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Preface

This proceedings, containing some 45 papers, represents the written record
of the Second (1983) Workshop on Computer Architecture for Pattern Analysis and
Image Database Management (CAPAIDM). The workshop is sponsored by IEEE Computer
Society, Machine Intelligence and Pattern Analysis Technical Committee. The
interdisciplinary area of CAPAIDM cuts across at least three separate
disciplines, namely, computer architecture, pattern analysis, and database
management. The technical program of the workshop consists of eleven sessions
of invited and contributed papers and two panel sessions. The quality of the
papers submitted and the strong interest in participating in the workshop
attest to the increasing importance of the subject matter, both as an active
research area and as a field for promising applications.

The success of this workshop comes primarily from the dedicated efforts of
a relatively small number of people. These are the volunteers who organize the
workshop, plan its program and proceedings, and look after the many little
details involved in the local arrangements. On behalf of the Workshop
‘Committee, I would like to express my sincere thanks to the members of the
Program Committee, Local Arrangements, Publication, Secretary-Treasurer, as
well as session organizers and referees. We would also like to acknowledge all
the help from the staff of IEEE Computer Society and the travel support from
NSF.

R.J. Wall
Program Chairman
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VLST ARRAYS WITH LIMITED I/0 BANDWIDTH FOR PATTERN ANALYSIS

*
Philip S. Liu
Center 4424
American Bell
Denver, Colorado 80234

Matrix multiplication and covariance matrix
inversion are needed in many pattern analysis
algorithms. For the VLSI multiplication array,
three configurations of multiplexing loading,
processor row loading, and processor group load-
ing are used to minimize the effect of 1imited
I/0 bandwidth. Under different adverse situa-
tions, a properly chosen configuration can
significantly reduce the computation time.

Two new orthogonally-connected triangular
arrays for L-U decomposition of a matrix using
Crout's and Cholesky's methods respectively are
proposed. To minimize the 1imited I/0 bandwidth
or Timited I/0 pins problem, reconfiguration
techniques are used to restructuring a computing
array, so that it can carry out in succession
several distinct functional computation of matrix
inversion without the data leaving the array.
Computation time for pattern analysis is reduced,
since the limited I/0 bandwidth affects only the
first and last phases of the necessary computa-
tions.

Introduction

The significance of VLSI architecture is well
documented'~™“, and several systolic t¥?e VLSI
array structures have been proposed3-11. Such
arrays may be attached or interfaced to a host
system or systems as special purpose devices.

As many processing elements as possible can be
fabricated into a VLSI chip to form an entire or
part of a computing array.

The computation speed of a VLSI array may
be Timited by the bandwidth of the host system
or the VLSI array whichever is smaller. The
bandwidth is directly related to the data rate
and number of the host system's I/0 lines or the
number of the computing array's I/0 pins. With
Timited I/0 bandwidth or capacity, it may not be
possible in some cases to pipe sufficient amount
of data into the computing array to sustain con-
tinuously the activities of all the processing
elements that can be possibly fabricated into
the VLSI computing array. Under this situation,
the design of the computihg array should aim at

*
This work was done while P.S. Liu was with the
University of Miami.

CH1929-9/83/0000/0002$01.00 © 1983 IEEE

Tzay Y. Young
Dept. Elec. and Comp. Eng.
University of Miami
Coral Gables, Florida 33124

minimizing the adverse effect of 1imited I/0 ca-
pacity and preserving the large data storage and
parallel computation advantages offered by VLSI

computing arrays.

Statistical pattern classification can be
divided into two phases, the learning phase and
the classification phase. It is assumed that
classification is based on linear or quadratic
discriminant function. During the learning
phase, it is necessary to compute covariance
matrix from sample vectors. During the classi-
fication phase, the computations involved are
matrix multiplication, matrix-vector multiplica-
tion, vector dot product, and covariance matrix
inversion. Thus, in this paper, we concentrate
on the effect of limited I/0 bandwidth on matrix
operations, since the same effect will limit the
computation speed of VLSI arrays designed for
pattern analysis. Specific examples of pattern
analysis arrays using matrix operations can be
found in the literaturel3-16

Hwang and Su14 considered VLSI arrays for
the computation of Fisher's linear discriminant,
using a partitioned matrix approach. Liu and
Ful® discussed VLSI architecture for minimum
distance classifiers, an important subclass of
linear classifiers. In a companion paper]5,
the authors discussed VLSI arrays for computing
linear and quadratic discriminant functions.

