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Preface

Objectives and Audience

In the past two decades, we have witnessed the revolutionary period in the
trading of financial derivative securities in financial markets and the phe-
nomenal surge in research activities in derivative pricing theory. Leading
edge banking and financial firms around the globe are hiring science experts
who can use advance analytical and numerical techniques to price financial
derivatives and manage portfolio risks, a phenomenon coined as “Rocket Sci-
ences on Wall Street”. Such developments have spurred the growth of new
degree programs in mathematical and computational finance in both North
America, Europe and the Far East. This book is thus written to meet the
demands of these students.

In this book, the derivative products are modelled as partial differential
equation models from the perspectives of an applied mathematician. Ana-
lytical solutions to these derivative pricing models are sought, together with
solution by numerical techniques when appropriate. This book includes quite
a comprehensive coverage of derivative products commonly traded in finan-
cial markets, and the latest development of option pricing methodologies and
algorithms. Fundamental concepts in financial economics which are neces-
sary to the understanding of the derivative pricing theory are included, but
possibly in a less formal style compared to other similar books on mathemat-
ical finance. Advanced concepts in probability theory which are essential for
more in-depth understanding of derivative pricing theory, like the martingale
theory and stochastic differential calculus, are briefly introduced in the book.
The level of mathematics in this book is tailored to readers with preparation
at the advanced undergraduate level of science and engineering majors. Other
audience of this book include practitioners in financial engineering who seek
the latest development in option pricing techniques, and scientists and math-
ematicians who would like to start exploring into the theory of derivative
pricing.

The readers are assumed to have some basic knowledge of linear partial
differential equations, probability and statistics, and numerical methods. No
prior knowledge in finance theory and options is assumed.
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Guide to the Chapters

This book contains seven chapters, each divided into a number of sections.
Every chapter is ended with a set of well thought-out exercises. On one hand,
the exercises provide the stimulation for refreshing concepts and knowledge
acquired from the text; and on the other hand, they help lead the readers to
results and concepts found scattered in recent journal articles in the field of
derivative pricing.

The first chapter introduces general characteristics of financial derivatives.
Fundamental concepts in financial option theory, like arbitrage, hedging, self-
financing strategy, are discussed and definitions of these terms are presented.
It is then followed by the discussion of the assumptions of asset price dynam-
ics and the mathematical formulation of stochastic processes, in particular,
the Geometric Brownian process. The Ito lemma, a basic tool used for the
evaluation of stochastic differentials, is derived. The riskless hedging principle
and risk neutrality are the cornerstones of the Black-Scholes-Merton pricing
theory. The precise meaning and implication of these concepts are examined
in the last section. The chapter is ended with the derivation of the renowned
Black-Scholes equation.

In Chapter 2, the Black-Scholes equation is solved for different European-
style derivative securities, which are distinguished by their contractual spec-
ifications. Under certain idealized assumptions, closed form solutions for the
Black-Scholes equation can be found. The greeks of these Black-Scholes for-
mulas are derived and their financial interpretations are discussed. The ex-
tension of the Black-Scholes model, incorporating the effects of discrete divi-
dends, transaction costs, time-dependent interest rate and volatility are con-
sidered. Some of the issues of pricing biases of the Black-Scholes model are
addressed. The last section deals with the discussion of pricing models for
options on futures contracts.

The pricing of options that are multivariate in nature are considered in
Chapter 3. Examples of such multi-state options include the index options,
basket options, cross currency options, exchange options and options on the
extremum of several risky assets. The general Black-Scholes equation for op-
tions with multiple underlying assets is developed. Analytic formulas for a
variety of multi-state options are derived.

