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Introduction.
This book is an improved version of our memoir that appeared in Bonner

Mathematische Schriften, [64]. Its purpose is twofold: first, we give
a complete relatively self-contained proof of the theorem concerning
analytic continuation and natural boundary of Euler products (sketched
in Chapter III of [64]) and describe applications of Dirichlet series
represented By Euler products under consideration; secondly, we review
in detail classical methods of analytic number theory in fields of al-
gebraic numbers. Our presentation of these methods (see Chapter I) has
been most influenced by the work of E. Landau, [40], [42], E. Hecke,
[24], and A. Weil, [91] (cf. also [87]). 1In Chapter II we develop
formalism of Euler products generated by polynomials whose coefficients
lie in the ring of virtual characters of the (absolute) Weil group of

a number field and apply it to study scalar products of Artin-Weil L-
functions. This leads, in particular, to a solution of a long-standing
problem concerning analytic behaviour of the scalar products, or con-
volutions, of L-functions Hecke "mit Gr&ssencharakteren" (cf. [63] for
the history of this problem; one may regard this note as a résumé of
Chapter II, if you like). Chapter III describes applications of those
scalar products to the problem of asymptotic distribution of integral
and prime ideals having equal norms and to a classical problem about
distribution of integral points on a variety defined by a system of
norm-forms. Chapter IV is designed to relate the contents of the book
to the work of other authors and to acknowledge our indebtedness to

these authors.

I should like to record here my sincere gratitude to Professor P. Deligne
whose remarks and encouragement helped me to complete this work. This
book, as well as [64 ], has been written in the quiet atmosphere of the
Max-Planck-Institut filir Mathematik (Bonn). We are grateful to the
Director of the Institute Professor F. Hirzebruch for his hospitality

and support of our work. The author acknowledges the hospitality of



the Mathematisches Institut Universitdt Ziirich, where parts of the

manuscript have been prepared.

Bonn-am-Rhein, im M&rz 1986.
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Notations and conventions.

We shall use the following notations and abbreviations:

@

g e S Rt B ST
w

>

(28

{x|P(x)}
card s,
ElF
[E:F]
G(E|F)
(o)

ol 4
lal

or

empty set

"is defined as"

the set theoretic difference

the set of natural numbers- (including zero)

the ring of natural integers

the field of rational numbers

the field of real numbers

the set of positive real numbers

the field of complex numbers

the group of invertible elements in a ring A

the set of all the simple (continuous) characters

of a (topological) group G

a fixed algebraic closure of the field k

denotes the unit element in any of the multiplicative
groups to be considered

is the set of objects x satisfying the property P(x)
simply IS[, stands for the cardinality of a finite set
is an extension of number fields: E 2 F

denotes the degree of E|F

denotes the Galois group of a finite extension E|F

is a principal ideal generated by o

means divisor Ot divides #

is the absolute norm, that is NE/mol, of a divisor O
in a number field E

is the absolute value of a complex number X

S;

stand for finite sequences (of a fixed length) of divisors,

characters, fields, etc.

is the image of the map ¢




Vil

Ker o is the kernel of the homomorphism ¢

Re s is the real part of s in C

Im s is the imaginary part of s in C

feg denotes the composition of two maps, so that

(feg) (a) = £(g(a))

T (s) is the Euler's gamma-function

i.e.m. ié the least common multiple

g.c.d. is the greatest common divisor

D|H denotes the restriction of a map P to the set H

c= denotes sometimes (the closure of) the commutator subgroup
of a (topological) group G

A®B is the tensor product of A and B

A ®B is the direct sumof A and B

References of the form: theorem I.2.3, lemma 1.1, proposition 2,
corollary I.A2.1 mean theorem 3 in §2 of Chapter I, lemma 1 in §1 of
the same chapter, proposition 2 in the same paragraph and corollary 1
in Appendix 2 of Chapter I, respectively; the same system is used for
references to numbered formulae. Relations proved under the assumption
that Riemann Hypothesis, Artin-Weil conjecture or Lindeldf Hypothesis
are valid shall be marked by the letters R, AW, L, respectively,

before their number.

Every paragraph is regarded as a distinct unit, a brief relatively self-
contained article; thus we try to be consistent in our notations through-
out a paragraph but not necessarily over the whole chapter. In the

first three chapters we avoid bibliographical and historical references

which are collected in the Chapter IV.
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Chapter I. Classical background.

§1. On the multidimensional arithmetic in the sense of E. Hecke.

