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Editorial Policy

for the publication of monographs

In what follows all references to monographs, are applicable also to multiauthorship
volumes such as seminar notes.

§ 1. Lecture Notes aim to report new developments - quickly, informally, and at a high
level. Monograph manuscripts should be reasonably self-contained and rounded off.
Thus they may, and often will. present not only results of the author but also related work
by other people. Furthermore, the manuscripts should provide sufficient motivation,
examples and applications. This clearly distinguishes Lecture Notes manuscripts from
journal articles which normally are very concise. Articles intended for a journal but too
long to be accepted by most journals, usually do not have this “lecture notes™ character.
For similar reasons it is unusual for Ph. D. theses to be accepted for the Lecture Notes
series.

§ 2. Manuscripts or plans for Lecture Notes volumes should be submitted (preferably in
duplicate) either to one of the series editors or to Springer- Verlag, Heidelberg . These
proposals are then refereed. A final decision concerning publication can only be made
on the basis of the complete manuscript, but a preliminary decision can often be based
on partial information: a fairly detailed outline describing the planned contents of each
chapter, and an indication of the estimated length. a bibliography, and one or two sample
chapters - or a first draft of the manuscript. The editors will try to make the preliminary
decision as definite as they can on the basis of the available information.

§ 3. Final manuscripts should preferably be in English. They should contain at least 100

pages of scientific text and should include

- a table of contents;

- an informative introduction, perhaps with some historical remarks: it should be
accessible to a reader not particularly familiar with the topic treated;

- a subject index: as a rule this is genuinely helpful for the reader.

Further remarks and relevant addresses at the back of this book.
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Introduction

These notes are a contribution to the field of quantum (or non-commutative) proba-
bility theory. Quantum probability can be regarded as an attempt of a unified approach
to classical probability and the quantum theory of irreversible processes.

Our special interest lies in a non-commutative theory of processes with independent
and stationary increments on a group. Following common practise, such processes will
be called white noise even though they are actually ‘integrated white noise’. The moti-
vating idea is to use non-commutative white noise as a description of a quantum mecha-
nical heat bath to which the quantum mechanical initial system under consideration is
coupled. The passage from classical commutative to quantum non-commutative theory
is mathematically established by replacing algebras of functions by algebras of linear
operators, 1.e. by not necessarily commutative algebras. The natural generalization of
an algebra of functions on a semi-group (a group), and thus in a way of a semi-group
(a group) itself, is a bialgebra (a Hopf algebra). Recently, quantum groups appeared
in several fields of non-commutative mathematics; see e.g. [25,53,94|. It should be
stressed that quantum groups are defined in different ways in the literature but they
are Hopf algebras in all cases. We are concerned with the role bialgebras and Hopf
algebras play in quantum probability as the ‘non-commutative state space’ on which
our non-commutative white noise is modelled. Since we work with generalizations of
probability measures, there is also a need for a positivity structure, and this is how *-
bialgebras and *-Hopf algebras come in. These are bialgebras and Hopf algebras which
have an involution compatible both with the algebra and the coalgebra structure. A
+-Hopf algebra is close to what is called a matriz pseudo-group in [94].

The first time *-bialgebras appeared in quantum probability was in the paper [92] by
W. von Waldenfels where the non-commutative coefficient algebra of the unitary group
was introduced. After a crucial result on positivity had been established [91,70], L.
Accardi proposed an algebraic framework for the general theory of quantum white noise
on graded *-bialgebras. This program has been worked out in [5].