For the VLSI matrix multiplication array,
three configurations of interfacing and control
are studied, with emphasis on the adverse effect
of limited I/0 bandwidth. Two new algorithms are
proposed for Crout's and Cholesky's methods of
L-U decomposition of a matrix, using orthogonally-
connnected triangular arrays. Reconfiguration
techniques are used to restructure a computing
array, so that it can carry out in succession
the several distinct functional computations of
matrix inversion without the data leaving the
array. Computation time is reduced, since the
lTimited I/0 bandwidth affects only the first
and last steps of functional computations.

Effect of I/0 Bandwidth on Matrix Multiplication

Consider the multiplication of two nxn
matrices,

L=AB (1)



Assuming the matrix A is already inside the
array, B can be piped in to interact with A to pro-
duce the multiplication result as shown in Fig. 1.
During each computation cycle, all the cells in
the array perform the same multiplication step:
Each processing element (PE) takes the sum of
partial products from its left neighbor and add
it to its partial product of a x b, and then
passes the sum to its right neighbor for the
next multiplication step. For each multiplica-
tion step, the data stream of B is piped one
row deeper into the array. Since loading of A
and piping of B can use the same set of array
input pins, the pin requirement of the multi-
plication array is reduced.

Without I/0 limitation, the computation time
is (4n - 2) units, including n units of matrix
A loading time and (3n - 2) units of multiplica-
tion time. A PE, once activated, performs the
necessary multiplication at every cycle time,
until there is no more data entering the PE.
At ths peak of computation, about 75 percent of
the n¢ PE's compute simultaneously.

In the following, we assume that the matri-
ces A and B are provided by two separated sources,
e.g., one by the host system and the other by a
sub-system, and each system has g I/0 bus lines
leading to the multiplication array. The array
has 2f I/0 pins. The maximum data rates of each
I/0 bus lines and array I/0 pins are assumed
identical. For convenience purposes and without
loss of generality, f and g are normalized so
that in the ideal case, f = g = n and the multi-
plication-and-loading time of (4n - 2) units is
maintained.

In reality, the effective computation rate
is reduced because of I/0 bandwidth limitations.
If f or g is less than n, clearly the effective
computation rate is reduced by a factor of
min(f,g)/n, and hence the multiplication time
under I/0 constraint is bounded by

_ n(3n - 2)
Ey = Win(.5) (2)

Scheme 1: Multiplexing Loading

The two matrices A and B use the same set of
1/0 pins of the array. As shown in Fig. 2, a data
selector—first loads matrix A into the array, and
then pipes in matrix B for the multiplication.

The computation time is

2
_n__ n(3n - 2) .
E] 9 +-———-1;———— , if f> g (3)
E =ﬁ+ﬂ‘_ﬂ ifg>f (4)
17 g f s 1S

The first term in each Ey is the matrix A
loading time. The second term is the actual
multiplication time. It is noted that Ey=4E,/3.
For f>g, part of the array's I/0 bandwidth is
completely wasted, which could be put into good
use as shown in scheme 2.

Scheme 2: Processor Row Loading

The two matrices are gated into the array
using two separate sets of array input pins
assuming f >g. In this scheme, loading of A
may partially overlap with the matrix multi-
plication steps, so that overall computation
time may be reduced. For illustration purpose,
letn =4, g =2, and f>3. Since the total
number of array I/0 pins are 2f>6, then one-
third of them or 2f/3 can be assigned to handle
the input data stream of A, another one-third
to handle the input data stream of B, with the
remaining one-third to handle the output stream
of Z:

The array control and interface structure is
shown in Fig. 3. The basic processing cell in
this scheme can perform under control either a
shift operation or multiplication operation.
Initially, the rows of A are Toaded and stored
into the array starting from the bottom row of
the array with each row delayed by one matrix
element Toading time. It is observed that multi-
plication operation of matrix elements can start
immediately for all cells in a row as soon as the
row is completely loaded. 1In Fig. 3, we use a
double buffering scheme with pin 1 and pin 2
connected to the even and odd rows, respectively.
Input pin 3 is connected to buffer B1 which in
turn is connected to buffer B2. Transfer of
data between input pin 3 and B1 and that between
B1 and B2 are carried out concurrently.

