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This volume is dedicated to the memory of
Jose Luis Rubio de Francia, Professor of
Mathematics of the Autonomous University
of Madrid, who died on February 1988. His
death is a great loss to his country, to
science and education, and to his many
friends. We wish to record here our
profound sense of loss. We hope that the
completed volume is faithful to his vision
of a book that not only instructs but also

inspires.






INTRODUCTION

The present volume contains the Proceedinas of the Second
International Symposium on Orthogonal Polynomials and Their Applica-

tions held in Segovia, Spain, September 22nd to 27th, 1986.

This Symposium continues the idea born at Bar-le-Duc (France)
on the occasion of the 150th anniversary of Edmond Nicolas Laguerre's
birthday.

It intends to present a comprehensive view of the main
achievements, fundamentals and working problems of the orthogonal
polynomials and its relationship with other mathematical fields and

applied sciences.

The core of the Symposium was a series of ten invited lectures,
each covering some of the more fundamental aspects. In addition, there
were 60 half-hour communications, including particular aspects of
orthogonal polynomials on the real line and over the complex plane,
special functions, orthogonal expansions and numerical methods. A
special session devoted to open problems in the field of orthogonal

polynomials also took place.

This volume contains nine invited lectures, more than ten

seminars and a collection of some open questions.

Many institutions and individuals helped make the Symposium
possible. We particularly thank, for their financial support, the
Comisidbn Asesora de Investigacidén Cientifica y Técnica (CAICYT), Conse-
jo Superior de Investigaciones Cientificas (CSIC), Confederacidn Espa-
Tola de Centros de Investigaciébn Matemitica y Estadistica (CECIME),
Universidad Politécnica de Madrid, IBM-Espana S.A., Diputacién Provin-
cial de S&govia, Ayuntamiento de Segovia y Caja de Ahorros y Monte de
Piedad de Segovia. For the hospitality offered to the participants,
we thank the Ayuntamiento and Diputacidn Provincial de Segovia.
Finally it is a pleasure to acknowledge Mbnica Garay and Russell
di Napoli for their secretarial help. We are also greatly indebted to
the series editors of the Lecture Notes in Mathematics for giving us
the possiblity to publish these Proceedings in this series.

M. Alfaro J. L. Rubio

J. S. Dehesa J. Vinuesa
F. Marcelléan
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ERROR ESTIMATE IN PADE APPROXIMATION
Claude BREZINSKI

Laboratoire d'Analyse Numérique et d'Optimisation
UFuRe I.E.E RS
Université des Sciences et Techniques de Lille Flandres-Artois
59655 - Villeneuve d'Ascqg - Cedex
FRANCE

ABSTRACT.

The aim of this paper is to extend Kronrod's procedure for estimating the
error in Gaussian quadrature formulas to Padé approximation. Some results on Stieltjes
polynomials are also given. Examples show the effectiveness of the method. The proce-
dure is then applied to the £-algorithm, which is a convergence acceleration method
related to Padé approximation. General principles for estimating the error in series

approximations and sequence transformations are also brought to light.
INTRODUCTION.

In 1965, A.S. Kronrod published a small book [10] in which he proposed an heu-
ristic method for estimating the error in Gaussian quadratures. It simply consists in
comparing the results obtained by two different quadrature formulas. If, for example,
one makes use of two Gaussian quadratures with respectively n and n+l nodes then one
has to evaluate the integrand at 2n+l points. This procedure is not the best since a
Gaussian quadrature with n+1 nodes exactly integrates polynomials up to the degree
2n+1 while we are using 2n+l points for the same accuracy. We are wasting the inte-
grand evaluations. Thus, Kronrod's idea was to use a Gaussian quadrature formula first
and then to add it new nodes in an optimal way that is in order to obtain a new for-
mula exact for polynomials of the highest possible degree. The difference between the

two results gives an estimate of the error.

Since Padé approximants can be viewed as formal Gaussian quadratures [2], the

aim of this paper is to extend Kronrod's idea to Padé approximation.

Let us recall some results. Let f be a formal power series

e .

1
£(e) = ] ettt , ¢ c€
i=o



Let c be the linear functional acting on the space of complex polynomials, defined by

c(xl) = c, i 20Q;lpias
i

We formaly have
£lE) = gif1-we1™0),

Let v be an arbitrary polynomial of degree k. We define w as

_vix)-v(t)
w(t) = c(— ¢ )
where c acts on the variable x, t being a parameter. w is a polynomial of degree k-1.

w is the polynomial associated to v. We set

N k -1 N =
v(t) =t v(t ") and w(t) =t w(t 7).

N N
The rational fraction w(t)/v(t) is called a Padé-type approximant of f. It is denoted

by (k-l/k)f(t). v is called its generating polynomial. We have

tk v (x) k
£(t) - (k-1/k) _(t) = c(——) =0(t).
f Y 1-xt
v(t)

Padé-type approximants can be related to polynomial interpolation. Let P be the
; ; ; -1 : ;
Hermite interpolation polynomial of (1-xt) (as a function of x, t being a parameter)

at the zeros of v. We have

(k—l/k)f(t) = c(P(x)).
Thus (k-1/k) can be viewed as a formal interpolatory quadrature formula for (1—xt:)—1
with the zeros of v as nodes. The above error expression is just the classical proper-
ty of an interpolatory quadrature formula with k nodes to be exact for polynomials of
degree at most k-1. Moreover, from that expression, we have
1 k xkv(x))}

f(t)—(k—l/k)f(t) = “F {c(v(x)) + c(xv(x))t + ... + c(xk_1 v(x))tk_ + £ el

v(t)

Since v can be arbitrarily chosen, let us take it such that
i ;
c(x v(x)) =0 1i=o0,...,k-1.

This is always possible if the Hankel determinant

€ g, === @
1