One of the main tools in quantum probability is the quantum stochastic calculus
developed by R.L. Hudson and K.R. Parthasarathy in [41]; see also [15,16,51]. The
connection between quantum white noise and quantum stochastic differential equations
became apparent in [72]. Shortly after that, the question arose as to whether any white
noise on a *-bialgebra can be realized as a solution of a quantum stochastic differential
equation. Under the assumptions of boundedness and of Bose independence of the
processes, an answer in the affirmative was given in [29]. Generalizing the results of
|75], in these notes we treat the case of arbitrary unbounded processes with ‘twisted’
independence. We show that a white noise can always be realized on Bose Fock space.
Using H. Maassens kernel method [51], we give an explicit formula for the processes.
Indeed, the processes are solutions of quantum stochastic differential equations. The
form of the equation i1s governed by the coalgebra structure of the underlying twisted
*-bialgebra.

Recently, there has been an attempt to generalize both the concepts of convolution
semi-groups of states on a *-bialgebra (which are closely related to quantum white noise)



and of convolution semi-groups of instruments on a group [11] to a theory of convolution
semi-groups of positive operator valued maps on a x-bialgebra; see [12].

The following discussion of four related topics in classical probability theory on groups
and in quantum probability is intended to serve as a more detailed introduction to the
mathematical problems we are concerned with.

Convolution semi-groups of probabilily measures. Let X; : € — G be a stochastic
process indexed by time ¢t > 0 taking values in some (topological) group G. Suppose
that the process X, 1s a white noise so that it has independent and stationary increments

- 1 -
X=X, X,
1.e. the random variables

‘¥t1l21 seley ‘Xlulv.+1

are independent for all choices of n € N and {; < --- < {,,; and the distribution
of X, only depends on the difference ¢t — s. Then X, is determined up to stochastic
cquivalence by its 1-dimensional distributions ¢, which form a 1-parameter semi-group
of probability measures on G with respect to convolution. If ¢, is weakly continuous
at 0 we can differentiate ¢,(f) for an appropriate class of complex-valued functions f
on G to obtain the generator of ¢, which in all cases of interest again will determine ¢,
and therefore X;.

For a Lie group G Hunt’s formula [44] gives a description of all the generators of white
noise in terms of left invariant derivations of first and second order and an integral which
represents the ‘Poisson part’ of X,.

For a compact or locally compact abelian group the generator can be defined on the
algebra R(G) of representative functions (see [34]) of G and the generators of white
noise turn out to be the hermitian, conditionally positive linear functionals on R(G);
cf. [35]. The principle of correspondence between 1-parameter semi-groups of positive
linear functionals and hermitian, conditionally positive linear functionals goes back to
[. Schoenberg [69] and will be called Schoenberg correspondence; cf. [17].

Stochastic semi-groups. Let (X,;) be a stochastic process indexed by pairs (s,t) of
real numbers with 0 < s < ¢, taking values in the space M,, of complex n x n-matrices.
Suppose that X, satisfies the evolution equations

‘X'rsXst - ‘Yr(
X“ =1

almost everywhere for all » < s < t and that the ‘increments’ X, are independent.
A process X,; with these properties is usually called a stochastic semi-group; see e.g.
|81]. Let the increments X, also be stationary and assume that X,, converges to 1 in
probability for¢ | 0. (In this case, X, is actually the increment process associated with a
classical white noise on the general linear group.) Then there exists a stochastic process
(Ft)¢>0 on the same probability space taking values in M,, such that the following holds.
The additive increments F,; = F; — F, are independent and stationary, Fy converges to



0 in probability for ¢ | 0 and X, i1s the solution of the operator stochastic differential
equation

d-Xst == ‘x.at(]Fty t _\/_ 3, (l)

with the initial condition X,, =1 a.e. Moreover, the sums

Y Ko — 1)

0ty p1 <t

converge to Fy in probability if the maximal distance between neighbours of the partition
{0 =ty <t; <ty <...}of Ry tends to 0; see [81] where the more general case is treated
when X,; are not necessarily stationary but for each fixed s the process (X,;),<, is a
semi-martingale. )

Infinitely divisible representations of groups. A normalized positive definite function
f on theétoup G is called infinitely divisible if for all n € N there 1s a normalized
positive definite function f, on G such that

fu(z)t = f(z) forall z € G.