It should be noted that in this example,
multiplication steps are performed at every
other time intervals, and loading of the top
two processor rows overlaps with the loading
of the B buffers and multiplications carried
out at the bottom two processor rows. Piping
the result out of the VLSI array can also be
handled in a similar fashion as piping in the
elements of B.

With the assumption that 2f/3xg, the computa-
tion time E2 is

By = % ((g-1) + (3n-2)),2f/329 . (5)

In (5), n(g-1)/g is the effective loading
time of matrix A. 2f/3>qg means that the array
has enough input pins to accommodate the number
of output Tines g of either the host system or
subsystem. Two separate data streams can be
piped into the array with overlap, and the total
execution time is reduced. If g>2f/3 the effec-
tive bandwidth of the host system or subsystem
is reduced and the execution time increases
accordingly. Thus,

Ep = 2373((2/3-1) + (3n - 2)), g>2f/3 (6)

It is easy to show from (3) - (6) that Ep is
smaller than Ey when 2f/3>g and Ey is smaller
than E, when f>g. Thus, Ej is identical to Ep
somewhere inside the range f>g>2f/3. By letting
E] = EZ’ we obtain, after simplifications,



_4f(2n - 1) ) (7)

2f + 9(n-1)

Hence, the execution time of scheme 2 is
shorter if g is less than the value in (7).

Let us consider the ratio of E /E1, assuming
2f/3>g. If n is a large number ané n>>g, we have
from (3) and (5), Ep/Ey = 3/4 and Ep/Eq =1, in
other words, the second scheme's execufion time
is only 75% of that in the first interfacing
scheme and it approaches the lower bound, assum-
ing that the host system and the subsystem have
the same bandwidth. If the effective bandwidths
of the subsystem and the host are different due
to different number of output lines and/or dif-
ferent data rates of the lines, the effective
matrix A loading time and the effective multi-
plication time in E7 and Eo must be adjusted
accordingly, and similar analysis can be carried
out to decide which scheme should be adopted.

Scheme 3: Processor Column Group Loading

This scheme pipes in data for a processor
row and data for the B buffers simultaneously.
Using data from the previous scheme, the struc-
ture for doing this is shown in Fig. 4. During
To and Ty, C1 and C3 issue 2 shift commands
simultaneously to pipe in elements for the bottom
row and the buffers. These two shift commands
and subsequent shift commands on C1 are delayed
by the bottom row for 2 unit times before they
are passed on to the next upper row, which shifts
in its own data during T> and T3 and repeats the
same delay procedure for its upper row. During
T2, control Tine C2 issues a multiplication
command to the bottom processor row to initiate
the first multiplication step. This multiplica-
tion command and subsequent ones issued at Ty
Te, Tg and so on will be delayed for 2 unit
times before they are passed on to the next
upper row, which executes the commands at Ta,
Te, Tg,... and delays each of them for 2 unit
times before passing them on. This procedure
applies to subsequent processor rows. During
Ty, C3 issues a shift command to shift in data
from buffers B1 and B3, and during T3, it issues
a shift command to complete the updating of the
B buffers. From here on, we repeat the commands
issued during T» and T3 until all results are
obtained. Data selectors must be inserted
between adjacent groups of processor columns.
During data loading time, a processor in the
leading column of a processor group, under the
control of C1, would select data from the ex-
ternal data line. After that, it inputs data
from a corresponding processor in the trailing
column of the prceding processor group, so that
multiplication steps can be carried out along
the corresponding processor row.

Compared withe the second scheme, this scheme
requires (g-1)n extra data selectors which allow
the array to be reconfigurable to some degree.
Since loading time of matrix A is completely
eliminated, the required computation time E3 in
this scheme is

_n(3n - 2)
37 g
which equals E_. Using the same analysis as dis-
cussed in scheme 2, we conclude that if
g>4f(2n-1)/3(3n-2), the third scheme is preferred
to the multiplexing loading scheme.

