realizing the full proof
terms of the evidence-based knowledge systems.

Theorem 4 (Realization Theorem). There is an algorithm that, given an
S4i-derivation of a formula @, retrieves an S4,LP-formula v, a realization of
@, such that o is 9°, where ° replaces all proof terms with J, and S4,LP proves
.

This theorem and a realization theorem for S5; (where J is an S4-modality) is
established in [4] while a realization theorem for $57(5%) is given in [18].
Other major advantages to justified knowledge are

e proofs in S47 are normalizable ([4]), but those in 54S are not
e S4] is PSPACE-complete [9], whereas for n > 2, 54 is EXPTIME-
complete [10].

These features have been exploited by Bryukhov in [8] to develop an auto-
mated theorem prover for S4,{. Justified Knowledge offers simpler, more con-
structive, and more automation-friendly approach to common knowledge.

4 Any Fool’s Knowledge

McCarthy’s model of common knowledge via “any fool knows” apparently goes
back to roughly 1970 ([10], p. 13), though its first published appearance is in [16].
In this epistemic multi-agent system, the modality for each agent is denoted by S,
with an additional virtual agent, “any fool” denoted by O. In [16] p. 2, whatever



