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a w1der audience of physicists, . , =

- EDITOR’S FOREWORD

The problem of communicating in a coherent fashion the recent
developments in the most exciting and active fields of pliysics
seems particularly pressing today. The enormous growth in the
number of physicists has tended to make the familiar channels of

communication considerably less effective. It has become increas-¢

ingly difficult for experts in a given field to keep up with the cur-
rent literature; the novice can only be confused. What is needed is
both a consistent account of a field and the presentation of a definite
“‘point of view’’ concerning it. Formal monographs cannot meet
such a need in a rapidly developing field;, and, perhaps more im- .
portant, the review article seems to have fallen into disfavor. In-
deed, it would seem that the people most actively engaged in devel-

. oping a given field are the people least likely to write at length

\

about it.
“‘Feontiers in Physics’’ has been conceived in an effort to im-
prove the situation'in several ways. First, to take advantage of the

‘fact that the leading physicists today frequently give a series of

lectures, a graduate seminar, or a gra.duate course in their special '
fields of interest. Such lectures serve to summarize the present

status of a rapidly developing field and may well constitute the only 1
.'coherent account available at the time. Often, notes on lectures’ex--

ist (prepared by the lecturer himself, by graduate students, or by
postdoctoral fellows) and have been distributed in mimeographed ..
form on a limited basis. One of the principal purposes of the
‘““Frontiers in Physics® series is to make such notes avaxlablﬁ to

el
.!
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. i DR S EDIT,OR’S FOREWORD

It should be emphasized that lecture notes are necessamly rough
and informal, both-in style and content, and ¢hose in the series will
prove no exception. This is as it should be. The point of the series
is to offer new,xapid, more informal, and, it is hoped, ‘more effec-
tive ways for physicists to teach one another. The point 1s lost if
only elegant notes qualify.

A second way to improve communication in very active f1elds of

physics is by the publication of collections of reprints of recent ar-

~ ticles. Such collections are themselves useful to people working in

the fleld. The value of the reprints would, however, seem much en-
hanced if the collection would be accompanied by an introduction of
moderate length, which would serve to tie the collection together
and, necessarily, constitute a brief survey.of the present status of
the field. Again, it is appropriate_that such an introduction bé: in-

. formal in keeping with the active character of thé field.

A third possibility for the series might be called an informal

: monograph, to connote the fact that it represents an intermediate

step between lecture notes and formal monographs. It would offer
the author an opportunity to present his views of a field that has
- developed to the point at which a summation might prove extraor-
tlinarily fruitful, but for which a formal monograph might not be
feasible or desirable.

‘Fourth, there are the contemporary classics—papers or lectures
which constitute a particularly valuable approach to the teaching
and learning of physics today. Here one thinks of fields that'lie at
thé heart of much ‘of present-déy research, but whose essentials
are by now well understood, such as quantum electrodynamics or

" magnetic resonance. In such fields some of the best pedagogical

. material is not readily available, either because it consists of pa-

pers long out of print or lectures that have never been published.

3 “Frontiers in Physics” is designed to be flexible in editorial -
format. Authors are encouraged to use as many of the foregoing
approaches as seem desirable for the project at hand. The publish-

"Ing format for the series is in keeping with its intentions. Photo-
offset printing is used throughout, and the books are paperhound, in

order to speed publication and reduce costs. It is hoped that the

books will thereby be within the financial reach of graduate students
, in this country and abroad.-

- \Finally, because the series represents something of an experi-
ment on the part of the:editor and the publisher, suggestions from .

" interested readers as to format, contributors, and contributions

wilt be most welcome.

i

. : DAVID PINES
Urbana, 1llinois
Augugt 1961
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PREFACE

In June,1958, at the invitation of Professor J. C. Slater, I gave
at the Massachusetts Institute of Technology a series of ten lectures
. entitled ‘‘Interactions of Elastic Waves in Solids.’’ The aim was to
present the application to a concrete physical problem of rather
* general techniques developed by N. M. Hugenholtz and me for the
study of interaction effects in quantum systems of many particles.
The first part of the present book contains an expanded version of
these lectures, prepared by L. P, Howland and originally circulated
as a Technical Report of the Solid State- and Molecular Theory
Group of M.I.T. A number of original papers by G. Placzek, N, M.
Hugenholtz, and me, dealing with problems or methods discussed in
the lectures, are represented in the second part. .