Chapter 4 is concerned with the pricing of the American-style options.
The characterizations of the optimal exercise boundary associated with the
American option models are presented. Special attentions are paid to examine
the behaviors of the exercise boundary right before and after a discrete div-
idend payment, and immediately prior to expiry. The optimality conditions
for the determination of the early exercise boundary are discussed. The early
exercise premium is shown to be expressible in terms of the exercise bound-
ary in the form of an integral. Several analytical approximation methods are
discussed for the valuation of American options.
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Examples of option models which lend themselves to closed form solutions
are limited; and frequently, option valuation must be resorted to numerical
procedures. The common numerical methods employed in option valuation
are the binomial schemes, finite difference algorithm and Monte Carlo sim-
ulation. These numerical methods are discussed in Chapter 5. The primary
essence of the binomial models is the simulation of the continuous asset price
movement by a discrete random walk model. The finite difference approach
seeks the discretization of the differential operators in the Black-Scholes equa-
tion. The Monte Carlo method simulates the random movement of the asset
prices. It provides a probabilistic solution to the option pricing problems. An
account of option pricing algorithms using these approaches is presented.

Path dependent options are option contracts where their payouts are re-
lated to movements in the price of underlying asset during the life of the
option. The common examples are the barrier options, Asian options and
lookback options. Chapter 6 presents the mathematical approaches for their
valuation, including analytic approximation techniques and numerical proce-
dures when analytic formulas do not exist.

Chapter 7 deals with the pricing of bonds and interest rate derivatives.
Various classes of interest rate models are introduced, starting with the
Vasicek mean reversion model, Cox-Ingersoll-Ross model, and extending to
other multi-factor models. The discussion is extended to no-arbitrage models
where the initial term structures are taken as inputs into the models. Pricing
models of swaps, caps, floors, commodity-linked bonds and convertible bonds
are also considered.

Acknowledgements

I would like to thank Lixin Wu and Hong Yu for many hours of discussions
about different aspects of the topics covered in the book. Also, I thank the
students who read the draft version of the book as lecture notes. Their com-
ments on the style and content further improve the book. Finally, my sincere
thanks go to Ms Odissa Wong who has helped me in the typesetting of the
manuscript, and entertained seemingly endless corrections.



Contents

Chapter 1 General Characteristics of Financial Derivative Models

1.1 Financial options and their trading strategies ........... 2
1.1.1 Trading strategies involving options ..................... 5
1.2 Rational boundaries for option values ................... 11
1.2.1 Effects of dividend payments ................. .. ... ..., 17
1.2.2 Put-call parity relations i :ipveessvcnnsvomers s smssdass 19
1.2.3 Foreign currency Options . . c:es:iisestaissinessssssssss 20
1.3 Asset price dynamics and stochastic processes .......... 22
1.3.1 Normal and lognormal distributions ..................... 22
1.3.2 Random walk model and Brownian motion ............... 24
1.3.3 Geometric Brownian motion ............... ... 000 28
1.3.4 Stochastic calculus and Ito’s lemma ..................... 28
1.4 Black-Scholes formulation of option pricing ............. 32
1.4.1 Riskless hedging principle ...........ccccoiiviiiiiiinn. 33
1.4.2 Risk neutrality argument ..:..civuinenaiyasvsssivnenssns 35
1.4.3 Self-financing dynamic trading strategy .................. 39
D5 =) o 03 =L = J e 42

Chapter 2 Pricing Models for One-asset European Options

2.1 Black-Scholes pricing formulas and their properties ..... 50
2.1.1 Black-Scholes formulas for European options ............. 51
2.1.2 Transition density function ................. ... ... ..... 55
2.1.3 Comparative statics ...........ovviiiiiininiinnennnn 56
2.1.4 Calculation of implied vlatility .............. ..cooiis 62

2.1.5 Pricing biases of the Black-Scholes model ................ 64



X Contents

2.2 Extended option pricing models ........................ 68
2.2.1 Options on dividend-paying assets ...................... 68
2.2.2 Effects of transaction costs ........... ... .. .. 73
2.2.3 Compound options ..............c.ciiiiiiiiiiiii. 77
2.2.4 Chooser Options .. ... .viiter ittt et 81

2.3'OpLions on TULUTES vt swmswsmmemsmws s ewms s o m s wes o s s 82
2.3.1 Relation between forward and futures prices ............. 83
2.3.2 Values and prices of forward contracts/futures ............ 85
2.3.3 Governing equation and valuation formulas for futures

