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INTRODUCTION,

Our background consists of two theories each having quite clas-
sical roots namely:

A) The theory of algebraic differential equations (ADE's) with
no movable singularity and

B) The Galois theory of ADE's.

The first theory was initiated by Fuchs, Poincar€, Painlevé [foid&
@a] and has been given modern treatments through the work of seve-
ral people (for a foliation-theoretic approach see Gerard-Sec [ps]
and Jouanolou [31] while for a differential algebraic approach in
the one dimensional case see Matsuda E4tﬂ). The second theory goes
back to Picard and Vessiot and reached a very elegant and general
form through the work of Kolchin [Koln] l=sns=3,

The primary goal of this research monograph is to relate the two
theories above; this will turn out to be profitable for both
of them.

To estahlish the link between A) and B) the first step is to
develop a higher dimensional differential algebraic version of A).
None of the methods used in ‘ps],[ﬁll,[htd] seems suitable for this
purpose: @S] and [Dl] are too "analytic" while [Mtd] is too related
to the one-dimensional case., Our approach will be quite different
and will lead us beyond our "primary goal", to what we called a "cif-
ferential descent theory”. This theory has an interest in itself and
should be viewed as an "infinitesimal” analog of Shimura-Matsusaka
theory of fields of moduli [§h2],ﬁnk]. Our proofs in this step will
be combinations of moduli-theoretic methods (deformations of pola-
rized algebraic varieties anc compact analytic spaces) and diffe-

rential algebraic methods (logarithmic derivatives on algebraic



groups).

The second step in our approach will be Galois-theoretic. Ve
shall use results proved in the first step plus Kolchin's differen-
tial Galois theory to describe in detail the interaction between A)
and B), Proofs will also involve an analysis of K'/K-forms of quasi-

homogenous projective varieties and some geometry of automorphisms
of surfaces and ahelian varieties,

The book is organized as follows.

In Chanter I we introduce our main objects and review some cdefi-
nitions and basic facts from differential algebra. A certain familia-
rity with the material in Eoll]and[ﬁtd}would be preferable but is not
indispensable. An account of Kolchin's Galois theory is included,

Chapters II1 and III are new; they deal with the first and second
steps described above respectively.

In Chapter IV we discuss the link between our theory and the clas-
sical analytic setting. Most facts presented in this Chapter are “"well
known to the experts" but there seems to he no .suitable reference
for them.

Internal references will be given by (X,y,z) or just (X,y) where
X is the number of the chapter and y is the number of the paragraph;
Within the same chapter we shall sometimes write (y,z) instead of
(X,y.,z).

Now we would like to explain in some detail our main applications;
for simplicity we shall restrict ourselves to the “"analytic case”. So
start with a region R in C", let w

put 5;=a/aw

1oy be coordinates in d:m,

j° consider the field ot all meromorphic functions on R
and KeF subfields of it containing € such that K is relatively
algebraically closed in F, F is finitely generated over K and 5;(K)c
<K, %(F)c F for 1< j<m. Denote by GalA(F/K) the group of all

K-automorphisms of F which commutewith é&,...,

A -Galois group of F/K. We shall mainly be interested here in

5; and call it the



the following three properies:
Gala(F/K)
(WN) F/K 1is called weakly normal if F =K.
(SN) F/K is called strongly normal if there exists a connected
algebraic group G over C and a principal homogenous space
W/K fer G such that W is a model for F/K and the ac-
tion of G on W induces an isomorphism Gakﬁ(F/K):'G(d:)

(=set of  -points of G).

(NMS) F/K 1is said to have no movable singularity if it has a pro-

jective model V such that c%(@v)c 0\/ for l1l<j<m,

The first definition is due to Kolchin [Kolz] and is the first (and
weakest) concept of normality one could think ef but not much could

be proved about it in general (cf.[K012]). The second concept is also
due to Kolchin [Knll],[Kolz] (cf. also BiaZynicki-Birula [BB]); Kol-
chin's definition is in fact different from the one given above and
the equivalence between the twe definitiens is a non-trivial fact (cf.
[BB] or [Kolllp.430). One should say that strong normality has classi-
cal roots geing back te Ehresmann's connections in principal bundles
[Nw], It is related, as Kolchin's theory [K013] shows, to the problem
of “linearizing” algebraic differential equations by means of abelian
functions. A lot of beautiful properties could be proved for strongly
normal extensions (cf.[ﬁoln] lsns3): a "Galois correspondence"” holds
for such extensions and moreover strongly normal extensions with commu-

tative group can be described explicitely in terms of "special values”
of certain automorphic functions as it happens in classical class
field theory, see (IV.1l), The third definitien is inspired from Ma-
tsuda's book [Mtd] where the case m=tr.,deg.F/K=1 was treated; it

has however classical roots toe going back essentially te Fuchs and

Poincare [Foinl . We should emphasize that in definitien of (NMS) J}

cannot be interpreted as vector fields on V since they de neot vanish
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on K (except of course the case K= which corresponds to the case
of differential equations with constant coefficients; this will appear
in our setting as the trivial case !),.