E 2f/3>g , (8)

Triangular Arrays for L-U Decomposition

The first step to compute the inverse of a
non-singular covariance matrix R = [ri.] is to
decompose it into an upper triangular Jmatm’x
U = [ujj] and a lower triangular matrix L= [244].
In this section, we discuss two algorithms for
L-U decomposition using orthogonally-connected
triangular arrays. With n(n+1)/2 PE's in the
arrays, the space-time products are about the
same as other known decomposition arrays3‘9.

The major advantages of the triangular arrays are:
(i) simple PE's, (ii) simple, orthogonally-
connected communication structure, and (iii) two-
dimensional data flow.

Crout's Algorithm

using the following recurrence procedure1

S

2o {5
1] 1

The covariance matrix R can be decomyosed

C(k+]) = C(k)

ig T %5 T MYk o
fo ifi<k ,
21k= l 1 ) ifi=k, (9)
K -1
Cik ukk ifis>k ,
jo 1fk>J’
Ukj=L
Cﬁﬁ) ifk<j .

The operations required of each processing
element and data movement of the array are shown
in Fig. 5, assuming a 4x4 covariance matrix. The
PE has 2 inputs Cip and u;, and 2 outputs ¢
and Uy, Which are buffereg or Tatched
interna¥1y, and it has an internal storage
register ¢ . FEach PE operates in two modes,
the multiplicatoin mode and the division mode.
It is assumed that each operation takes one unit
of time to complete. The multiplication mode
allows the PE's in the array to implement the
recurrence C(k+1) 2 (k) 4. u in the
ij ij ik “kj
decomposition and at the same time move Uk §
upward. The division mode allows a PE to

calculate I}

out

(k) u—1 when necessary
ik ik kk

The skewed columns of the matrix R are
piped into the array in parallel as inputs.

= e



The input data streams are piped one column deeper
into the array every two units of time. The array
goes through alternate division and multiplication
operations. For each multiplication operation,
all PE's are activated. For each division opera-
tion, however, only some PE's with the proper
input data at that time will be allowed to do
division and store the result into internal
register 2. In general, and starting at the
bottom PEyqs the 24, elements are computed

during odd time intervals. Table 1 shows the

time and place at wich each Ls is computed:

K
Table 1 Computation sequence of ik
Time Lik PE
interval computed involved
H 41 FRo
Ty L1 PEo
Tg b4 PE3y
T3 oo Xy PEypsPEyy
Ty Y37 PE3,
% %42 PE4p
T %33 PEay
LT 43 PEy3
M9 Y44 PEg4

The computation pattern for L3 can be
generalized. Each computation of L3 is
delayed successively by 2 units of time for
the PE's within each column of the array and
by 4 units of time for the PE's within each
row of the array. A computed ik is stored

inside its PE and used to compute subsequent

(k)

c..’'s and u, .'s. Control signals could be

piped and distributed with proper delay through
the processing elements themselves, or the
control timing could be customized and built
into each PE individually. From the computa-
tion sequence of i @S shown, it can be deduced
that decomposition of any nxn covariance matrix
takes (6n-3) units of time. With n(n+1)/2 PE's
used in the array, the space-time product is
approximately 3n3.

Cholesky's Algorithm

Covariance matrices are symmetric, and
Cholesky's method exploits the symmetry of a
matrix. We now show that our basic triangular
array structure can be modified for Cholesky's
decomposition method. The computation is much
simpler than the hyperbolic Cholesky's method9.
With n(n+1)/2 PE's and (3n-2) units of computa-
tion time, the space-time product is approxi-
mately 3n3/2; the unit cycle time is Timited
by the square-root operation.

A symmetric matrix R can be decomposed into
UT U. Cholesky's method may be expressed as 17

(1) _

Ciit T riy e izdi

c$§+1): cg‘;.) © Uy Uy e kel

Yig i/c—gj—) g (10
ujy : cgj.) uil o, i<

The triangular array is shown in Fig. 6, which
consists of two types of processing elements.