OPLIONS & s vmam i v i mv v s m s 5 o s d a5 o8 o8 8 A GTE W 8 e o a e b 88

EXercCiSes ..ottt e e e 90

Chapter 3 Pricing Models for Multi-asset European Options

3.1 Generalized multi-state Black-Scholes pricing models ... 97

3.2 Foreign currency option models ......................... 104
3.2.1 Takeover-contingent foreign exchange call options ......... 104
3.2.2 Foreign currency options with stochastic bond rates ....... 108
3.2.3 Cross-currency Options .. .......eeeveerenunnenennenenn. 111
3.2.4 Exchange options . ...........cuuuiniiinniiinnnnnennnnn 113
3.2.5 Equity options with exchange rate risk exposure .......... 115

3.3 Options on the extremum of several risky assets ........ 118
3.3.1 European call options on the extremum of two risky assets . 119
3.3.2 European put options on the extremum of two risky assets . 124
3.3.3 Generalization to European options on the extremum of

several risky assets ............. i 125

EXOICISES ..ottt e 127

Chapter 4 American Options

4.1 Characterization of the optimal exercise boundaries ..... 136
4.1.1 American options on an asset paying continuous dividend

AEE = e w » ke BT o R e g T P R 137
4.1.2 High contact condition along the optimal exercise
BOUDAALY & o« 0o m s s 0 520 s o b o AR e s i 10 oo 4 138

4.1.3 Properties of the optimal exercise boundary for American
COUIS  wvis s ws sl RladiEts ohe dintd e b i ot e 1l un rnpliflima e R £ 140



Contents XI
4.1.4 Put-call symmetry relations ................ccociiiiiin, 144
4.1.5 Properties of the optimal exercise boundary for American
DILS " Frlretels Tt e et e e e folira e, o o o A AR TN O 4 SR AT 146
4.1.6 American options on an asset paying discrete dividends .... 149
4.2 Analytic formulations of the American option pricing
MIOABIS, 5 a5 vws o 5vm 55008 © 5005055505 58 0508 S50 B 48808 o 400 00 T 008 157
4.2.1 Non-homogeneous Black-Scholes equation ................ 158
4.2.2 Formulation for American put options ................... 159
4.2.3 Formulation for American call options ................... 163
4.2.4 Linear complimentarity formulation ..................... 164
4.,2.5 Optimal stopping problem . ...:ceiscssswesvinsnnsosnsse 165
4.3 Approximate valuation methods for American options .. 165
4.3.1 Method of interpolation between bounds ................. 167
4.3.2 Compound option approximation method ................ 169
4.3.3 Numerical solution of the integral equation ............... 172
4.3.4 Quadratic approximation method ....................... 174
4.3.5 Analytic method of lines ................ ... .. .. ... ... 177
Exercises ...........ciiiiiiiiiiiiiiiiiiiiiiiiiiiiiiisisene 180
Chapter 5 Numerical Schemes for Pricing Options
5.1 Principles of binomial pricing models ................... 189
5.1.1 Formulation of the replicating portfolio .................. 189
5.1.2 Binomial option pricing formula ................. ... ... 191
5.1.3 Multiplicative process ............c.coiiiiiiiiiiiniin... 192
5.1.4 Various versions of the binomial model .................. 195
5.1.5 Asymptotic limit of the binomial formula ................ 199
5.1.6 Asymptotic limit to the Black-Scholes price formula ....... 200
5.2 Extensions of the binomial pricing model ............... 203
5.2.1 Trinomial SEReMES: i ss s an sos s wnm o6 nes i o 6 b 6 516 e o0 s 61815 5 203
5.2.2 Multi-state options .c:cscssam dnisssnisitainsviiesowss 206
5.2.3 Discrete dividend models ...................ciiia.n. 208
5.2.4 American options . ... .c.ccceececonnmesnasiassosessiisis 211
5.3 Finite difference algorithms ............................. 212
5.3.1 Explicit schemes . ............oiiiiiiinninenenenen.n. 214
5.3:2 TMPLCIt: SCHEIIEE! 1« v uivais s we me 6 wsm aie 9058 5 8 6 15618 028 6 578 008 0 0 216
5.3.3 Truncation errors and order of convergence .............. 219
5.3.4 Numerical stability ...:csivissimroniasasisimoinseasssio 221