" By presenting first a detailed discussion of a special and rather

simple physical system, an anharmonic crystal lattice at the abso-'

lute zero of temperature, and then a number of articles of greater .
generality, we hope to give the reader a convenient and self-con-
tained introduction to one of the methods that has been developed
and used in recent years for the study of interactions in quantum’

svatems containing a large number of particles. In the study of an-
harmonic-crystais we have considered among other things the efféct .

of ihe interaction between elastic waves on slow neutron scattering
by the crystal. It is for this reason that a few somewhat older pa-
pers on slow neutron scattering have been included.

On behalf of L. P. Howland and myself I gladly express our grat-.

 itude to Professor J. C. Slater for his stimulating interest in the
lecture series and in the preparation of the lecture notes.

vii
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o “Authors and publishers afe indebted to the Solid State and Mo-
lecular Theory Group of M.I.T., and to the editors of the Physical

Review and Physica, for permission’to republish the material con-
tained in this book.

. ‘ ' L. VAN HOVE

v

Geneva, Swz'tze;fland
August 1961
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_ - serve well as illustrative appllcatlons of the new method.

‘ e : . INTERAC TIONS OF ELASTIC WAVES IN SOLIDS RS

o INTBODUCTION ¥

>

: R
; In this report it is intended to discuss several problems in solld state
physlcs by means of a new perturbation method for many-particle, quantum-mechm—
ical systems. The particular problems to be discussed concern effects of the inter=
actions of elastic waves in ideal sia\gle crystals, especielly non-conducting crystais. -
Same of these problems have been treated earlier by other methods, but they snll §

“The solid-state yroblms to be dtscussed have much in wmmoh ‘with other
‘many-particle problems. Examples of these are the Fermi gas with interactions =
(BFueckner and Levinson, 1955; Bethe, 1956; Goldstone, 1957) and the Bose gas with

“i{nteractions (Bogolyubov, 1947; Huang and = Yang, 1957; Brueckner and sawada, 1957).

The perturbation method presented here was actually developed in a treatment of. th’e’

Fermi gas (Hugenholtz, 1957 a,b), .but it is applicable to"all of the problems znenticxned

above. Furthermore, the method is closely related to. methods used in field theory,
‘and, in fact, it was largely inspired by those methods (Van Hove, 1955b and 19563
Frazer and Van Hove, 1958). 3 : .

L e
]

3 _ There are many types of waves in addlti.on to elastic' waves which are famil-, - i

* jar in solid-state physics. A mong these are the Bloch-type wave functions for elec- :
trons, ‘the spin waves of magnetic materials at low temperathres. and the waves-of
~x-rays and neutrons which are used to stidy solids in'scattering experiments. In
- each of these examples the wave is a useful cimcept because'it is relatively,indepen-
dent and long-lived in the total system. When the system is described in terms of
such waves, there only remains.the problem of treating small interactions between .
." the waves to obtain a _complete description of the system. When the interactions are ;
not -small, of course, the coneept‘ of the wave is not so useful, Even when the wave
description is quite good, however, some of the most important properties of the
- system derive from the small interaettons which remain. This is the case for all
tr:nsport propertles, for enmple, and the new method actually. originated as a new ]
approach to the rehted irreversible statistics (Van Hove, 1955a and 1957).-
: In an ideal no’n-aonductmg erystal the vibrattonal problem is generany
treated in the following way.' The erystal is assumed to have a total potentia.l energy
which is only a function of. nuclear pos;tlons (the electrons are assumed to follow '

the nuclei) ‘and this energy is written as a series in powers of the: dlsphcements of g

nticlei from their equilibrium positions.  The potentinl energy is therefore given by. a '
constant plus quadratic and higher-order terms in the nuclear displacements. If only
the quadratic, or harmonic, terms are significant, the crystal vibration problem can”