One of our main results will be the following:

THEOREM (III.3.1) (SN) is equivalent to (WN) + (NMS)

Using this "geemetric characterisation” of strong normality we shall

preve:

THEOREM (III.4.1) (SN) 1is equivalent te (WN) in each of the fol-
lewing cases:

l) tr.deg.F/K=1 ("curve" case)

2) tr.deg.F/K=2 and »(F/K)> 0 ("nen-ruled surface” case) and

3) tr.,deg.F/K=q(F/K) and »(F/K)> 0 (essentially the case of abe-

lian varieties), Here 3>t =Kedaira dimension and q=irregularity,

liote that case 1) for genus O 1is due te Kolchin [K°12] and was
one of the starting points of eur investigation; note alse that con-
dition »(F/K)>» 0 in 2) cannot be removed as shown by an example
of Kolchin (I.3.5).

Theorems above help one to get a better understanding ef strong nor-

mailty., One the other hand one can prove:

THEOREM (II1I.2.1) If F/K has (NMS) then there exists an exten-
sien E/F such that E/K' is (SN) where K' 1is the algebraic cle-

sure of K in E,.

Since strongly normal extensiens have by Kolchin's theery an expli-
cit description in terms of abelian functions and solutions of linear
differential equations [Kol3](see also (IV.1l)) we are led to a diffe-
rential algebraic solution of Foincare's problem [Poin] of describing

the "new transcendental functions" which may appear by integrating
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(systems of higher order) ADE's with "no movable singularity"”. We
would like te note that the point of view of differential algebrs
is here much more precise than the classical point of view of ansa-
lytic foliations,as explained in (IV.2),

The author wishes to express his sincere gratitude to Protessor
N.Radu for introcducing him to differential algebra and to L.B3descu

and C.Banicad for continous encouragement and helpful discussions.

February 18, 1986 Alexandru Buium
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CHAPTER I. PRELIMINARIES

1, Terminelegy. Basic ebjects.

(1.1) Throughout the paper rings will be assumed commutative with
l-element and containing the field @ of rationels. All schemes will
be ever dD.

If A is an integral domain Q(A) will denote its field of quoti-
ents; if X is an integral scheme Q(X) will denote its field of
rational functions,

By a variety V oever a field K we will always understand a qua-
si-prejective geometrically inteyral scheme over K; if peV the re-
sidue field at p will be denoted by K(p).

If A—B 1is a ring homomorphism and M 1is a B-module we denote
as usual by DerA(B,M) the B-module ef A-cderivations of B inteo
M. If A=@ the subscript A will be omitted. We will alse write
DerA(B) instead of DerA(B,B) and Der(B) instead of Der(B,B). As
well knewn the functer DerA(B,-) is representable by .I2.B/A = me-
dule of differentials [Ha] p.172, New if X—>S is a morphism of
schemes and F is a quasi-ceherent C&-module we denete as usual by
'IZX/S the c&-module of relative differentials [Ha]p.l75 and put

m%(w .?’):-ﬂM(&(Q x/5+ F)

Ders(ax.?):s Homx(_Q ?)=H°(X,DLQ ((ﬂx,?’))

X/S’

%

Remark that if S=Spec A, U=Spec B is an open subset of X and ?] =
U

ﬁ for some B-module M then

H‘(U,MOS(UX,?’)):DerA(B,M)



We shall write ng_ws(d&) instead of Der GS(UQ'GQ) and DerS(G&)
instead of Ders(c&,a&); note that 92:'05(6&) is not in general a
quasi-coeherent sheaf because 'ng/S is not in general coherent, In
our applications this situation will often eccur., If S=Spec @ the
subscripts 6@ and S will be omitted. If S=Spec K with K 2
field and V is a variety over K then elements of DerK(aa) will
be called (glebal) vector fields en V.