XII Contents

5.3.5 Projected successive-over-relaxation method .............. 223
5.4 Monte Carlo simulation ................................. 224
5.4.1 Variance reduction techniques ......c.c.ivivciiioncerns. 226
5.4.2 Low discrepancy SEqUENCES . ............ceveueennennnnns 229
5.4.3 Valuation of American options ......................... 230
EXerciSes ...ttt e e e 235
Chapter 6 Path Dependent Options
B.1 Barrier OPLIONS v osm is s s oo s s msmm e s 6 o a5 5 608 5 005 wid 413 5 8 246
6.1.1 European down-and-out calls ...............ccovvuivnnn. 247
6.1.2 Transition density function and first passage time ......... 251
6.1.3 Method of images ...........c.ouiiiiiiiniininnennnn.. 252
6.1.4 American down-and-out calls ...................oovvunn 255
6.1.5 European options with an external barrier ............... 257
6.1.6 Computational schemes .......... ... ... ... ... ... 261
6.1.7 Discrete monitoring of the barriers ...................... 266
8.2 Lookback OPtiOnS e e s sss omsmossome s s s s s s emsse 267
6.2.1 European floating strike lookback options ................ 268
6.2.2 Differential equation formulation ........................ 273
6.2.3 European fixed strike lookback options .................. 275
6.2.4 More exotic forms of European lookback options .......... 276
6.2.5 Russian options ............cciiiiiiiiiiiiiiiiiie 278
6.2.6 Binomial schemes ...........ciiiiiiiiiiiiiiiiiiiii 280
6.2.7 Discrete monitoring for extremum values ................ 282
6.3 Asian OPLIONS ;i s wvises s as wen esms e dss iy es 282
6.3.1 Differential equation formulation ........................ 284
6.3.2 Average strike options with continuous arithmetic
BVEXATINE s ovsbismsmas sasosesnalsmons s ennsbid s mh s 285
6.3.3 Average value options with continuous arithmetic
BYVETHBING | . v s ot o wia s opsint 5hit w0d & oo o oo gy m @R v o7 . 6 e s e 286
6.3.4 Average value options with geometric averaging .......... 288
6.3.5 Average value options with discrete arithmetic averaging .. 292
6.3.6 Numerical algorithms ............ ... ... . . it 297

D = o v 1= = = 301



Contents  XIII

Chapter 7 Bonds and Interest Rate Derivatives

7.1 Bonds and interest rate models ......................... 314
7.1.1 Bond pricing with deterministic interest rates ............ 315
7.1.2 Term structure of interest rates ......................... 315
7.1.3 One-factor bond pricing models ........................ 319
7.1.4 Vasicek mean reversion model ................ccovuun... 322
7.1.5 Cox-Ingersoll-Ross model ........................ ... ... 324
7.1.6 Generalized one-factor interest rate models ............... 325
7.1.7 Multi-factor interest rate models ........................ 326

7.2 No arbitrage interest rate models ....................... 331
7.2.1 Alternative characterizations of a yield curve model ....... 332
7.2.2 Short rate models that fitted to the initial term structure

OF INCETEET TALES o vivruin s b one o wiswnd i w16 o 6 105 6 608 6 800008 508 90 6 ek 1 335
7.2.3 Heath-Jarrow-Morton model ........................... 338

7.3 Bond options and other interest rate derivatives ........ 339

7.3.1 Extensions of the Black-Scholes framework ............... 339

7.3.2 Bond option models based on the evolution of bond prices . 340
7.3.3 Bond option models based on one-factor short rate models . 342

7.3.4Convertible bonds ......... ... . e 345
7.3.5 Commodity-linked bonds .............................. 349
7.3.6 Swaps, swaptions and interest rate caps ................. 351
EEXCTCIBOE. o v siswsmuim s s vissoliansssssssesssssssssionssmonssmnosme 353
References ............couuiiiiiiiiiin et 365
Author Index .........o it e 375