‘be cbmpletely solved in terms of independent elastic waves, each-wave being charac- -
terized by a wave vector a, ‘a polarization vector € anda frequency w.- Ina quantum-=.

e : 1 Pt

s
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: ;mechamcal descripﬂon of the vihrations, the energy of each elastic wave ia quantized
and there is said to be one phonon present for each quantum of energy, fw. 3
: “The hxgher-order or anharmonic terms in the expanded potential eriergy give ' =
ek rise to interactions between the elastic waves or phonons o! the harmonic approxima-
‘- tion.. Except near the melting point of the solid, these interaction terms turn out to_ 5=
*:be smau enoﬁgh that the elastic waves or phonons stnl provlde ‘a good basis for treat-
ing the vtbrational problem, Once the harmonic prublem is solved then, there re- ‘
maing the problem of calculatmg the effects of small phonon-phonon interactions. The
'ctlcuhtion of such effects when the erystal is at equulbrium or in tts ground siate g
" “the ‘maifi problem- which is treated in the present report. ' - - >
a .- In-an {deal conducting crystal the vibrational problem is complicated by the
e presence of conduction electrons, which are not constrained to follow the vibrations
-iof’the nuclel (or the ionic cores). If the nuclei were fixed rlgidly in their equihbrlum L3
: pe;lﬂons, these conduction elecfrons could be described by Bloch-type: one- -electron -
‘Wave- fnnctions, -each of these functions being characterized by a wave vector;, an 2
e energy. and a spin quantum number. If the nuclei make dinphcements from their"
2% equilibrium positions, however, .as they do in an actual vibrating cryet;l, the, crystal
symmetry is no longer that appropriate to Bloch electrons. and, fnrthemore, the
 electrons cannot be assumed to follgw the nuclet, ‘asthey do in a non-conducting
- erystal. In the usual treatment of this- proﬁlem. the conduction electrons are’ descri- -
. bed in'terms of the Bloch functions of thé non-vibrating crystal, and they are ‘then ;
 allowed to interact with the lattice vibrations or phonons. When a conductlng crystal
= ' is- thus described in terms. of phonons ‘and Bloch electrons, there rema.ins the problem §
Lot e'aleula.ting the effects of three different types of interaction: phonon-phonon, ; ' =
phonon-electron; and electron-electron. 3 il
The interactions described above for non-conductors md cd!iductors are.
responsible for important physical effects. The phonon-phonon interaction’ gives ' e
= riie to heat conduetlon. and it also leads to the effect of thermal expenslon. The : E
phonon—electron interaction also gives rise to heat conduction, and it is reeponsible
~ for electrical resistance and superconductivxty. The electyon-electron interaction
glVes rise to plasma oscillations. There are other effects, of course, bu‘t those
~ given should be sufficient to illustrate the point. Co § i
* Theoretical treatments of these and other interdction effects are generelly : =
quite difficult, a.nd the best treatments of some are still far from satisfactory. Since -
the lnteractlons of interest are small and non-singular, some forin of perturbation
" tbeory is the natural basis for any treatment. . Standard perturbation theory is gen-
erally madequnte fona large system, hogever. because some hi.gh-order terms may
= “be qutte large, even though the interaction forces are small, - . S > e

= - .. s . N

3 ’ L =2-




; “ical characteristics of the 1ntersction effects. 4n the first place, many. of the mter- i

- Zol e o Ml ey rx.m'rnonucnom'

.