We shall several times deal with a basic well known short exact

sequence which we now recall. Let

f

X———>5=5pec A ——— > T=Spec k

be morphisms of integral schemes with f deminant, k a field and

Q A/k a flat A-module, Then there is an exact sequence

u
O——’-f‘—Qs/T——» -(Z X/T —9—(2)(/5——»0

Indeed we have to prove that u is injective; we may suppose X=

Spec B, Then we have a commutative diaqram

‘QA/k®AB - ‘Qa/k
n
<2 5/ @40(B)
“ v
{2q(a)/k®4,0(8) ~ {2 q(s)/k

with Vv injective by separability and we are dene. Note that apply-
ing Hemx(-,?’) te the abeve exact sequence ( ¥ being quasi-ceherent

on X) we get an exact sequence of A-modules

P
DerT(@x,?)—,DerT((ﬂ ,fl’j’-')———>extl(_(2_x/s,7)

The map ¢ will be called the Kodaira-Spencer map asseciated te X,f

s, T and ¥ .

(1.2) Now start with an arbitrary set A which we call the set of



differential eperaters. Unlike in Kolchin's book [Kell] we de not

suppese that A is finite; this is bhecause some ef our main applica-
tions (II.1.3),(I1.3.8),(I1.3.10) will involve infinite sets of (nen-
commuting) derivations. By a A-ring we mean a ring A together with

a map

A
S— .5,

Der(A)

When there is ne danger ef cenfusion we write fa instead of SAE

for acA, S§e€e/ . Define the ring ef constants
4 iy
A =iaEA; §a=0 for all deA§

We say that A is a partial A-ring if A is finite and [J‘A,g;\]:O
fer all J,S'EA where [,] denotes the Poissen bracket en Der(A).
A will be called an ordinary A-ring if /) is reduced te one element,
An ideal I in A is called a A-ideal if §(I)e1 for all SeA.
By a morphism of A-rings (or simply a A-morphism) we mean a ring
hememorphism f:A——B between A -rings such that f(53)=5(f(a))
for all a e A and Sen . When A,B are fields we say that A,B are
/A -fields, AcB (er B/A) is a A-field extensien , or an isomorphism
of A intoe B er that A is a /\-subfield ef B. Here are some
basic facts abeut A-field extensions:

a) If F/K is an algebraic field extensien then any derivatien on
K uniquely extends to F hence if K is a /A -field there is a u-
nique structure of /\-field on F such that F/K is a /A-field
extensioen. Mereever FA/KA is easily seen to be also algebraic.

b) 1f K is a /A -field then KA is algebraically closed in K.

c) 1f F/K is a A -field extension then FA and K are linear-
ly disjoint over KA (fer a proof see [BB]p.QB).

Suppose new fle——-Bl and fZ:A—,-B2 are /A -morphisms; then

there is a structure of /A -ring on 81®A82 making 81®A82 the



fibred sum of B, and B, in the category of A -rings; it is gi-
ven by the formula S(x@y):xmgy + 5x®y. The following particular

case will often appear: suppese K is a A-field, C is a subfield

of KA and R is a C-algebra. Then for any Se there is a unique

derivation S‘ en R®CK satisfying 8:(x®y)=x®gy for all x€R

K

and y€K; it will be called the trivial lifting of 4 to R®K.

Finally nete that if A is a A-ring and S 1is a multiplicative

1

system in A then there is a unique structure of A-ring on S "A

making A—swsIan a AN -morphism,
Now one can make similar definitions for schemes instead of rings.

So by a A-scheme we mean a scheme V together with a map

JAN Der((?v)

) $

\"

It will be called a partial /A-scheme if A is finite and the S;'s
are pairwise commuting. Analoeg definition for ordinary /\-scheme.
A point pé€&V will be called a A-point if S(mp)c:mp where mp
is the maximal ideal of the local ring db,p' We shall denote by VA
the set eof all A-points of V. A closed subscheme W of V will
be called a /\ -subscheme if S(Iw)c:Iw where I, is the ideal
sheaf of W, Note that any /\ -subscheme has a natural structure of
N-scheme. A morphism eof A -schemes f:V—sW (or simply a /\-mor-
phism) will mean a morphism of schemes such that the corresponding
hemomorphism (gw-———a-f’¢L induces merphisms of [X-rings. By a
N-variety VvV oeover a A-field K we will mean a merphism of A\ -
schemes f:v—=Spec K such that V is a variety over K. One of
the main features of the theory is that for a /\-variety V the de-
rivatiens SV are not vecter fields en V (since they de not vanish
en K); see alse (Iv.2). If V,W are /\-varieties over K and u
is a ratienal map frem V te W we say that u’' is a [X-raticnal

map if the merphism v.-——-w (Vo=locus where u 1is defined) 1is