CHAPTER 1
General Characteristics of Financial
Derivative Models

Mk B4

In the past two decades, we have witnessed the revg?utionary period in the
trading of financial derivative securities or contingent claims in financial
markets around the world. A derivative security may be defined as a security
whose value depends on the values of other more basic underlying variables,
which may be the prices of traded securities, prices of commodities or stock
indices. The two most common derivative securities are futures and options.
A forward contract (called a futures contract if traded on exchanges) is an
agreement between two parties to buy or sell an asset at a certain time in
the future for a predetermined price while an option gives the holder the
right (but not the obligation) to buy or sell an asset by,a certain date for
a predetermined price. There has been a great prohferatloﬂf'fin the number
and variety of derivative securities and new derivative products are being
invented continuously. The construction of the theoretical framework for the
pricing of new derivative securities has been one of the major challenges in the
field of mathematical finance. The theoretical studies of financial derivative
securities and their risk management have been commonly known as Rocket
Science on Wall Street.

In this book, we concentrate on the study of pricing models for financial
options. Option trading forms an 1nte? %ed part in portfolio management
in financial firms. Indeed, many financial strategies and decisions can be
analyzed from the perspective of options. We explore the characteristics of
various types of options and discuss the theoretical framework within which
the fair prices of options can be determined.

In Sec. 1.1, we introduce some basic types of options traded in finan-
cial markets and present deﬁ jlo s of terms commonly used in the financial
option theory, such as self-fin c g strategy, arbitrage, hedging, etc. Also,
we discuss various trading strategies associated with the use of options and
their combinations. In Sec. 1.2, we deduce rational boundaries on option val-
ues without any assumptions on the §t_oghgac behavior of the prices of the
underlying assets. The effects of the early exercise feature and dividend pay-
ments on option values are also dlscusse It is then followed by the discussion
of the assumptions of asset price dynamlcs and mathematical formulation of
stochastic processes, in particular, the Geometric Brownian process. The Ito
lemma, the basic tool used for the evaluation of stochastic differentials, is
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derived. A brief discussion on martingale, a type of stochastic process used
to describe “fair” games, is also included. In the last section, we introduce
the concepts of riskless hedging and risk neutrality, and present the deriva-
tion of the renowned Black-Scholes equation in option pricing theory. One
can argue that the fair or arbitrage option price can be interpreted as the
discounted expectation of its terminal payoff under an adjusted probability
distribution. The adjusted probability distribution is precisely the distribu-
tion under which the asset price follows a martingale. Finally, we end the
chapter by showing that the position of an option can be replicated by a
self-financing dynamic trading strategy with assets and bonds only. The fair
price of an option is simply the value of its replicating portfolio.

1.1 Financial options and their trading strategies

The initial discussion of option pricing theory focuses on revealing the defini-
tion and meaning of different terms in option trading. Options are classified
either as a call option or a put option. A call (or put) option is a contract
which gives the holder the right to buy (or sell) a prescribed asset, known as
the underlying asset@a certain date (expiration date) for a predetermined
price (commonly called the exercise price or the strike price). Since the holder
is given the right, but not the obligation, to buy or sell the asset, he will make
the decision depending on whether the deal is favorable to him or not. The
option is said to be ezercised when the holder chooses to buy or sell the asset.
If the option can only be exercised 6_n the expiration date, then the option is
called a European option, while if the exercise is allowed at any time prior to
the expiration date, then it is called an American option (these terms have
nothing to do with their continental origins). The simple call and put options
with no special features are commonly called plain vanilla options. Also, we
have options coined with names like Asian option, lookback option, barrier
option etc. Their precise definitions will be given in subsequent chapters.

The other party to the holder of the option in the contract is called the
writer of the option. The holder and the writer are said to be in the long
and short positions of the option contract, respectively. Unlike the holder,
the writer does have an obligation with regard to the option contract, say,
the writer must sell the asset if the holder chooses in his favor to buy the
asset. This is a zero-sum game. The holder gains from the loss of the writer
or vice versa.