By Schoenberg correspondence f = e9 is infinitely divisible if g 1s hermitian, condi-
tionally positive and g vanishes on the identity element of . Under certain analytic
conditions on f or G each infinitely divisible function on G is of the form e?; see
[63]. The question we are interested in is how to express the Gelfand-Naimark-Segal-
representation, see [67], given by f in terms of the following representation naturally
associated with g. Divide the vector space CG formally spanned by the elements of G
by the nullspace of the positive sesquilinear form on CG with

(z,9)g = g(z"'y) — g(z) — g(y), =z,y€G,

to obtain a pre-Hilbert space D whose completion we denote by H. Denote the canonical
mapping from CG to H by n. Then the equations

p(z)n(y) = n(zy) — n(z)

define a unitary representation p of G. Roughly speaking, we must ezponentiate the
representation p. The so-called Araki- Woods embedding theorem for infinitely divisible
functions on a group, see (8,9, 32,63, 85], says that the GNS-representation of f lives
in the Bose Fock space over H. Moreover, it maps exponential vectors to multiples of
exponential vectors.

Now quantum probability comes in. The quantum stochastic calculus of Hudson and
Parthasarathy is a theory of Ito type integration against operator processes on Bose Fock
space over L?(R;) ® H where H is some Hilbert space fixing the number of degrees of
freedom of the integrators. For £ € H and a linear operator R on H the integrators
are the creation process Aj(£), the preservation process A (R), the annihilation process
A¢(€) and time ¢, the latter giving the usual Riemann-Bochner integral of operators. It
1s well known that A} + A, is the realization of Brownian motion on Bose Fock space;
see e.g. [36]. Moreover, A} + A, + A, +t is the realization of a Poisson process on Bose
Fock space [41]. So the Hudson-Parthasarathy integral generalizes classical stochastic
integration against the Wiener and the Poisson process. (We will see that a much wider



class of classical types of white noise is included.) The connection to infinitely divisible
representations of G is given by the fact that the GNS-representation m; of f can be
embedded into the solution of the linear quantum stochastic differential equation

(%7
~—

dm(z) = 7 (2)d Fy(z) (-
with initial condition my(z) = id where

F(x) = Af(n(2)) + Ad(p(x) —id) 4 A(n(z™1)) + g(2)t.

Finally this makes rigorous the idea of exponentiating the representation p; cf. [59].

Unification of Bose and Fermi stochastic calculus. It is possible to develop a quantum
stochastic calculus on Fermi Fock space [6, 7]; see also the work of C. Barnett, R. Streater
and 1. Wilde [14] on the Clifford integral. However, it was shown in [43] that the Bose
does include the Fermi calculus. This unification is possible because Fermion Brownian
motion itself can be interpreted as the Bose quantum stochastic integral

t
/ I, (-1)dA4,
0

over the second quantization I';(—1) of the reflezion process on L*(R,) which is given

by
[ _fX[O,t) = fX[t,m)~

Up to this point we only arranged some known facts of classical probability, mentioned
a relation to quantum stochastic calculus and quoted the result on the unification of
Bose and Fermi integration. We explain how all this can be seen in a more general
non-commutative framework and finally becomes a mathematical theory which goes far
beyond the classical results.

For motivation and in order to simplify things, for the moment let us restrict ourselves
to the case when G is the group U, of complex unitary n x n-matrices. Let U[n] be
the *-algebra of complex-valued functions on U, generated by the constant functions
and by the coordinate functions z4;, k,l = 1,...,n, and their complex-conjugates 3.
Since U,, is compact, probability measures on U, and states, 1.e. normalized positive
linear functionals, on U[n] can be identified; see e.g. [35]. The convolution of probability
measures becomes the convolution of states ¢ and v given by

e =(pO¢P)oA
where A denotes the x-algebra homomorphism
A :Un] — Un] © U[n]

given by extension of

n

Azyy = Z Thm © Tmi- (3)

m=1