Let k be an algebraic number field of degree n = [k:Q@]. Consider
the following objects:
v is the ring of integers of k;

1 and Sz‘ are the sets of real and complex places of k respectively,

S. = 8, U 8,;

So is the set of prime divisors of k identified with the set of

S

non-archimedean valuations;

S:= So US, is the set of all primes in k;

z.:= |s.|, jJ=11,2, so that n = T8 2r2;

kp is the completion of k at p for p € S;

Up is the group of units of kp Ffor-=p € So;

wp is the valuation function on kp normalised by the condition
* *

wp(kp) - wp(k ) =Z, p € So’

Io(k) is the monoid of integral ideals of k;

I(k) is the group of fractional ideals of k;

w_ (o)
() = I P is the principal ideal generated by o in k*,
PESO
w_(0L)
we extend the valuation function wp to I and write Ol= 1 P p
pESo

for Ol €1;
Jy, is the idéle group of k;
Ck:= Jk/k* is the idéle-class group of k, where k¥ is embedded
diagonally in Jpi
s= Tk is regarded as a n-dimensional R -algebra. The group of

PES

baits v* acts freely as a discrete group of transformations on the

multiplicative group X*, the action being given by

* *
X EE eSS E XL e BNV,



where k is embedded diagonally in X. Obviously,

i r1
X = (m/27) o x R - (1)
where T = {exp(2mig)|O < 9 < 1} denotes the unit circle in c*. Let

m be the order of the maximal finite subgroup of k*; by a theorem

of Dirichlet,

r1+r2—1
NEE S P (2)

One can show that, in accordance with (1) and (2),

r
S st en x5 T (3)

where r_ < max {0,r1—1} and 9 is a real (n-1)-dimensional torus.
The diagonal embedding of k into X gives rise to a monomorphism

£ KA = 2t
of the group of principal ideals of k into the group (< i-Lekt
Kra X*/v* e fr' denote the natural projection map of X*/v* on the torus
ﬂ'. The composition of these maps g-fo can be continued to a homomor-
phism

£: I(k) > T/, £ = Sgwf -, (4)

k

where P,:= k*/v¥. Let M € I (k) and let #, € S;. One defines a

subgroup

I() = (0| 0t € 1(k), wp(OC) =1 for plm, pGSo]



of I(k) and a subgroup

P(ag) = {(a) | € k¥, o = 1(#), 0,(0) > 0 for p €m}

of Pk' where o denotes the natural embedding of k in kp for

P €S, and #4 := (#,M,). The ray class group

H(sy):= I(#)/P ()

is a finite group of order

IH(iP)] = h@(i‘”)l

where

h=|EC,0)] , HO,® = 1(k)/P

are the class number and the class group. of k respectively, and

©(#):= card (I(M)npk)/P(ix-).

For a smooth subset 1 of g‘ and a ray class A in H(#) one

defines two functions

1(.;AIT):R+->N ’

’

Tr(';A,T):]R_'_+ N

by letting

1(x;A,7t) = card {0t |0te A n I, fl®) € T, ot] <ix}



and
T.(x;A,T) = card {p|lp € a n So, £(p)yuEit, pliErxl,

We are interested in obtaining asymptotic estimates for 1(x;A,T) and
m(x;A,T) as x > . To this end one defines grossencharacters and

studies L-functions associated with these characters.

A grossencharacter modulo ¢ = (#,#,) is, by definition, a character

~

x of 1I(#) for which there is A in x* such that
x((a)) = A(a) whenever a € k*, () € P(m). (5)

Let #; = (4”3"";i) and let X; be a grossencharacter modulo *hi’
= 1,2 L 1f M1I4W2, W, SW,., and Xx,(00) = X,(@&) for

Ot € 1(#,), we write X4 < X,- A grossencharacter X is called a

proper grossencharacter if X4 < X - implies X = X. Given a proper

grossencharacter X modulo w = (W, M) we call # the conductor

of x and write

w=Fx, w=F, m, = F..

One continues a proper grossencharacter ¥ to a multiplicative function
W I (x) U I(£(x)) > T U {0} by letting x(O)=0 for O € Io(k)\I(f'(x)) :
To simplify our notations we write o = 1(m) for a € k" whenever
@ = 1), o (a) >0 for p EW_. Let v (M) = {ec|le = 1m); it
is a subgroup (of finite index) of v regarded as a transformation
group of x*. We embed R, diagonally in x*: twe (t1/n,...,t1/n),

t1/n

t ER,, ER,. The following result is a generalisation of (3).



Lemma 1. The character group

Ui = (A € x*; A(ex) = A(x) for x € X*, € € v ()

Xty =1 for tE]R+}

r
is isomorphic to (z/2m) © x z™ ' with L5 54,

Bibor.: For A € ﬁ*, X € X* we have

| [itp X ap
A(x) = I X (T~£%J (6)
X
pes, * P
with tp €ER,, a, € Z; moreover a, € {0,1} when p € 5,. Here X,
denotes the p-component of x, so that xp e kp' Condition A (t) =1
is equivalent to the equation
IS e G
pes,, P
The second condition A(ex) = A(x) for x € 3" e & v (#) leads, in

view of the Dirichlet theorem on units, to a system of linear equations
for the exponents {tp,ap}. Solving these equations one finds a system
of generators for ﬁ*(ib). We refer for these calculations to [24]

(cf. also [23], §9).