Terminal payoffs

Consider a European call option with strike price X and let S denote the
price of the underlying asset on the date of expiration T'. If S; > X, then the
holder of the call option will choose to exercise since he can buy the asset,
which is worth Sz dollars, at the cost of X dollars. The gain to the holder
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from the ¢all option is then S; — X. However, if S < X, then the holder
will forfeit‘% he right to exercise the option since he can buy the asset in the
market at a cost less than or equal to the predetermined strike price X. The
terminal payoff from the long position (holder’s position) in a European call
is then

max(St — X,0).

Similarly, the terminal payoff from the long position in a European put can
be shown to be
max(X — St,0),

since the put will be exercised only if S < X, under which the asset is
sold at a higher price of X instead of Sr. In both call and put options, the
terminal payoffs are non-negative. These pro i

options whereby they are exercised only if this results in positive pa;

—
Option premium 1§ P/“[, “"'}E'ﬂ

Since the writer of an option has the potential liabilities in the future, he
must be compensated by an up-front premium payment of the option by
the holder when they both enter into the option contract. An alternative
viewpoint is that since the holder is guaranteed to receive a non-negative
terminal payoff, he must pay a premium in order to enter into the game of
the option. The natural question is: What should be the fair option premium
(usually called option price or option value) so that the game is fair to both
parties of writer and holder? Another but deeper question: What should be
the optimal strategy to exercise prior the expiration date for an American
option?

Throughout the remainder of this book, we shall discuss the construction
of option pricing models for different types of financial options. At least, the
option price is easily seen to depend on the strike price, the time to expiry
and the current asset price. The less obvious factors for the pricing models
are the prevailing interest rate and the degree of randomness of the asset
price, commonly called the volatility.

Self-financing strategy

Suppose an investor holds a portfolio of securities, such as a combination of
options, stocks and bonds. As time passes, the value of the portfolio changes
since the prices of the securities change. Besides, the trading strategy of the
investor affects the portfolio value, for example, by changing the proportions
of the securities in the portfolio and adding or withdrawing funds from the
portfolio. An investment strategy is said to be self-financing if no extra funds
are added or withdrawn from the initial investment. The cost of acquiring
more units of one security in the portfolio is completely financed by the sale
of some units of another security within the same portfolio.
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No-arbitrage principle

One of the fundamental concepts in the theory of option pricing is the absence
of arbitrage opportunities, which is called the no-arbitrage principle. As an
illustrative example of an arbitrage opportunity, suppose the prices of a given
stock in Exchanges A and B are listed at $99 and $101, respectively. Assuming
there is no transaction cost, one can lock in a riskless profit of $2 per share by
buying at $99 in Exchange A and selling at $101 in Exchange B. The trader
who engages in such transactions is called an arbitrageur. If the financial
market functions properly, such an arbitrage opportunity cannot occur since
the traders are well alert and they immediately respond to compete away
such an opportunity. However, when there is transaction cost, which is a
common form of market friction, the small difference in prices may persist.
For example, if the transaction costs for buying and selling per share in
Exchanges A and B are both $1.50, then the total transaction costs of $3 per
share will discourage arbitrageurs to seek the arbitrage opportunity arising
from the price difference of $2.

Stated in more rigorous language, an arbitrage opportunity can be defined
as a self-financing trading strategy requiring no initial investment, having no
probability of negative value at expiration, and yet having a possibility of a
positive payoff.

Volatile nature of options

Option prices are known to respond in an exaggerated scale to changes in
the underlying asset price. To illustrate the claim, we consider a call option
which is near the time of expiration and the strike price is $100. Suppose the
current asset price is $98, then the call price-is close to zero since it is quite
unlikely for the asset price to increase beyond $100 within a short period of
time. However, when the asset price is $102, then the call price near expiry
is about $2. Hence, the option price is seen to be more volatile than the
underlying asset price. In other words, the trading of options leads to more
price action per each dollar of investment than the trading of the underlying
asset. A precise analysis of the volatile nature of a particular option requires
the detailed knowledge of the relevant valuation model for the option (see
Egs. (18a,b) in Sec. 2.1).

