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Foreword

This work brings together two streams in computer algebra: symbolic integration
and summation on the one hand, and fast algorithmics on the other hand.

In many algorithmically oriented areas of computer science, the analysis of al-
gorithms — placed into the limelight by Don Knuth’s talk at the 1970 ICM — provides
a crystal-clear criterion for success. The researcher who designs an algorithm that is
faster (asymptotically, in the worst case) than any previous method receives instant
gratification: her result will be recognized as valuable. Alas, the downside is that
such results come along quite infrequently, despite our best efforts.

An alternative evaluation method is to run a new algorithm on examples; this
has its obvious problems, but is sometimes the best we can do. George Collins, one
of the fathers of computer algebra and a great experimenter, wrote in 1969: “I think
this demonstrates again that a simple analysis is often more revealing than a ream
of empirical data (although both are important).”

Within computer algebra, some areas have traditionally followed the former
methodology, notably some parts of polynomial algebra and linear algebra. Other
areas, such as polynomial system solving, have not yet been amenable to this ap-
proach. The usual “input size” parameters of computer science seem inadequate,
and although some natural “‘geometric” parameters have been identified (solution
dimension, regularity), not all (potential) major progress can be expressed in this
framework.

Symbolic integration and summation have been in a similar state. There are
some algorithms with analyzed run time, but basically the mathematically oriented
world of integration and summation and the computer science world of algorithm
analysis did not have much to say to each other.

Gerhard’s progress, presented in this work, is threefold:

e aclear framework for algorithm analysis with the appropriate parameters,
e the introduction of modular techniques into this area,
e almost optimal algorithms for the basic problems.

One might say that the first two steps are not new. Indeed, the basic algorithms
and their parameters — in particular, the one called dispersion in Gerhard’s work
— have been around for a while, and modular algorithms are a staple of computer
algebra. But their combination is novel and leads to new perspectives, the almost
optimal methods among them.
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A fundamental requirement in modular algorithms is that the (solution mod-
ulo p) of the problem equal the solution of the (problem modulo p). This is gener-
ally not valid for all p, and a first task is to find a nonzero integer “resultant” r so
that the requirement is satisfied for all primes p not dividing 7. Furthermore, r has
to be “small”, and one needs a bound on potential solutions, in order to limit the
size and number of the primes p required. These tasks tend to be the major technical
obstacles; the development of a modular algorithm is then usually straightforward.
However, in order to achieve the truly efficient results of this work, one needs a thor-
ough understanding of the relevant algorithmics, plus a lot of tricks and shortcuts.

The integration task is naturally defined via a limiting process, but the Old Mas-
ters like Leibniz, Bernoulli, Hermite, and Liouville already knew when to treatit as a
symbolic problem. However, its formalization — mainly by Risch — in a purely alge-
braic setting successfully opened up perspectives for further progress. Now, modular
differential calculus is useful in some contexts, and computer algebra researchers are
aware of modular algorithms. But maybe the systematic approach as developed by
Gerhard will also result in a paradigm shift in this field. If at all, this effect will not
be visible at the “high end”, where new problem areas are being tamed by algorith-
mic approaches, but rather at the “low end” of reasonably domesticated questions,
where new efficient methods will bring larger and larger problems to their knees.

It was a pleasure to supervise Jiirgen’s Ph.D. thesis, presented here, and I am
looking forward to the influence it may have on our science.

Paderborn, 9th June 2004 Joachim von zur Gathen
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What fascinated me most about my research in symbolic integration and symbolic
summation were not only the strong parallels between the two areas, but also the
differences. The most notable non-analogy is the existence of a polynomial-time
algorithm for rational integration, but not for rational summation, manifested by
such simple examples as 1/(z? + mz), whose indefinite sum with respect to x has
the denominator z(z + 1)(z + 2)--- (z + m — 1) of exponential degree m, for
all positive integers m. The fact that Moenck’s (1977) straightforward adaption of
Hermite’s integration algorithm to rational summation is flawed, as discussed by
Paule (1995), illustrates that the differences are intricate.

The idea for this research was born when Joachim von zur Gathen and I started
the work on our textbook Modern Computer Algebra in 1997. Our goal was to give
rigorous proofs and cost analyses for the fundamental algorithms in computer alge-
bra. When we came to Chaps. 22 and 23, about symbolic integration and symbolic
summation, we realized that although there is no shortage of algorithms, only few
authors had given cost analyses for their methods or tried to tune them using stan-
dard techniques such as modular computation or asymptotically fast arithmetic. The
pioneers in this respect are Horowitz (1971), who analyzed a modular Hermite in-
tegration algorithm in terms of word operations, and Yun (1977a), who gave an
asymtotically fast algorithm in terms of arithmetic operations for the same prob-
lem. Chap. 6 in this book unites Horowitz’s and Yun’s approaches, resulting in two
asymptotically fast and optimal modular Hermite integration algorithms. For modu-
lar hyperexponential integration and modular hypergeometric summation, this work
gives the first complete cost analysis in terms of word operations.
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Modular Almkvist & Zeilberger algorithm



1. Introduction

Modular algorithms are successfully employed in various areas of computer alge-
bra, e.g., for factoring or computing greatest common divisors of polynomials or
for solving systems of linear equations. They control the well-known phenomenon
of intermediate expression swell, delay rational arithmetic until the very last step of
the computation, and are often asymptotically faster than their non-modular coun-
terparts.

At the time of writing, modular algorithms only rarely occur in computational
differential and difference algebra. The goal of this work is to bring these worlds to-
gether. The main results are four modular algorithms for symbolic integration of ra-
tional and hyperexponential functions and symbolic summation of hypergeometric
terms, together with a complete cost analysis. To our knowledge, this is the first
time that a cost analysis is given at all in the case of hyperexponential integration
and hypergeometric summation.

In the remainder of this introduction, we illustrate the main ideas with a rational
integration example. The algorithm for integrating rational functions given in most
undergraduate calculus textbooks decomposes the denominator into a product of
linear — or at most quadratic — factors, performs a partial fraction decomposition,
and then integrates the latter term by term. Consider the following rational function:

f 224422+ —1

g T +a2® 42tz +1 € Q)

The irreducible factorization of the denominator polynomial g over the real numbers
is

3+V5 3—v5
— _1)\2 _ Y= -
9=(= 1)("” 2 )(“7 2 )
and the partial fraction decomposition is

f 1 71 1 1 1 1
g (z-12 "5 z—-1 5 ,_3

Thus the integral is
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