A grossencharacter X satisfying (5) is said to be normalised

if ) e X ().

Lemma 2. For every A in X" (#) there is a grossencharacter X

modulo 4% such that x((a)) = X(a) whenever o € k* and (o) € P(ae).

Brbof. /See [24] (cf. also [23], §9; [91]).
The following assertion can be easily deduced from Lemma 1 and Lemma 2.

~

Proposition 1. The group of normalised grossencharacters modulo % is



isomorphic to

when p € S

when p € S1

when p € S2

(o]

r = A
(m/2z) © x 2" x H(W).
For. x € kp one writes
[ %]
2
%l = | %]
P -w_ (%)
|p|
Let

X € Jk and let xp

m il

=l = &
PES

P

lal =1 for -q €

therefore the map a*= |a]

el - {a|a € C

k e

be the subgroup of idéle-classes having

is known to be compact. The group x*

group {x|x € ey X 1

P
diagonally in e may be regarded as a

for p € So}

then that

There is a natural homomorphism id: J

by the equation

be the p-component of

By the product formula,

is well defined on Ck.

flell =

x, we set then

TR

Let
1}

unit volume. The group Cl

can be identified with the sub-

of Jk' so that R, embedded

subgroup of Ck' It follows
(7)

*:T(k): of J, on I(k) given



w. (x )
id x =1 P P P for - x € Jk.
pESo
Let u € ék’ let f%u) be the conductor of p (defined as, e.g.,

in [93], p. 133) and let {Tm(u) be set of those primes in 8, at
~
which pu is ramified; write F(u) ={FW, £,M}. One can define

a character = on I(#(u)) by the equation
X, (00 =u(x) for OleI(Fw), x € id” (o,

if one regards u as a character of Iy (trivial on k*). It follows
from definitions that xu is well defined since p 1is constant on

ia (6 for Ote 1( £Fu)).

Proposition 2. The function o~ xu(OL) is a proper grossencharacter
~ N = ~

and f'(xu) = :F(u); it satisfies (5) with g = f(u) and A equal

to the restriction of u to X' (regarded as a subgroup of Jk), in

particular, Xy is normalised if and only if R, € Ker l;  If X' vis a

proper grossencharacter, there is one and only one U in Ck such that

i X,

i

Pioof. See [91]1,.p. 9 - 10 (or [23], §9).
We denote the group of proper normalised grossencharacters by gr(k)

and remark that
gr(k) = C

Proposition 1 defines a fibration of gr(k) over the set of (generalised)
conductors. Let X € gr(k) and suppose that X satisfies (5) with A
of the shape (6); we call ap,t appearing in (6) exponents of x and

P
i = = %
write a a i)t £ o00)



Let now

ap(x) + itp(x) 7 P € S,
sp(x)z '

1 -

- + it . € S

2(Iap(x)l it ) P 5
and let

e D p €S,
Gp(s) =

¢2m) 1380 (s), p €S

For s € @, X € gr(k) one defines a Dirichlet series

0o

L(s,x) = I cn(x)n_s s (8)
n=1

where

B ) = & x(ot), OLe I,(k), (9)
ov| =n

is a finite sum extended over the integral ideals of k whose norm is

equal to n. The series (8) converges absolutely for Re s > 1 and

in this half-plane it can be decomposed in an Euler product:

fits 4t w0 (Gxitplip] ™Y, (10)

pESo

One extends (10) by adding the gamma-factors at infinite places:

A(s,x) =L(s,x) I G_(s+s_). (11)
pes B F



By a theorem of E. Hecke, [24] (cf. also [93], VII §7) the function
S = A(S’X)

can be meromorphically contihued to the whole complex plane @ and
satisfies a functional equation:
1
2 -
A(s,x) = W(x)a(x) A(1-s,%), (1:2)

where a(x) = [D|+|§(x)|, D denotes the discriminant of k and

|w(x)| = 1. The function

s+ L(s,x) - m(gl1(x)

where g(x) =0 for x #1 and g(1) =1, is holomorphic in €. The

residue of L(s,1) at s =1 is given by the equation: w(k) =

r.+r, r
2 2 lﬂm/lDl)_1, where R is the regulator of k and m denotes

the order of the group of roots of unity contained in k*. we write,

for brevity,
Ck(s) = L(s,1), cm(s) = ¢ (s),
and let
L,(s,x) = 1 ¢ (s+ts_(x)), (13)
pes P P

so that

A(s,x) = L(s,x)L,(s,X). (14)