Hedging

If the writer of a call does not simultaneously own any amount of the under-
lying asset, then he is said to be in a naked position since he may be hard
hit with no protection when the asset price rises sharply. However, if the
call writer owns some amount of the underlying asset, the loss in the short
position of the call when asset price rises can be compensated by the gain
in the long position of the underlying asset. This strategy is called hedging
where the risk in a portfolio is monitored by taking opposite directionsin two
assets which are Wmed. In a perfect hedge situation, the
hedger combines a risky option and a risky underlying asset in appropriate
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proportions to form a riskless position that performs like a default-free bond
which earns the riskless interest rate. The riskless hedging principle forms
the cornerstone of option pricing theory (see Sec. 1.4).

1.1.1 Trading strategies involving options

We have seen in the above simple hedging example how the combined use of
an option and the underlying asset can monitor risk exposure. Now, we would
like to examine in more detail various strategies of portfolio management
with options and the underlying asset as the basic financial instruments in
a portfolio. Here, we confine our discussion of portfolio strategies to the use
of European vanilla call and put options. The understanding of the portfolio
strategies for more sophisticated types of options requires a detailed analysis
of the relevant valuation models.

The simplest approach to analyze a portfolio strategy is the construction
of the corresponding terminal profit diagram, which shows the profit from
holding the options and the underlying asset until the date of expiration as
a function of the underlying asset price at expiry. This simplified analysis is
applicable only to a portfolio which contains options with the same date of
+ expiration and on the same underlying asset.

Covered calls and protective puts

In the above hedging example, we construct a portfolio which consists of a
short position (writer) in one call option plus a long holding of one unit of the
underlying asset. This investment strategy is known as writing a covered call.
Let c denote the premium received by the writer when m
the asset price at the start of the option contract (So > ¢, see Eq. (13), Sec.
1.2). The initial portfolio value is then Sp — c. Recall that the terminal payoff
for the call is max(St — X,0), where St is the asset price at expiry and X
is the strike price. The portfolio value at expiry is S — max(Sr — X,0) and
so the profit at expiry is given by

ST - max(ST - X, 0) - (So - C)
_[(c—So)+X when Sy > X (1)
"1 (c—So)+Sr when Sy < X.

Observe that when S > X, the profit remains at the constant value (¢c—Sp)+
X, and when St < X, the profit grows linearly with Sr. The corresponding
profit diagram for a covered call at expiry is illustrated in Fig. 1.1.

The reverse of a covered call is a portfolio which consists of a long position
(holder) in one call option and a short position in one unit of the asset. The
short position in the asset means that the portfolio owes the asset and thus
refers to the selling of the asset that is not owned. The trading practice of
borrowing a share, selling it, buying the share later and returning it to the
owner is called short selling. The short sellers hope to profit from a price
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decline by selling before the decline and buying after the price falls. Usually,
there are rules in stock exchanges that restrict the timing of the short selling
and the use of the short sale proceeds. The profit at expiry for the reverse of
a covered call is exactly negative to that of a covered call.
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Fig. 1.1 Profit diagram of a covered call at expiry.

The investment portfolio that involves long positions in a put and the
underlying asset is called a protective put. Let p denote the premium paid by
the holder of the put to purchase the option. It can be shown similarly that
the profit at expiry is given by

St + max(X — St,0) — (p + So)

_J—(p+5So0)+ 57 when Sy > X (2)
Tl -(p+So)+ X when St < X,

and the corresponding profit diagram at expiry is shown in Fig. 1.2.

Is it meaningful to create a portfolio that involves long holding of a put
and short selling of the asset? Such portfolio strategy will have no hedging
effect since both positions in option and asset are in the same direction in
risk exposure — both lose when the asset price increases.

Spreads
A spread strategy refers to a portfolio which consists of options of the same
type (that is, two or more calls, or two or more puts) where some options are
in the long position and others are in the short position. The two most basic
strategies are the vertical spread (also called money or price spread) and the
horizontal spread (also called time or calendar spread). In a vertical spread,
one option is bought while another is sold, both on the same underlying asset
and the same date of expiration but with different strike prices. A horizontal