The square cell performs Cout® Cin - uuj, and

passes uj, upward. The circular cell performs
the square root operation when it is first
activated, and it performs only division in the
remaining cycles. It is noted from (10) and the
figure that Us s is computed by PE.. and it is
then moved upward and stored in P 3 at the appro-
priate cycle. In Fig. 6, we have just completed
the computation of upz by PEoy and stored it in
PEjp. The computation sequence is shown in

Table 2, including the time that ujj is stored

in PEji'

Table 2 Computation sequence of Us s

Titia uij computed ui. stored
interval at PEii in PEji

L U PE14

T B35 PEoy

T3 Uy 3 -

Ty Uiy g 28g PE1 4PEgy
Ts Up3 PE3,
Tg Uog PEgy

7 Ugg PE33sPEgp
Tg Uszg PEy3
Mo Upg PEgq

A Reconfigurable Array for Matrix Inversion

A reconfigurable, orthogonally-connected
square array may be used for computing the
inverse of the covariance matrix R, and the
block diagram of this array is shown in Fig. 7.
Internally, the outputs from the top are fed
back to the bottom of the same corresponding
columns. The square array can be reconfigurated
into a triangular array by modifying the data
paths leading into the PE's along the diagonal
of the array.

Covariance Matrix Inversion

Crout's method is chosen for L-U decomposi-
tion, which does not take into consideration the
symmetry of the covariance matrix. We choose this



method because with this approach, the unit cycle
time is limited by multiplication or division,
and because the same type of PE's can be used for
other functional computations. If the symmetric
Cholesky's method is used, the number of time
units required can be reduced by half; however,
the cycle time is longer, since it is limited by
the computation of the square root. Fig. 8 shows
the reconfiguration of a square array into the
triangular L-U decomposition array.

After L-U decomposition, the required steps
for covariance matrix inversion are the inver-
sion of the two triangular matrices L and U,
and the multiplication of the inversed triangu}ar
matrices. Thus in step 2, we calculate V = U~
using a reconfigurated lower triangular array.
The processing operations of the PE's in this
step is very similar to that in L-U decomposi-
tion with different data. During odd clock
cycles, we have v-<—c1.n/u1‘n or no operation.

During even clock cycles, we have ¢«

c. -
oug 1B
vu. and u_ .<u., . As soon as u and sub-
in out Tin 11

sequent uij's leave the top of the array, they
are piped back without delay to the bottom of

the array for the computation of V. The array
is gradually reconfigurated into a lower tri-

angular array, and after the computation, the

matrix V remains in the array.

Step 3 is the computation of the inverse
of L, which is denoted by M = [m..], and since

R is symmetric m.. = Vi'u'j' In this step,

duplicated values of V;s 1n each processor
column are rotated toge%her four times along
each column of the square array. As a Vi
passes through PEij’ mi; = Vijuij is calculated
and shifted upward as replacement for v... At
the end, both v;; and mj; reside in the Same
PEij-

In the final step from within the array,
the matrix M is piped to the top and then into
the array again through the bottom. Piping of
each processor column is delayed by one unit
time. M interacts with V still inside the array,
and multiplication steps are carried out as
defined in the multiplication array. The output
is therefore UTTL-1 which is the inverse of R,

Performance Analysis

Let us first consider the case that the four
steps of matrix inversion are performed for an
nxn matrix R using four separate special purpose
chips. With sufficiently large I/0 bandwidth,
the execution time of step 1 is (6n-3) units,
which is also the time required for step 2. It
can be seen from above discussions that overlap
1/0 and computations exist between the two arrays;
thus with overlaps accounted for, the execution
time of step 1 and step 2 is (8n-2). The time
required for step 3 and step 4 are n and (4n-2)
units respectively. It is noted that step 3
cannot start until all results from step 2
become available, and step 4 cannot start until
step 3 is completed. The total execution time
is, therefore, (13n-4) units.

With Timited I/0 bandwidth, we assume that
only f pins are available for either input or
output purposes for every array, and f<n. Then,
the total execution time is n(13n-4)/f units.

Using the reconfigurable array, the 1imited
I/0 bandwidth affects the first and last steps
only. Thus, the execution time of step 1 and
step 2 is, under the limitation of f input pins,
n(4n-2)/f + 4n. Step 4 requires n(4n-2)/f time
units, since it is limited by the f output pins.
The total execution time for the reconfigurable
array is n(8n-4)/f + 5n units. Under severe pin
Timitations, n/f becomes a large number. The
reconfigurable array takes approximately 8nl/f
units of time to compute, compared to 13n2/f
units for separate arrays. Thus, we have a reduc-
tion of 38 percent of required computation time.
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