- There are also other dmiculties which arise in treating many-particle:
systems by pemrbation methods, and some- of these ¢an be related to certatn phys—

&)

action effects are at least partly dissipative in character. This is not surprismg,
of course, since a sohd could not corhe to thermal equilibrium without such effects,
; Thermal conductivity.is one disstpstive effect, and electrical conductivity is another
+ For a dissipative effect which is somewhat simpler theoretically, consider
“the decay of an extra.phonon in a non-conducting solid. 'Such a phoncn might have -7
: been excited by neutron bombardment, for example. ln any case, the phonon decays
: with a finite lifetime into two or more phonons, and the secondary phonons and a11
the later products also decay. The original system containing the smgle extra
phonon thus decays irreverstbly into a system in which the energy of the original
extra phonon is distributed among all the vibrational degrees of freedom of the

' = system and thermal eqmllbrium is restored. - Such effects are involved in many

physical processes of interest, and one of the difﬁculties in many- particle perturba-
" tion theory is to account for them in a natural and practical way. S :
- In the second place, some of the effects depend upon interactlon-prodyced
: -emergy shifts and involve the physlcal characteristics of such shifts. The par"ticular

S characteristic which is of interest here is the volume dependence of an energy shift;

as will be séen below. Thermal expansion is an enex-gy-shxft effect, since it occurs’
because of an interaction-produced shift in the free energy, of a crystal. The equui.b-

© riom vslue of the lattice constant at O°K also involves an energy—shi(t eifect since gl

depends upon an inteuchon—produced shift in the zero-pomt energy of a crystals In-

B both of these examples the energy shift is an extenisive (bhlk) quantity, and it should -

ha proportional to the volume of tite crystal.
For a different energy-smft effect, consider ‘again the extra phcnon ina

 non-conducting solid. The energy of this phonon (the energy requlred to excite it) is

_ not exactly equal to )h. as predlcted by harmoinc theory, but it- is shifted from this__

= ‘value by the anhcrmonlc forces. ' This energy shift is an intenswe (local) quantity,

and it should be lndependenx of the volume. of the crystal. :
} -One of the difﬁcu.lties in many—particle perturbation theory is to obtun ex= .
pressions for energy-shm eﬁects which exhi!nt the expected volume-dependence in =
- x simple way. For many of these effects a straightforward calculation leads to an
_‘expression in which intensive and extensive effects are mtermlxed even though the Sy
effect itself is expected to be purely extensive or intensive’
Finally, many interaction effects involve both dissipative processes and
energy shifts, and these mixed effects exhibit further difficulties. The _extra. phonon
“in a non-conducting solid again p_x;ovides‘ a good example. The lifetime ot this -

’




N

INTERACTIONS OF ELASTIC WAVES IN SOLIDS o . ) j' )

phonon is a disslpatwe effect, but it is inﬂuenced by the energy-shift effect, since
energy conservation is involved in each decay. The mi.xtng of the effects is reauy ;
more complete than this, however. It view of the finite lifetime of the phonon, its
energy cannot be perfectly well defined. The phonon therefore has dn energy spec-"
trum, and the spectrum must have a width correspondmg to an imaginary part of the

phonon frequency and depending on the degay probabﬁity of the phonon. ) The spectrum

may also have a peak position which depends upon the decay probabth},y If the mix- .
mg if such mixed effects is quantitatively tmportant -intuitive ﬁerturbahon treat-
xnents hecome xmpossible and a completely systematic perturbation method is re-
qutred o .

*1In th\s report a general many- particle perturbation method which handles

" the difﬁcultles mentioned above is presented. The presentation is accompllshed in -,

the course.of a, discussion of a relatively simple system consisting of interacting

phonons in a non-conducting crystal. The problems for this system which are dis- =

- cussed are the ground-state energy and wave function at O°K, the cross-section for

neutron scattermg at O'K the free energy at an arbitrary temperature, and, very

- briefly, the cross- -sgction for neutron scattering at an arbitrary temperature. In
view of the purpose of this report the results presented are not in general those {n E
which an experlmentahst would be interested. Important factors such as the presence

P of impurities are neglected mainly low-temperature properties are discussed, and

e

many other simphftcatlons are made. Results of interest to experimentalists can

be obtained by the new _perturbation method but they will not be presented Lere. No.
quantitative calculntions have as yet been made for any cof the problems considered

in this report, but the theory has reached a point where such calculations are feasihie
- and desirable. - .

-4-




